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Abstract. We study Kiepert triangle&(¢) and their iterationdC(¢, v), the
Kiepert trianglesiC(z)) relative to Kiepert triangle&(¢). For arbitrary¢ and

1, we show thatC(¢, ) = K(v, ¢). This iterated Kiepert triangle is perspec-
tive to each ofABC, K(¢), andKC(v)). The Kiepert hyperbolas d€(¢) form

a pencil of conics (rectangular hyperbolas) through the centroid, and the two in-
finite points of the Kiepert hyperbola of the reference triangle. The centers of
the hyperbolas in this Kiepert pencils are on the line joining the Fermat points
of the medial triangle oA BC'. Finally we give a construction of the degenerate
Kiepert triangles. The vertices of these triangles fall on the parallels through the
centroid to the asymptotes of the Kiepert hyperbola.

1. Preliminaries

Given triangle ABC with side lengthsz, b, ¢, we adopt the notation of John
H. Conway. LetS denotetwice the area of the triangle, and for evefly write
Sg = S - cot 4. In particular, from the law of cosines,

b2+ 2 —a? 4 a® - a? 4+ b -
=—F— Sp=—p—, Sc=—p—
The sumS4 + Sp + Sc = %(a? + b* + ¢?) = S, for the Brocard anglev
of the triangle. See, for example, [2, p.266] or [3, p.47]. For convenience, a
productSy - Sy, - - - is simply written asS,.... We shall make use of the following
fundamental formulae.

Sa

Lemma 1 (Conway) The following relations hold:
@ a’>=8Sp+ Sc,b®> =Sc+ Sa,and ? = Sy + Sp;
(b) Sa+Sp+ Sc =S
(© Sap+ Spc + Sca = S%
(d) Sapc =S5?-8, —a’b*c.

Proposition 2 (Distance formula) The square distance between two points with
absolutébarycentric coordinates P = x A+y1 B+2z:C and Q = x5 A+y2B+2,C
isgiven by

|PQI* = Sa(z1 — 22)* + Sp(y1 — y2)* + Sc (21 — 22)°. 1)
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Proposition 3 (Conway) Let P be a point such that the directed angles PBC and
PCB are respectively ¢ and v. The homogeneous barycentric coordinates of P
are
(—a* : Sc+ Sy : Sp+Sy).
Since the cotangent function has periodwe may always choos¢ and+ in
the range-3 < ¢, ¥ < 3. See Figure 1.

Figure 1 Figure 2

2. TheKiepert triangle (o)

Given an anglep, let A?, B?, C? be the apexes of isosceles triangles on the
sides ofABC with base angle. These are the points

A? = (—aQ:Sc+S¢:SB+S¢),
B¢ = (Sc+S¢:—b2:SA+S¢),

C? = (Sp+Sy:Sa+Ss:—c?). 2)
They form theKiepert triangle X (¢), which is perspective tel BC' at theKiepert
per spector
1 1 1
K(¢) = : : . 3
(¢) (SA+S¢ SB+S¢ Sc+5¢> 3)

See Figure 2. Ifh = 7, this perspector is the orthocentér. The Kiepert triangle
K(%) is one of three degenerate Kiepert triangles. Its vertices are the infinite points
in the directions of the altitudes. The other two are identifieglir3 below.

The Kiepert triangléC(¢) has the same centrofdd = (1 : 1 : 1) as the reference
triangle ABC'. This is clear from the coordinates given in (2) above.

2.1 Side lengths. We denote by, bs, andce, the lengths of the sideB?C?,
C? A%, and A? B? of the Kiepert triangleC(¢). If ¢ # Z, these side lengths are
given by
45; . aé CLQS; + 52(45¢ + Sw +354),
4573 - b3 b*S3 + 5%(454 + S, + 35B),
453 - ¢ = S5+ 5%(454 + S, +35¢). (4)
Here is a simple relation among these side lengths.
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Proposition 4. If ¢ # T,

1—3tan2¢.

T (% — c*);

2 2
b¢ — C¢ =
similarly for ¢ — a7 and a — b,
If ¢ = £Z, we havebj) = cé = aé, and the triangle is equilateral. This is
Napoleon’s theorem.
2.2 Area. Denote byS’ twice the area ok (¢). If ¢ # Z,
—a? Sc+5¢ SB+S¢

S
Sc+Sy  —b*  Sa+S|= @(Sg + 28,54 + 35%).
Sp+ 84 Sa+ S —c? ¢

!
R CTRE

(5)

2.3 Degenerate Kiepert triangles. The Kiepert trianglefC(¢) degenerates into a
line when¢ = 7 as we have seen above,®r= 0. From (5), this latter is the case
if and only if ¢ = w4 for

cotwy = —cotw % v/ cot?w — 3. (6)

Sees5.1 and Figures 8A,B for the construction of the two finite degenerate Kiepert
triangles.

2.4. TheKiepert hyperbola. Itis well known that the locus of the Kiepert perspec-
tors is the Kiepert hyperbola

K: (b — A)yz + (2 — a®)zx + (a® — bH)ay = 0.
See, for example, [1]. In this paper, we are dealing with the Kiepert hyperbolas of
various triangles. This particular one (of the reference triangle) will be referred to
as thestandard Kiepert hyperbola. It is the rectangular hyperbola with asymptotes
the Simson lines of the intersections of the circumcircle with the Brocard axis
OK (joining the circumcenter and the symmedian point). Its center is the point
(b2 — )% : (® — a®)? : (a® — b?)?) on the nine-point circle. The asymptotes,
regarded as infinite points, are the poiffés) for which
1 n 1 N 1 B
SA-I-Sd, SB+S¢ Sc-l-Sd,_
These ardy = K (5 — w+) for w. given by (6) above.

0.

3. Iterated Kiepert triangles

Denote byA’, B', C’ the magnitudes of the anglet, B?, C'? of the Kiepert
triangleC(¢). From the expressions of the side lengths in (4), we have
1

514/ == D)
45 py

(SaS3 +25°S4 + S*(25., — 354)) (7)

together with two analogous expressions.$gr andS;.,.
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Figure 3

Consider the Kiepert triangli€(¢) of K(¢). The coordinates of the ape®¥
with respect taC(¢) are(—aé : Sgr + 8y, + S+ S;,). Making use of (5) and
(7), we find the coordinates of the vertices/of¢, ) with reference toABC, as
follows.

APV = (—(25% + a%(Sy + Sy) +2S4y) : S% — Syy + Sc(Sy + Sy) : 8% — Spy + SB(Sy + Sy))s
B®Y = (82 — Sy + Sc(Sy + Sy) 1 —(28% +b2(Sy + Sy) +2S4y) : S% — Sy +Sa(Sg + Sy)),
CPY = (8% = Sgy + Sp(Sp + 5y) : 52 = Sy + Sa(Sp + Sy) + =(25% +¢*(Sg + Sp) + 254))-

From these expressions we deduce a number of interesting properties of the
iterated Kiepert triangles.

1. The symmetry inp and« of these coordinates shows that the triangles
K(¢,1) andC(y, ¢) coincide.

Figure 4
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2. ltis clear that the iterated Kiepert triandl& ¢, 1)) is perspective with each
of K(¢) and (7)), though the coordinates of the perspectfijgy) and Ky, (o)
are very tedious. It is interesting, however, to note #iép, ) is also perspective
with ABC'. See Figure 4. The perspector has relatively simple coordinates:

K(6.) = ( 1 - 1 ~ 1 )
IR S2 4+ Sa(Se + Sy) — Sey S22+ S5(S¢ + Sy) — Sey  S2+Sc(Se +Sy) —Sew )

3. This perspector indeed lies on the Kiepert hyperbold Bt”; it is the Kiepert
perspector (6), where

1 —cotgcoty
C0t9 = m = —COt(QZ)"‘T,Z))
In other words,
K(¢,¢) = K(—(¢+v)). (8)

From this we conclude that the Kiepert hyperbolakdfp) has the same infinite
points of the standard Kiepert hyperbala,, their asymptotes are parallel.

4. The trianglelC(¢, —¢) is homothetic taA BC at G, with ratio of homothety
(1 — 3tan? ¢). Its vertices are

A¢’7¢) _ (—2(82 . S(Qﬁ) . 82 + S?ﬁ : S2 + S(%)u
BOT0 = (874728~ 5]): 574 5)),
CO0 = (§2482: 52452 —2(S2 — 52)).
See also [4].

Figure 5

4. TheKiepert hyperbola of K(¢)

Since the Kiepert triangl&(¢) has centroid7, its Kiepert hyperbola, con-
tainsG. We show that it also contains the circumcerder

Proposition 5. 1f ¢ # T, £7,0 = K4(—(% — ¢)).
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Proof. Lety = —(5 — ¢), so thatS,, = —g—i. Note that

2525 2529
AP = | —a?: e+ S0 ° 48
< ¢ S2+S(§Jr “ S2+S¢%Jr B

while

A? = (—a?: Sc + Sy : Sp + Sy).
These two points are distinct unlegs= 5, . Subtracting these two coordinates
we see that the ling, := A% A%¥ passes throug(0 : 1 : 1), the midpoint of BC.
This means, by the construction 4f, that/, is indeed the perpendicular bisector
of BC, and thus passes through By symmetry this proves the proposition.[

Figure 6

The Kiepert hyperbolas of the Kiepert triangles therefore form the pencil of
conics through the centroi@, the circumcente®), and the two infinite points of
the standard Kiepert hyperbola. The Kiepert hypertigjas the one in the pencil
that contains the Kiepert perspectii(¢), since K (¢) = K,(—2¢) according to
(8). Now, the line containind((¢) and the centroid has equation

(0> = ) (Sa + Sg)x + (2 = a®)(Sp + Sg)y + (a® — b*)(Sc + Sp)z = 0.
It follows that the equation of; is of the form
P = Ayz+ Ma+y+2)( D (07 =) (Sa+ Sp)r) =0,
cyclic cyclic

where) is determined by requiring that the conic passes through the circumcenter
O = (a®S4 : b2Sp : ?S¢). This gives\ = ﬁ and the equation of the conic
can be rewritten as
255( > (0> = Pyz) + (@ +y+2)( Y (b* =) (Sa+ 8y)x) = 0.
cyclic cyclic
Several of the hyperbolas in the pencil are illustrated in Figure 7.
The locus of the centers of the conics in a pencil is in general a conic. In the case

of the Kiepert pencil, however, this locus is a line. This is clear from Proposition 4
that the center oy has coordinates

((bQ _ 02)2 . (02 _ a2)2 . (a2 _ b2)2)
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Figure 7

relative to A? B*C?, and from (2) that the coordinates df, B¢, C¢ are linear
functions ofS;. This is the line joining the Fermat points of the medial triangle.

5. Concluding remarks

5.1 Degenerate Kiepert conics. There are three degenerate Kiepert triangles cor-
responding to the three degenerate members of the Kiepert pencil, which are the
three pairs of lines connecting the four poidts O, L. = K(§ — w+) defining

the pencil. The Kiepert triangleS(wy.) degenerate into the straight lin€&-.

The vertices are found by intersecting the line with the perpendicular bisectors of
the sides ofABC'. The centers of these degenerate Kiepert conics are also on the

circle with OG as diameter.

5.2 The Kiepert hyperbolas of the Napoleon triangles. The Napoleon triangles
K(+%) being equilateral do not posses Kiepert hyperbolas, the centroid being the
only finite Kiepert perspector. The rectangular hyperbdlas g in the pencil are

the circumconics through this common perspectcandO. The centers of these
rectangular hyperbolas are the Fermat points of the medial triangle.

5.3 Kiepert coordinates. Every point outside the standard Kiepert hyperbola
and other than the circumcent@r lies on a unique member of the Kiepert pencil,
i.e, it can beuniquely written asK,(¢). As an example, the symmedian point
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Figure 8A Figure 8B

K = Ky(v) for ¢ = w (the Brocard angle) ang = arccot(% cotw). We leave
the details to the readers.
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