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A Feuerbach Type Theorem on Six Circles

Lev Emelyanov

According to the famous Feuerbach theorem there exists a circle which is tan-
gent internally to the incircle and externally to each of the excircles of atriangle.
Thisisthe nine-point circle of the triangle. We obtain asimilar result by replacing
the excircles with circles each tangent internally to the circumcircle and to the sides
at the traces of a point. We make use of Casey’s theorem. See, for example, [1, 2].

Theorem (Casey). Given four circles G, i = 1,2, 3,4, let ¢;; be the length of a
common tangent between C; and C;. The four circles are tangent to a fifth circle
(or line) if and only if for appropriate choice of signs,

t12t34 = t13t42 & t1ategz = 0.

Figure 1

In this note we establish the following theorem. Let ABC be atriangle of side
lengths BC' = a, CA =b,and AB = c.

Theorem. Let points A1, By and Cy beonthesides BC, C A and AB respectively
of triangle ABC'. Construct threecircles (O ), (O2) and (O3) outside the triangle
which is tangent to the sides of ABC at 4;, By and C; respectively and also
tangent to the circumcircle of ABC'. The circle tangent externally to these three
circlesis also tangent to theincircle of triangle ABC' if and only if thelines A A,
BB; and C'C4 are concurrent.
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Proof. Let in our case Cy, C2, C3 and C4 be the circles (Oy), (O2), (O3) and the
incircle respectively. With reference to Figure 1, we show that

t12t34 — t13t42 — t1ategz = 0, (1)

where t19, t13 and to3 are the lengths of the common extangents, t34, to4 and t14
are the lengths of the common intangents.

Let (A) be the degenerate circle A(0) (zero radius) and #;(A) be the length of
the tangent from A to C;. Similar notations apply to vertices B and C. Applying
Casey’s theorem to circles (A), (B), (01) and (C), which are all tangent to the
circumcircle, we have

tl(A)-a:C-CA1+b'AlB.
From thiswe obtain ¢, (A), and similarly t2(B) and t5(C'):
c-CA +b-AB

ti(A) = a )
-ABy +c- B, C
to(B) = T ®
b-BCi+a-CiA
t2(C) = e 4
Applying Casey’s theorem to circles (B), (C), (O:) and (O3), we have
tQ(B)tg(C) =a -ty + CBy-C1B.
Using (3) and (4), we obtain ty3, and similarly, t13 and ¢15:
a-ClA-AB1+b-ABl ~BCl+C'A01 'CBl
t23 == bC ’ (5)
b'AlB'Bcl—l-C'BCl'CA1+(I'BA1 A01
t13 == ca ’ (6)
C-Blc'CAl—|-CL-CA1-ABl+b'CBl'BA1
tig = ab . (7)

In the layout of Figure 1, with A, B’, C' the touch points of the incircle with
the sides, the lengths of the common tangents of the circles (O,), (O2), (O3) with
theincircle are
a+b—c

i = A1A'= —CAI+CA = —CA + = —, 6)

tsy = BB = —AB + AB = —AB; + HCT_“ 9)

tss = C1C' = BCy — BC' = BC) — C++_b (10)
Substituting (5)-(10) into (1) and simplifying, we obtain

trotss — tistos — tratos = % (AB; - BCy-CA, — A,B - B,C - C1 A),

where
F(a,b,c) = 2bc + 2ca + 2ab — a® — b* — .
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Since F'(a, b, ¢) can be rewritten as
(c+a—-b)la+b—c)+(a+b—c)(b+c—a)+ (b+c—a)(c+a—D),
itisclearly nonzero. It follows that t1ot34 — t13t24 — t14to3 = 0 if and only if

ABy - BCy-CA; — A1B-B,C-C1A=0. (12)
By the Cevatheorem, (11) is the condition for the concurrency of A4, BB; and
CC4. Itisclear that for different positions of the touch points of circles (O)), (O2)
and (O3) relative to those of the incircle, the proofs are analogous. O
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