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A Pair of Kiepert Hyperbolas

Jean-Pierre Ehrmann

Abstract. The solution of a locus problem of Hatzipolakis can be expressed in
terms of a simple relationship concerning points on a pair of Kiepert hyperbolas
associated with a triangle. We study a generalization.

Let P be a finite point in the plane of triangleABC. Denote bya, b, c the
lengths of the sidesBC, CA, AB respectively, and byAH , BH , CH the feet of
the altitudes. We consider rays throughP in the directions of the altitudesAAH ,
BBH , CCH , and, for a nonzero constantk, choose pointsA′, B′, C ′ on these rays
such that

PA′ = ka, PB′ = kb, PC ′ = kc. (1)

Antreas P. Hatzipolakis [1] has asked, fork = 1, for the locus ofP for which
triangleA′B′C ′ is perspective withABC.
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Figure 1

We tackle the general case by making use of homogeneous barycentric coor-
dinates with respect toABC. Thus, writeP = (u : v : w). In the notations
introduced by John H. Conway,1

A′ =(uS − k(u + v + w)a2 :vS + k(u + v + w)SC :wS + k(u + v + w)SB),

B′ =(uS + k(u + v + w)SC :vS − k(u + v + w)b2 :wS + k(u + v + w)SA),

C ′ =(uS + k(u + v + w)SB :vS + k(u + v + w)SA:wS − k(u + v + w)c2).
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1Let ABC be a triangle of side lengthsa, b, c, and area1

2
S. For eachφ, Sφ := S · cot φ. Thus,

SA = 1
2
(b2 + c2 − a2), SB = 1

2
(c2 + a2 − b2), andSC = 1

2
(a2 + b2 − c2). These satisfy

SASB + SBSC + SCSA = S2 and other simple relations. For a brief summary, see [3,§1].
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The equations of the linesAA′, BB′, CC ′ are

(wS + k(u + v + w)SB)y−(vS + k(u + v + w)SC)z =0, (2)

−(wS + k(u + v + w)SA)x +(uS + k(u + v + w)SC)z =0, (3)

(vS + k(u + v + w)SA)x− (uS + k(u + v + w)SB)y =0. (4)

These three lines are concurrent if and only if∣∣∣∣∣∣
0 wS + k(u + v + w)SB −(vS + k(u + v + w)SC)

−(wS + k(u + v + w)SA) 0 uS + k(u + v + w)SC

vS + k(u + v + w)SA −(uS + k(u + v + w)SB) 0

∣∣∣∣∣∣ = 0.

This condition can be rewritten as

kS(u + v + w)(S · K(u, v,w) − k(u + v + w)L(u, v,w)) = 0,

where

K(u, v,w) =(b2 − c2)vw + (c2 − a2)wu + (a2 − b2)uv, (5)

L(u, v,w) =(b2 − c2)SAu + (c2 − a2)SBv + (a2 − b2)SCw. (6)

Note thatK(u, v,w) = 0 andL(u, v,w) = 0 are respectively the equations of the
Kiepert hyperbola and the Euler line of triangleABC. SinceP is a finite point
andk is nonzero, we conclude, by writingk = tan φ, that the locus ofP for which
A′B′C ′ is perspective withABC is the rectangular hyperbola

SφK(u, v,w) − (u + v + w)L(u, v,w) = 0 (7)

in the pencil generated by the Kiepert hyperbola and the Euler line.

Floor van Lamoen [2] has pointed out that this hyperbola (7) is the Kiepert hy-
perbola of a Kiepert triangle of the dilated (anticomplementary) triangle ofABC.
Specifically, letK(φ) be the Kiepert triangle whose vertices are the apexes of sim-
ilar isosceles triangles of base anglesφ constructed on the sides ofABC. It is
shown in [3] that the Kiepert hyperbola ofK(φ) has equation

2Sφ(
∑
cyclic

(b2 − c2)yz) + (x + y + z)(
∑
cyclic

(b2 − c2)(SA + Sφ)x) = 0.

If we replacex, y, z respectively byv+w, w+u, u+v, this equation becomes (7)
above. This means that the hyperbola (7) is the Kiepert hyperbola of the Kiepert
triangleK(φ) of the dilated triangle ofABC.2

The orthocenterH and the centroidG are always on the locus. Trivially, if
P = H, the perspector is the same pointH. For P = G, the perspector is the
point 3 (

1
3kSA + S

:
1

3kSB + S
:

1
3kSC + S

)
,

2The Kiepert triangleK(φ) of the dilated triangle ofABC is also the dilated triangle of the
Kiepert triangleK(φ) of triangleABC.

3In the notations of [3], this is the Kiepert perspectorK(arctan 3k).
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the second common point of Kiepert hyperbola and the tangent atP to the locus of
P , the Kiepert hyperbola of the dilated triangle ofK(φ).

Now we identify the perspector whenP is different fromG. Addition of the
equations (2,3,4) of the linesAA′, BB′, CC ′ gives

(v − w)x + (w − u)y + (u − v)z = 0.

This is the equation of the line joiningP to the centroidG, showing that the per-
spector lies on the lineGP .

We can be more precise. Reorganize the equations (2,3,4) as
k(SBy − SCz)u+(k(SBy − SCz) − Sz)v+(k(SBy − SCz) + Sy)w = 0, (8)

(k(SCz − SAx) + Sz)u+ (k(SCz − SAx)v+(k(SCz − SAx) − Sx)w = 0, (9)

(k(SAx − SBy) − Sy)u+(k(SAx − SBy) + Sx)v+ k(SAx − SBy)w = 0. (10)

Note that the combinationx·(8) + y·(9) + z·(10) gives

k(u + v + w)(x(SBy − SCz) + y(SCz − SAx) + z(SAx − SBy) = 0.

Sincek andu + v + w are nonzero, we have

(SC − SB)yz + (SA − SC)zx + (SB − SA)xy = 0,

or equivalently,(b2 − c2)yz + (c2 − a2)zx + (a2 − b2)xy = 0. It follows that the
perspector is also on the Kiepert hyperbola.
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Figure 2

We summarize these results in the following theorem.
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Theorem. Let k = tan φ be nonzero, and points A′, B′, C ′ be given by (1) along
the rays through P parallel to the altitudes. The lines AA′, BB′, CC ′ are concur-
rent if and only if P lies on the Kiepert hyperbola of the Kiepert triangle K(φ) of
the dilated triangle. The intersection of these lines is the second intersection of the
line GP and the Kiepert hyperbola of triangle ABC .

If we change, for example, the orientation ofPA′, the locus ofP is the rectangu-
lar hyperbola with center at the apex of the isosceles triangle onBC of base angle
φ, 4 asymptotes parallel to theA-bisectors, and passing through the orthocenterH
(and also theA-vertexAG = (−1 : 1 : 1) of the dilated triangle). ForP = AG,

the perspector is the point

(
1

kSA + S
:

1
kSB − S

:
1

kSC − S

)
, and forP �= AG,

the second common point of the linePAG and the rectangular circum-hyperbola
with center the midpoint ofBC.

We conclude by noting that for a positivek, the locus ofP for which we can
choose pointsA′, B′, C ′ on the perpendiculars throughP to BC, CA, AB such
that the linesAA′, BB′, CC ′ concur and the distances fromP to A′, B′, C ′
are respectivelyk times the lengths of the corresponding side is the union of 8
rectangular hyperbolas.
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4This point has coordinates(−a2 : SC + Sφ : SB + Sφ).


