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Some Concurrencies from Tucker Hexagons

Floor van Lamoen

Abstract. We present some concurrencies in the figure of Tucker hexagons to-
gether with the centers of their Tucker circles. To find the concurrencies we make
use of extensions of the sides of the Tucker hexagons, isosceles triangles erected
on segments, and special points defined in some triangles.

1. The Tucker hexagon 7 and the Tucker circle C,

Consider a scalene (nondegenerate) reference trighBl€ in the Euclidean
plane, with sides = BC,b = C A andc = AB. Let B, be a point on the sideline
CA. LetC, be the point where the line throudh, antiparallel toBC meetsAB.
Then let A. be the point where the line throudt}, parallel toC' A meetsBC.
Continue successively the construction of parallels and antiparallels to complete
a hexagonB,C,A.B.C, A, of which B,C,, A.B. and CyA; are antiparallel to
sidesBC, C A and AB respectively, whileB.C,, A.C, and A, B,, are parallel to
these respective sides.

Figure 1

This is the well known way to construct &ucker hexagon. Each Tucker
hexagon is circumscribed by a circle, thiucker circle. The three antiparallel
sides are congruent; their midpoinks,, K and K¢ lie on the symmedians of
ABC insuch away thal K4 : AK = BKp : BK = CK¢ : CK, whereK
denotes the symmedian point. See [1, 2, 3].

1.1 Identification by central angles. We label byZ; the specific Tucker hexagon
in which the congruent central angles on the chagi§,,, C, A, and A.B. have
measure2¢. The circumcircle of the Tucker hexagon is denotedChyand its
radius byr. In this paper, the point&,, Cy, A, Cp, A, and B, are the vertices
of 7,, andT denotes the center of the Tucker cirCle
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Let M,, M, and M, be the midpoints of4, A., B,B. and C,C} respectively.
Since

/MM, =B+C, /MJTIM,=C+A, /M, TM,= A+ B,

the top angles of the isosceles triangle4, A.., T B.B, andT'C,C;, have measures
2(A — $), 2(B — ¢), and2(C — ¢) respectively?

From these top angles, we see that the distances Tramthe sidelines of tri-
angleABC arergcos(A — ¢), 14 cos(B — ¢) andrg cos(C — ¢) respectively, so
that in homogeneous barycentric coordinates,

T = (acos(A — ¢) : becos(B — ¢) : ccos(C — ¢)).

For convenience we write := Z — ¢. In the notations introduced by John H.
Conway,?

T = (a2(SA+S$) : bQ(SBJrSg) : c2(SC+S$)). (@H)
This shows thaf is the isogonal conjugate of the Kiepert perspedtdr)).> We

shall, therefore, writd{*(¢) for T'. Itis clear thati™ (¢) lies on the Brocard axis,
the line through the circumcentér and symmedian poink’.

Some of the most importart™*(¢) are listed in the following table, together
with the corresponding number in Kimberling’s notation of [4, 5]. We wuitéor

the Brocard angle.

o | K*(¢) Kimberling’s Notation
0 Circumcenter X3

w | Brocard midpoint | X3

+7 | Kenmotu points X371, X379

+% | Isodynamic centers X5, Xi6

5 | Symmedian point | Xg

1.2 Coordinates. Let K’ andC; be the feet of the perpendiculars fraifi(¢) and
Cp to BC'. By considering the measures of sides and angl«%@gK/K*(E) we
find that the (directed) distancesfrom Cj, to BC' as

a = rg(cos(A — ¢) —cos(A + ¢))
= 274 sin A sin ¢. (2)
In a similar fashion we find the (directed) distan¢é&om ¢, to AC as

B =1r4(cos(B — ¢) + cos(A — C + ¢))
= 2rysin C'sin(A + ¢). (3)

IHere, a negative measure implies a negative orientation for the isosceles triangle.
2For an explanation of the notation and a brief summary, sefi]7,

3This is the perspector of the triangle formed by the apexes of isosceles triangles on the sides of
ABC with base angles. See, for instance, [7].
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Combining (2) and (3) we obtain the barycentric coordinateg, of
Cy, =(a*sin ¢ : be(sin(A + ¢) : 0)
=(a*: Sa+S4:0).
In this way we find the coordinates for the vertices of the Tucker hexagon as

By = (Sc+S4:0:c%), Co=(Sp+Ss:0%:0),
AC:(O:bQ:SB+S¢), BC:(CLQ:O:SA+S¢), 4)
Cyp=(a*:S4+S4:0), Ap=(0:8Sc+ Sy :c?).

Remark. The radius of the Tucker circle ig = %2,

2. Triangles of parallels and antiparallels

With the help of (4) we find that the three antiparallels from the Tucker hexagons
bound a triangled; B;C; with coordinates:

a?(Sa— Sp)
A= ——22 0
! < Sa+ S C>

b*(Sp — Sy)
By = (a2 L5 =50) 5
! <a SB+S¢ > ()
SC Sy)
_ [ 2.;2. C\RC ™)
Cl—<a :be Sc+S¢ >

C1

Figure 2

In the same way the parallels bound a triandlé3,C> with coordinates:
Ay =(—(Sa — Sy) : b : %),
By =(a*: —(Sp — Sy) : ¢2), (6)
Oy =(a® : b* : —(Sc — Sy)).
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It is clear that the three triangles are perspective at the symmedian fgoint
See Figure 2. Sincd BC and A; B,Cs are homothetic, we have a very easy con-
struction of Tucker hexagons without invoking antiparallels: construct a triangle
homothetic toA BC' through K, and extend the sides of this triangles to meet the
sides ofABC' in six points. These six points form a Tucker hexagon.

3. Congruent rhombi

Fix ¢. Recall thatK 4, Kz and K are the midpoints of the antiparalle C,,,
ApCp and A. B, respectively. With the help of (4) we find

Ka =(a®>+2S4:0%: ),
Kp =(a®: b* +2S4: %), @)
Ko =(a® : b* : ¢ +285y).

Reflect the pointK™*(¢) through K4, K and K¢ to A,, B andC,, respec-
tively. These three points are the opposite vertices of three congruent rhombi from
the pointT = K*(¢). Inspired by the figure of theKenmotu point X371 in [4,
p.268], which goes back to a collection &ngaku problems from 1840, the au-
thor studied these rhombi in [6] without mentioning their connection to Tucker

hexagons.

Figure 3
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With the help of the coordinates féf*(¢) and K 4 found in (1) and (7) we find
after some calculations,

Ay =(a®(Sa — S5) —45% : b*(Sp — S5) : *(Sc — 7)),
By =(a*(Sa — S3) : b*(Sp — S5) — 45% : (Sc — S)), (8)
Cy =(a*(Sa — S3) : b°(Sp — S5) : (Sc — S5) — 45?).

From these, it is clear that BC and A, BsCy are perspective &*(—¢).

The perspectivity gives spectacular figures, because the rhombi formedjfrom
and7_, are parallel. See Figure 3. In addition, it is interesting to note Afi&b)
and K*(—¢) are harmonic conjugates with respect to the circumcentér and the
symmedian poinfs.

4. Isoscelestriangles on the sidesof A, A.B.B,C,Ch

Consider the hexagoA, A.B.B,C,C;. Define the pointsis, Bs, Cs, A4, By
and(} as the apexes of isosceles trianghes\, A3, B,B.B3, C;,C,Cs, B,Cy Ay,
CyApBy and A.B.C, of base angle), where all six triangles have positive orien-
tation whemy > 0 and negative orientation wheh< 0. See Figure 4.

Figure 4

Proposition 1. Thelines A3 A4, B3B4 and C3C, are concurrent.

Proof. Let B,C, = CyA, = A.B. = 2t, wheret is given positive sign when
C,B, and BC have equal directions, and positive sign when these directions are
opposite. Note thak' 4 K 3 K¢ is homothetic toABC' and thatK*(¢) is the cir-
cumcenter ofk4 K K. Denote the circumradius di4 K K¢ by p. Then we
find the following:

— ¢EaKcl.

¢ the signed distance froli4 K. to AC istsin B = T

o the signed distance fromC to By is 3 tan )| K4 K¢| — t tan ) cos B;
¢ the signed distance from,Cy to K 4 K¢ is t tan 1) cos B.
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Adding these signed distances we find that the signed distanceAr6into Bs
is equal to(2ip + %)\KAKC\. By symmetry we see the signed distances from
the sidesB,C, and A4B4 to A3 and Cs respectively aré Kp K| and | K4 K|
multiplied by the same factor. Since triangles K g K and A4 B,C, are similar,
the three distances are proportional to the sidelengthg BfC,. Thus,A3B3C3
is a Kiepert triangle ofd,B,C4. From this, we conclude that; A4, B3B,4 and
C3Cy are concurrent. O

5. Pointsdefined in pap triangles

Let ¢ vary and consider the trianglé,C, B, formed by the lines3, 4;, B,C\,
andC,A.. We call this theA-pap triangle, because it consists ofparallel, an
antiparallel and again parallel. Let the parallel$3, A, andC, A, intersect inA,.
Then, A is the reflection ofd throughK 4. It clearly lies on theA—symmedian.
See als@2. TheA-pap triangle A, C, B, is oppositely similar toABC'. Its vertices
are

Ay =(—(Sa — Sy) : b : %),
Co =(Sp + Sy : % :0), (9)
By =(Sc+ S5 :0:¢%).
Now let P = (u : v : w) be some point given in homogeneous barycentric coordi-
nates with respect td BC. For X € {A, B, C}, the locus of the counterpart &f
in the X -pap triangles for varyingp is a line throughX . This can be seen from the
fact that the quadrangledC, A5 B, in all Tucker hexagons are similar. Because
the sums of coordinates of these points given in (9) are equal, we find that the
A-counterpart of?, namely,P evaluated ird,C, B,,, sayPa_,qp, has coordinates
Pa_pap ~u-As+v-Cyp+w- B,
~u(—(Sa —Sp) 1021 ®) +v(Sp + Sy 1 b7 : 0) +w(Sc + Sy : 0: c2)
~(=Sau+ Spv + Scw + (u+v +w) Sy : b2 (u+v) : (u+ w)).

From this, it is clear thaP,_,,,, lies on the lineAP where
15:( R )
vt+tw wt+u utv
Likewise, we consider the counterparts@fin the B-pap andC-pap triangles

CyB2 Ay and B.A.Cy. By symmetry, the loci ofPg_,,, and Pc_,,, are theB-
andC-cevians ofP.

Proposition 2. For every ¢, the counterparts of P in the three pap-triangles of the
Tucker hexagon 7 form a triangle perspective with ABC at the point P.
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Figure 5

6. Circumcenters of apatriangles

As with thepap-triangles in the preceding section, we name the triadgie.C,
formed by theantiparallel B.C}, theparallel A,C},, and theantiparallel A. B, the
A-apa triangle. The other tw@pa-triangles ared.B,C, and A, B,C;. Unlike
the pap-triangles, these are in general not similatdA®8C. They are nevertheless
isosceles triangles. We have the following interesting results on the circumcenters.

Ay

N
RO
e

B

Figure 6

We note that the quadranglésA.Op_,,C, for all possible are homothetic
through B. Therefore, the locus abz_,,, is a line throughB. To identify this
line, it is sufficient to findDz_,, for one¢. Thus, for one special Tucker hexagon,
we take the one witld, = A and A, = C. Then theB-apa triangle is the isosce-
les triangle erected on sideand having a base angle & and its circumcenter
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OB—qpa is the apex of the isosceles triangle erected on the same side with base
angle2B — Z. Using the identity’
S* = Sap+ Sac + Sse,
we find that
OB-apa =(Sc + Szp-1z : —b%: Sa+ Sap-1z)
=(a®(a?Sa 4 b?Sp) : b*(Spp — S9) : A (VS + 2S¢)),

after some calculations. From this, we see that(he ,,, lies on the lineBN*,
where

a® b2 c?
N* = : :
(bQSB +c2Sc a?2S4+c2Sc  2So + b253>

is the isogonal conjugate of the nine point centér Therefore, the locus of
OB—qpq for all Tucker hexagons is thB-cevian of N*. By symmetry, we see that
the loci ofO4_qpq aNdO¢— gy, are theA- andC'-cevians ofNV* respectively. This,
incidentally, is the same as the perspector of the circumcenters pihigiangles
in the previous section.

Proposition 3. For X € {A, B,C}, the line joining the circumcenters of the X -
paptriangle and the X -apatriangle passes through X . These three lines intersect
at the isogonal conjugate of the nine point center of triangle ABC.

7. More circumcenters of isosceles triangles

From the centef” = K*(¢) of the Tucker circle and the vertices of the Tucker
hexagonZy, we obtain six isosceles triangles. Without giving details, we present
some interesting results concerning the circumcenters of these isosceles triangles.

(1) The circumcenters of the isosceles triandgleR,C,, TCyA, andT A B,
form a triangle perspective with BC' at

K*(2¢) = (a®(Sa + S -tan2¢) : b*(Sp + S - tan 2¢) : ¢*(Sc + S - tan 2¢)).

See Figure 7, where the Tucker hexagbp and Tucker circlel;, are also indi-
cated.

Figure 7

4Here,Sxy stands for the producx Sy .
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(2) The circumcenters of the isosceles triandle, A., T B.B, andTC,C,
form a triangle perspective witA BC' at

a2
(52(382 — SBC) +2CL2SQ . S(z) + (SQ +SBC)S¢¢ R ) .
See Figure 8.

Figure 8 Figure 9

(3) The three lines joining the circumcentersiaB,C,, T Ay A.; ... are concur-
rent at the point

(a*(S*(35? — Swa) +25(Sw + S4)Sy + (25 — Spc + Saa)Spe) i+ 1+ ).
See Figure 9.
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