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Abstract. Let hexagonPQRSTU be inscribed in triangled; A» As (ordered
counterclockwise) such thd and S are on lineds A1, @ andT are on line
A1As, andR andU are on linedxAs. If PQ, RS, andTU are respectively
parallel to A2 As, A1 A2, and AsA;, while QR, ST, andU P are antiparallel

to As A1, A2 As, and A; A, respectively, the vertices of the hexagon are on one
circle. Now, let hexagor”’ Q' R'S’T'U’ be described as above, with each of
its sides parallel to the corresponding sidea) RSTU. Again the six vertices

are concyclic, and the process may be repeated indefinitely to form an infinite
family of circles (Tucker [3]). This family is a coaxaloid system, and its locus
of centers is the Brocard axis of the triangle, passing through the circumcenter
and the symmedian point. J. A. Third ([2]) extended this idea by relaxing the
conditions for the directions of the sides of the hexagon, thus finding infinitely
many coaxaloid systems of circles. The present paper defines a further extension
by allowing the directions of the sides to be as arbitrary as possible, resulting in
families of homothetic conics with properties analogous to those of the Tucker
circles.

1. Circles of Tucker and Third

The system of Tucker circles is a special case of the systems of Third circles. In
a Third system the directions éfQ), Q R, and RS may be taken arbitrarily, while
ST is made antiparallel t&Q (with respect to anglel, A1 A3). Similarly, TU and
U P are made antiparallel t@ R and RS respectively. The hexagon may then be
inscribed in a circle, and a different starting poifitwith the same directions pro-
duces another circle. It should be noted that the six vertices need not be confined
to the sides of the triangle; each point may lie anywhere on its respective sideline.
Thus an infinite family of circles may be obtained, and Third shows that this is a
coaxaloid system. That is, it may be derived from a coaxal system of circles by
multiplying every radius by a constant. (See Figures 1la and 1b). In particular, the
Tucker system is obtained from the coaxal system of circles through the Brocard

points andQ’ by multiplying the radius of each circle RQ, R being the cir-

cumradius of the triangle and its circumcenter ([1, p.276]). In general, the line

of centers of a Third system is the perpendicular bisector of the segment joining the
pair of isogonal conjugate points which are the common points of the correspond-

ing coaxal system. Furthermore, although the coaxal system has no envelope, it
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will be seen later that the envelope of the coaxaloid system is a conic tangent to the
sidelines of the triangle, whose foci are the points common to the coaxal circles.

——— - ——— -

~—_— - ~—_— -

Figure 1b: Coaxaloid system with hyperbolic envelope, and its corresponding coaxal
system

2. Two-circuit closed pathsin atriangle

2.1 Consider a polygonal path frol® on A3A; to @Q on A1 A5 to R on Ay Ag

to.Son A3A; to T on A1 As to U on Ay As, and back taP. Again the six points

may be selected anywhere on their respective sidelines. The vertices of the triangle
are numbered counterclockwise, and the lengths of the corresponding sides are
denoted by, a9, a3. Distances measured along the perimeter of the triangle in the
counterclockwise sense are regarded as positive. The lendthof designated
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by A, which is negative in casd; is betweends; and P. Thus,AsP = ay — A,
and the barycentric coordinates Bfare(a; — A : 0 : ). Also, six “directions”w;
are defined:

w =LA Q4 RAs
A4,Q° AR’ A58’
SA; T Ay UAs,
AT T ar TP

Any direction may be positive or negative depending on the signs of the directed
A -2 Y

segments. Them;Q = =, QAy = BU "4 p,p= B 74
wq

w1 wi1w2

, and so on.

2.2 A familiar example is that in whichlPQ and ST are parallel tod, A3, QR
andTU are parallel toA3 A1, and RS andU P are parallel taA; As (Figure 2).

Then
a9 as aq
Wy =W = —, Wy = W5 = —, w3 = We = —-
ag ay a2
It is easily seen by elementary geometry that this path closes after two circuits
around the sidelines of the triangle.

/ N
AN
N

T _—/////////// s’

Figure 2. Hexagonal paths formed by parallels
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2.3 Closure is less obvious, but still not difficult to prove, when “parallel” in the
first example is replaced by “antiparallel” (Figure 3). Here,
az ai a2

wp = wqg = —, W2 = W5 = —, w3 = wg = —.
a2 as a

Figure 3. Hexagonal paths formed by antiparallels

2.4. Another positive result is obtained by using isoscelizers ([1, p.93]). That is,
PAl = AlQ, QAQ = AQR, RAg = AgS, s ,UA3 = A3P Therefore,

W] = Wo = W3 = Wy = W5 = wg = 1.

2.5, These examples suggest thatyif = w4, we = ws, w3 = wg, the condition
wiwowsz = 1 is sufficient to close the path after two circuits. Indeed, by computing
lengths of segments around the triangle, one obtains

AP UA; alw%w%wg — agw%wgwg + aswiwows — aqwiwsy + agwi — A
3 = = .
w3 w%w%w%

But alsoAs P = ay — A, and equating the two expressions yields
(1 — wywows)(arwiwe — agwiwows — aswy + A(1 + wiwows)) =0. (1)

In order that (1) may be satisfied for all values\gthe solution iy wows = 1.
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Figure 4. Hexagonal paths formed by isoscelizers

2.6. As aslight digression, the other factor in (1) gives the special solution

\— w1 (agwaws — ajws + az)

)

1+ wi1wWwawWs

and calculation shows that this value otauses the path to close after only one

circuit, that isS = P. For example, if antiparallels are used, aniis the foot of

the altitude fromA,, the one-circuit closed path is the orthic triangledpfis As.
Furthermore, if alsan, wows = 1, the special value of becomes

az — alwiwe + azwi
2 J
and the ceviansl; R, A; P, and A3Q are concurrent at the point (in barycentric
coordinates, as throughout this paper)

1 1 1
<—a1w1w2 +az +azwy  aqwiws — ag + azw; A wiws + ag — a3w1> '
2)
It follows that there exists a conic tangent to the sidelines of the triangke &,
R. The coordinates of the center of the conic @reviws : as : agwy).

2.7. Returning to the COﬂditiOﬂ@ﬂUng =1, w1 = wy, wy = ws, W3 = We, the
coordinates of the six points may be found:



76 P. Yff

(ag —A:0:N),

(agw1 — A :A:0),

(0 : aqwywy — agwy + A : agwy — A),
(

(

aqwiwy — agwy + A : 01 ag — aywiws + azwy — A),

H » O T
|

aqwiwy — ag + A i ag — aqwiws + agwy — A : 0),
U=(0:a3 —X\:aqwjws —az + N).
These points are on one conic, given by the equation
)\(CLQ — a1wi1we + aswi — )\)x%
+(agw; — N)(aywiwy — ag + )3
+(az — N)(arwiwy — agwy + )\):):3
(a%wle + 2a2a3w1 — agalw%wg — A1a2W1W2
+ 2(@1’11)1’11)2 — a9 — CL3’U)1))\ + 2\? )x2x3
—(a% + agaswy — aragwiws + 2(awiwe — az — azwi)A + 22231,
—(agw% + agazwy — agalw%wg + 2(awiwy — ag — agwi )\ + 2222129
—0. 3)
This equation may also be written in the form
Aag — aywiws + agwy — ) (21 + z2 + x3)°
+aswi (agwiwy — ag)x% + aswi (awy — a;;)ac%
—(a%w%w% + 2asa3wy — agalw%wg — a1 AW W) T T3
—a2(a2 — a1wi1wa + CL3’U)1){L‘3$1
—as3wi (CLQ — a1W1w2 + a3w1){l?1{l?2
—0. (4)
As \ varies, (3) or (4) represents an infinite family of conics. Howevappears
only when multiplied by(z; + z2 + 3)?, so it has no effect at infinity, where
x1 + 2 + x3 = 0. Hence all conics in the system are concurrent at infinity.
If they have two real points there, they are hyperbolas with respectively parallel
asymptotes. This is not sufficient to make them all homothetic to each other, but it
will be shown later that this is indeed the case. If the two points at infinity coincide,
all of the conics are tangent to the line at infinity at that point. Therefore they are
parabolas with parallel axes, forming a homethetic set. Finally, if the points at
infinity are imaginary, the conics are ellipses and their asymptotes are imaginary.

As in the hyperbolic case, any two conics have respectively parallel asymptotes
and are homothetic to each other.

2.8. The center of (3) may be calculated by the method of [1, p.234], bearing in
mind the fact that the author uses trilinear coordinates instead of barycentric. But it
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is easily shown that the addition of any multiple(af + x5 + x3)? to the equation

of a conic has no effect on its center. Therefore (4) shows that the expression
containingA may be ignored, leaving all conics with the same center. Moreover,
this center has already been found, because the conic tangent to the sidelines at
P =25 Q=T,R = Uis a special member of (3), obtained whirhas the
value%(ag — aywiws + azwy). Thus, the common center of all the members of

(3) is (aywyrwy : as : agwy); and if they are homothetic, any one of them may be
obtained from another by a dilatation about this point. (See Figures 2, 3, 4).

Since the locus of centers is not a line, this system differs from those of Tucker
and Third and may be regarded as degenerate in the context of the general thery.
One case worthy of mention is that in which the sides of the hexagon are isoceliz-
ers, so that

W] = Wy = W3 = Wy = ws = wg = 1.

Exceptionally this is a Third system, because every isocelizer is both parallel and
antiparallel to itself. Therefore, the conics are concentric circles, the smallest real
one being the incircle of the triangle (Figure 4).

Since the “center” of a parabola is at infinity, (3) consists of parabolas only when
a1wiws + as + agwy = 0. This can happen if some of the directions are negative,
which was seen earlier as a possibility.

2.9, Some perspectivities will now be mentioned. If
PUNQR=B,, STNPU=DB,, QRNST =B,

the three linesA; B; are concurrent at (2) for every value bfLikewise, if
RSNTU =C,, PQNRS=C, TUNPQ=Cs,

the linesA;C; also concur at (2). Thus for ea¢hthe pointsB; and’; move on a
fixed line through4;.

2.10 Before consideration of the general case it may be noted that whenever the
directionswy, we, w3 lead to a conic circumscribing hexag®Q RSTU (that is,
wiwows = 1), any permutation of them will do the same. Any permutation of
wit, wyt, wyt will also work. Other such triples may be invented, suchas

w3 w1
wi ! wo”

3. Thegeneral case

3.1 Using all six directionsy;, one may derive the following expressions for the
lengths of segments:
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A1Q =wit ),

QA =wi ! (azwy — N),

AsR :wflwgl(agwl —A),

RA3 :wflwgl(alwlwg — azwi + ),

A3S :wflwglwgl(alwlwg —azwy + ),

SA; :wflwglwgl(agwlwgwg — aqwiws + agwy — A),

1

-1, -1 -1 -1
AT =wi wy wy wy - (apuwews — ajwiwe + aswy — A),

11 -1 -1
TAy =wj wy wy wy  (a3wiwrwsws — AW Waw3 + ajwiwy — azwi + A).

Then working clockwise fromP to U to T,

AgP =a9 — )\,
UA3 :w6(a2 — )\),
AU =a1 — aswg + wgA,
TAs :w5(a1 — asWg + wﬁ)\)
Equating the two expressions f6tA, shows that, if the equality is to be in-

dependent of\, the productu, wowswswswg Must equal 1. From this it follows
that
aiwiwsy + as(1l — wiwowsg) — azwi (1 — wowswy
e — ( ) — agun( )

A1 W1 W2W3W4

Hencews andwg may be expressed in terms of the other directions. Gien
and the first four directions, pointg, R, S, T' are determined, and the five points
determine a conic. Independence)pfused above, ensures thatis also on this
conic.

Now the coordinates of the six points may be calculated:

az—A:0: ),
asw; — A : A:0),

(
(
(0 : aqwiwy — agwy + A : agwy — N),
(
(

alwiwe — azwi + A:0: AW WaW3 — A1wWiWa + aswi — )\),

N » O T
|

A3W1WoW3W, — AoW1WoW3 + A Wi We — agwi + A
D agwiwows — ajwiwy + azwy — A : 0),

U=(0:a2 — A\ azwiwowswy — Gewiwaws + a1wiwy — azwi + A).

3.2 These points are on the conic whose equation may be written in the form
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AMagwiwows — ajwiws + azwi — A)(z1 + x2 + x3)2
+aszwi (aswiwowszwy — aswiwows + ajwiwse — azwy + (1 — w2w3w4))\)x%
+as(aywiwe — agwy + (1 — wlwgwg))\)x§
—(a3wiw3 + adw? (1 — wowzwy) + agazwi (1 + wywows)
— (13@1?1)%’[1)2(2 — Wowswy) — alagw%wgwg — (a2(1 — wywows)
+ aswi (1 — wowswy))\)z2x3
—ag(aswiwows — ajwiwe + azwi — (1 — wywows)A\)x3:1

—azwi (awiwows — ajwiwg + aswy — (1 — wowswy)A)x129

—0. (6)

The part of (6) not containing the factég; + zo + x3)?, being linear in),
represents a pencil of conics. Each of these conics is transformed by a dilatation
about its center, induced by the expression contairfingt =2 + z3)2. Thus
(6) suggests a system of conics analogous to a coaxaloid system of circles. In
order to establish the analogy with the Tucker circles, it will be necessary to find
a dilatation which transforms every conic by the same ratio of magnification and
also transforms (6) into a pencil of conics.

First, if (6) be solved simultaneously withh + x5 + x5 = 0, it will be found
that all terms containing vanish. As in the special case, all conics are concurrent
at infinity, and it will be shown that all of them are homothetic to each other.

3.3 ltis also expected that the centers of the conics will be on one line. When the
coordinatesy; : ys : y3) of the center are calculated, the results are too long to be
displayed here. Suffice it to say that each coordinate is linearshowing that the

locus of(y; : y2 : y3) is aline. If this line is represented by, +coxo+cs3x3 = 0,

the coefficients, after a large common factor of degree 4 has been removed, may
be written as

c1 =agazwiws(wy — wy)(azwows — ajwe + as),
¢y =agwi (azwswy — agws + a1)(aqwiwe(1 — y) + az(1 — x) — agwi (1 — y)),
c3 =ag(ajwiwe — azwi + ag)(—a1 (1 — z) + agws(1 — ) — agwyws(l — y)).

For brevity the productsn wews and wewsw, have been represented by the
lettersx andy respectively.

3.4. Ashas been seen, addition of any multiplgaf+ x5 + x3)? to the equation

of a conic apparently induces a dilatation of the conic about its center. What must
now be done, in order to establish an analogy with the system of Tucker circles, is
to select a number such that the addition ef(z; + 2 + 3)? to (6) dilates every
conic by the same ratip and transforms the system of conics into a pencil with
two common points besides the two at infinity.
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Using a formula for the distance between two poirgg).( [1, p.31]), it may
be shown that a dilatation with centéy; : y» : y3) sending(z; : x2 : x3) to
(771 : T3 : T3) with ratio p is expressed by; ~ y; + kz;, (i = 1,2, 3), where

+p(y1 + y2 + y3)

k=
(1 F p)(xl + 29 + xg)

or
:|:(.T1 + xT9 + xg)
y1 + kx1) + (y2 + kzo) + (ys + ]C.Tg)'

In particular, if the coni6  a;jz,2; = 0 is dilated about its centels : y2 : y3)
with ratio p, so that the new equation is

"

Z aijrixj + o(x1 + x2 + x3)* =0,

then
o(y1 + y2 +y3)?

> aiyiy;
Here the ambiguous sign is avoided by choosingithso that the denominator of
the fraction is positive.

Since it is required that be the same for all conics in (6), it must be free of the
parameten. For the centefy; : y» : y3) of (6), whose coordinates are linearin

it may be calculated thaf + y» + y3 is independent ok. As for) _ a;;v;y;, let it
first be noted that

PP =1+

Z QijY;T; =(a11y1 + a12y2 + a13y3)z1
+(a12y1 + a2ys + a23ys)xs
+(a13y1 + a23y2 + aszysz)xs.
(By conventiong;; = aj;). Also, ) a;jy;x; = 0is the equation of the polar line of
the center with respect to the conic, but this is the line at infiity x5 +z3 = 0.

Therefore the coefficients af;, x5, 23 in the above equation are all equal, and it
follows that

Z aijYiy; = (a11y1 + a12y2 + a13y3) (Y1 + y2 + ¥3),

and

oY1 +y2 +
E (y1 +y2 +y3) .
a11y1 + a12y2 + a13ys

Since they;; are quadratic i\, and they; are linear, the denominator of the fraction
is at most cubic im\. Calculation shows that

a11y1 + a2y + a13ys = M(A)\2 + BA+O),

in which
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M =ayw (agwows — aqwy + ag)-
(—a%wlwg + a%wg + a§w1w3w4 — agsazws(wi + wy)
+ azajwi (1 —y) — araz(l — z)),
A —a1wW1Ws + a2 + A3W1W2W3Wy4,
B =w1 (a%wlwg — a%wgwg — a§w1w2w3w4 — 2a2a3
— azaqwiws (1l —y) + ayagwy (1 — x)),

C :agagw%(agwgwg — aqwy + ag).
3.5 If the system (6) is to become a pencil of conics, the equation
Z aijzix; + oz + 0 + 23)° =0

must be linear in\. SinceX? appears in (6) as \?(z1 +z, +x3)?, this will vanish

only if the coefficient of\? in ¢ is 1. Therefore, to eliminat& from the fractional
part of p?, it follows that

B C

= A4 SN =

o + 2 + P

With this value ofo, if o(z; + 22 + 23)? be added to (6), the equation becomes

A—azagwi (1 — zy)(z1 + 2 + 23)° + (@rwiws + az + agwiy)-
(azwi(1 — y)z2 + ag(1 — z)23 + (az(1 — x) + azwi (1 — y))zox3
+ as(l — z)z3z1 + aswi (1 — y)xri1x2))
+agagwi (awaws — a1ws + a3)(z1 + 2 + 23)°
+(a1wrwy + as + azwiy)(agwr (awiwy — age — azwi (1 — y))x%
+a2w1 (alwg — ag)xg
—(awiwi + aiwi(1 — y) + agazwi (1 + )
- agalw%wg(Q —Y) — a1a2WWx) T2 T3
+a2(a1w1w2 — ax — (13’[1)1)553.%1
+aswi (awiwe — agr — agwy)r1x2)
—0. (7)
Since (7) is linear in\, it represents a pencil of conics. These conics should have
four points in common, of which two are known to be at infinity. In order to facili-
tate finding the other two points, it is noted that a pencil contains three degenerate
conics, each one consisting of a line through two of the common points, and the
line of the other two points. In this pencil the line at infinity and the line of the
other two common points comprise one such degenerate conic. Its equation may

be given by setting equal to zero the product:pft z» + x3 and a second linear
factor. Since it is known that the coefficient afvanishes at infinity, the conic
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represented by = oo in (7) must be the required one. The coefficient\aloes
indeed factor as follows:

(x1 + x2 + x3)(—agazwi (1 — zy)z1
+ (asw1 (1 — y)(aqwiws + as + aswiy) — asagwy (1 — xy))ws
+ (a2(1l — z)(arwrwe + ag + azwiy) — agaswi (1 — xy))xs).

Therefore the second linear factor equated to zero must represent the line through
the other two fixed points of (7).

3.6. These points may be found as the intersection of this line and any other conic
in the system, for example, the conic given by 0. To solve simultaneously the
equations of the line and the conig, is eliminated, reducing the calculation to

2 2 22 2 2
aswiwawswaxy — agaz(l + wjwiwiswy)rexs + azwowszs = 0

or
(a3$2 — agwgngg)(a3w1w2w3w4x2 — agwg) = 0.
Therefore,
Z2 awWwWs3 a2
= - 0r —.
x3 ag A3W1W2W3w4

The first solution gives the point

A = (aywawswyws : agwaws : ag)
and the second solution gives

N = (aywiws : as @ azwiwewswy).

Thus the dilatation of every conic of (6) about its center with raticansforms (6)
into pencil (7) with common pointd and/'.

3.7. Returning to the question of whether the conics of (6) are all homothetic to
each other, this was settled in the case of parabolas. As for hyperbolas, it was
found that they all have respectively parallel asymptotes, but a hyperbola could be
enclosed in the acute sectors formed by the asymptotes, or in the obtuse sectors.
However, when (6) is transformed to (7), there are at least two hyperbolas in the
pencil that are homothetic. Since the equation of any hyperbola in the pencil may
be expressed as a linear combination of the equations of these two homothetic
ones, it follows that all hyperbolas in the pencil, and therefore in system (6), are
homothetic to each other. A similar argument shows that, if (6) consists of ellipses,
they must all be homothetic. Figure 5 shows a system (6) of ellipses, with one
hexagon left in place. In Figure 6 the same system has been transformed into a
pencil with two common points. Figure 7 shows two hyperbolas of a system (6),
together with their hexagons. The related pencil is not shown.
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Figure 5

3.8 Inthe barycentric coordinate system, the midpdint: v, : vs) of (21 : x5 :
x3) and(y; : y2 : y3) is given by
Vi ~ i Y =123
Ty +T2+x3 Y1 +y2+y3

Thus it may be shown that the coordinates of the midpoint &fare
(2a1wiwe + az(l — ) —aswi (1 — y) : a2(l + ) : azwi(1 +y)).
This point is on the line of centers of (6), expressed earlier as
€171 + e + c3x3 = 0,

so the segment A’ is bisected by the line of centers. However, it is not the perpen-
dicular bisector unless (6) consists of circles. This case has already been disposed
of, because if a circle cuts the sidelinesAfd; A3, PQ and ST must be antipar-

allel to each other, as mu&R andTU, andRS andU P. This would mean that

(6) is a Third system.
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&
) A\

Figure 6

In system (6) the line*Q, RS, TU are concurrent for a unique value &f
which has been calculated but will not be written here. The point of concurrence is

1 1 1
(—a1w1w2 + asx + azwq " aqwiwy — asx + azwi " aiwiwg + asT — a3w1> ’
which is a generalization of (2). The same point is obtained whén ST. UP

i i 1.1
are concurrent. It will also be written é% Cg E)
3.9. System (6) has an envelope which may be found by writing (6) as a quadratic
equation in\. Setting its discriminant equal to zero gives an equation of the enve-
lope. The discriminant contains the factas + z» + 3)2, which may be deleted,
leaving
> FPa? - 2F;Furjap = 0.

This is an equation of the conic which touches the sidelined, df, A3 at L; =
(O : Py FQ), Lo = (Fg :0: Fl), andLs = (F2 By O) The cevians4; L; are
concurrent a(Fi1 L)

The center of the envelope is the midpoint/of’, but A and A’ are not foci
unless they are isogonal conjugates. This happens \hem )(wswswyws) =
(1)(waws) = (wywewswy)(1), for which the solution is

WiWy = WoWs = wawg = 1.

Since this defines a Third system, it follows tllaand A’ are isogonal conjugates
(and foci of the envelope of (6)) if and only if the conics are circles.
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Figure 7

4. The paraboalic case

There remains the question of whether (6) can be a system of parabolas. This
is because the dilatations used above were made from the centers of the conics,
whereas the centers of parabolas may be regarded as being at infinity. If the the-
ory still holds true, the dilatations would have to be translations. That such cases
actually exist may be demonstrated by the following example.

Let the triangle have sideg = 4, ay = 2, a3 = 3, and let
2 3 1 2
57 w2:Z7 w3:§7 w4:§7 w5:37 ’lU6:2.

Substitution of these values in (6) gives the equation (after multiplication by 2)
A1 = 2X\)(z1 + 22 + 23)? + 323 + 3\a3
+2(3)\ — 4)%2%3 + (3)\ — 2)%3%1 + (3)\ — 2)(12‘1%2 = 0. (8)

To verify that this is a system of parabolas, solve (8) simultaneously avith

x9 + 3 = 0, and elimination ofz; gives the double solutiom, = z3. This

shows that for every the conic is tangent to the line at infinity at the pojrt2 :

1:1). Hence, every nondegenerate conic in the system is a parabola, and all are
homothetic to each other. (See Figure 8).

The formulae foto gives the valué)\ — %)2 but (8) was obtained after multi-
plication by 2. Therefore (X — %)2 (1 + xo + x3)? is added to (8), yielding the

w1 =
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Figure 8. A system of parabolas

equation
(8 — 15\) % 4+ 4(2 + 3\) (23 4 22) — 8(7 — 3\ 2923 — (2 + 3\) (2321 + 2122) = 0,

which is linear inA and represents a pencil of parabolas. The parabetacco is
found by using only terms containing which gives the equation

—1522 + 1223 + 1223 + 2493 — 32321 — 3T122 =0

or
3(z1 + wo + x3)(—5x1 + 4x9 + 423) = 0.

Thus it is the degenerate conic consisting of the line at infinity and theling+
4x9 + 4x3 = 0. Calculation shows that this line intersects every parabola of the
pencil atA(4 : 1: 4) andA’(4 : 4 : 1). (See Figure 9). The parallel dashed lines
in both figures form the degenerate parabbla % which is invariant under the
translation which transformed the system into a pencil.

Finally, since all of the “centers” coincide, this is another exception to the rule
that the line of centers of (6) bisects the segmefit

References

[1] C. Kimberling, Triangle Centers and Central Triangl€sngressus Numerantium, 129 (1998)
1-295.

[2] J. A. Third, Systems of circles analogous to Tucker circRmc. Edinburgh Math. Soc., 17
(1898) 70-99.

[3] R. Tucker, On a group of circleQuart. J. Math. 20 (1885) 57.

[4] P.Yff, Unpublished notes, 1976.



A generalization of the Tucker circles

Figure 9. A pencil of parabolas
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