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Some Similarities Associated with Pedals

Jean-Pierre Ehrmann and Floor van Lamoen

Abstract. The pedals of a point divide the sides of a triangle into six segments.
We build on these segments six squares and obtain some interesting similarities.

Given a triangleABC, the pedals of a poinP are its orthogonal projection4,
B’, ' on the sidelineBC, C A, AB of the triangle. We build on the segments
AC', C'B, BA', A’/C, CB' and B’ A squares with orientation opposite to that of
ABC.

Figure 1

About this figure, O. Bottema [%77] showed that the sum of the areas of the
squares orBA’, CB" and AC’ is equal to the sum of the areas of the squares on
A'C, B'A andC’B, namely,

af + b +cf =a? + b2+l

See also [2, p.112]. Bottema showed conversely that when this equation holds,
A’B’C" is indeed a pedal triangle. While this can be easily established by apply-
ing the Pythagorean Theorem to the right trianglg3 P, AC’'P, BA'P, BC'P,

CA'P andCB'P, we find a few more interesting properties of the figure. We
adopt the following notations.
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O circumcenter

K symmedian point

A area of triangleABC

w Brocard angle cot w = %

04 Brocard point LBAQ) = ZCBQy = LZACO = w
Oy Brocard point LABQy = ZBCQy = LCOAQy = w

h(P,r) homothety with centeP and ratior
p(P,0) rotation aboutP through an anglé

Let A; B1C; be the triangle bounded by the lines containing the sides of the
squares opposite tB A, CB’, AC’ respectively. Similarly, letd; BoC5 be the
one bounded by the lines containing the sides of the squares oppodife 6’ A
andC'B.

Figure 2

Theorem. Triangles A; B1Cy and A3 B;Cs are each homothetic to ABC. Let
01, and O4 be the respective centers of homothety.

(1) Theratio of homothety in each caseis 1 + cot w. Therefore, 4 B;C; and
Ay B5C4 are homothetic and congruent.

(2) Themapping P — O isthedirect similarity whichistherotation p(¢, 7)
followed by the homothety h(2;, tan w). Likewise, The mapping P — O,
is the direct similarity which is the rotation p({%, —7) followed by the
homothety h(Qs, tan w).

(3) The midpoint of the segment O; O, is the symmedian point K.

(4) The vector of trandlation A; B;C — A, B>C5 istheimage of 20P under
the rotation p(O, 7).

Proof. We label the directed distances = BA’, a, = A'C, by = CB’, b, =
B'A, ¢, = AC" andc, = C'B as in Figure 1. Becaus@éBC and A; B,C are
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homothetic througli), , the distanceg, g, h of O; to the respective sides afBC
are in the same ratio as the distances between the corresponding side€' and
A1B1Cy. We havef : g : h = a; : by : ¢. See Figure 2. Furthermore, the sum of
the areas of triangle®, BC, AO;C and ABO;+ is equal to the ared of ABC,

so thataf + bg + ch = 2. But we also have

a? b +c = a2+ b4
= (a—a)?*+(b-=b)*+(c—q)?

from which we find

2 024 2
aa; + bb; + cc; = % = 2A cot w.

This shows that% = % = 3L = cotw, and thus that the ratio of homothety of
A1B1Cy to ABC is 1 4 cot w. By symmetry, we find the same ratio of homothety
of As BoCs to ABC'. This proves (1).

Now suppose thaP = Oy. Thentan /CBO; = L = tanw. By symmetry
this shows thai” must be the Brocard poilfl, .

To investigate the mapping — O, we imagine that” moves through a line
perpendicular taBC. For all pointsP on this lineq is the same, so that for all
imagesO; the distancef is the same. Therefor&), traverses a line parallel to
BC. Now imagine that” travels a distancé in the direction4 P. ThenAC’ = ¢
decreases with/ sin B. The distancé: of O; to AB thus decreases witﬂ@%,
andO; must have travelled in the directid®B throughd tan w. Of course we can
find similar results by letting® move through a line perpendicular #” or AB.

Now any pointP can be reached from?; by first going through a certain dis-
tance perpendicular tBC and then through another distance perpendiculaio
Since(?; is a fixed point ofP — O;, we can combine the results of the previous
paragraph to conclude th&t — O; is the rotationp(€2, 7) followed by the ho-
mothetyh (£, tan w).

In a similar fashion we see th&t — O, is the rotationp($2, — %) followed by
the homothetyn(Q2s, tan w). This proves (2).

Now note that the pedal triangle 6f is the medial triangle, so that the images
of O under both mappings are identical. This image must be the point for which
the distances to the sides are proportional to the corresponding sides, well known
to be the symmedian poidt. Now the segmend P is mapped tad{ O, and KO,
respectively under the above mappings, while the image segments are congruent
and make an angle af. This proves (3).

More precisely the ratio of length$(O; | : |OP| =tanw : 1, so thatO; 0] :
|OP| = 2tanw : 1. By (1), we also know thatO; 03| : |A1As| = tanw : 1.
Together with the observation th&y O, and A; A, are oppositely parallel, this
proves (4). d

We remark that (1) can be generalizedimscribed triangles AB’C’. Since
BA' + A'C = BC'itis clear that the line midway betwed® C; and BoCs is at
distance3 from BC, it is the line passing through the apex of the isosceles right
triangle erected outwardly aBC'. We conclude that the midpoints df A5, B1 Bo



166 J.-P. Ehrmann and F. M. van Lamoen

andC;C, form a triangle independent froaf B’C’, homothetic taABC through

K with ratio 1 4+ cot w. But then sinced; B;C; and 4, B,C5 are homothetic to
each other, as well as t4BC, it follows that the sum of their homothety ratios is
2(1 + cotw).
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