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On the Procircumcenter and Related Points

Alexei Myakishev

Abstract. Given a triangleA BC, we solve the construction problem of a point

P, together with point83., C, on BC, C,, A. onC A, and Ay, B, on AB such

that PB,C,, AyPCy, and A.B.P are congruent triangles similar td BC.

There are altogether seven such triads. If these three congruent triangles are all
oppositely similar toA BC, then P must be the procircumcenter, with trilinear
coordinatega® cos A : b*cos B : ¢? cos C). If at least one of the triangles in

the triad is directly similar ttA BC, then P is either a vertex or the midpoint of

a side of the tangential triangle. We also determine the ratio of similarity in each
case.

1. Introduction

Given a triangled BC, we consider the construction of a poit together with
points B., C, on BC, C,, A. on CA, and A,, B, on AB such thatPB,C,,
Ay PCy, andA.B. P are congruent triangles similar thBC'. We first consider in
862,3 the case when these triangles ar@piositely similar to ABC. See Figure
1. In §4, the possibilities when at least one of these congruent triangles is directly
similar to ABC' are considered. See, for example, Figure 2.
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Figure 2
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2. The case of opposite similarity: construction of P

With reference to Figure 1, we try to find the trilinear coordinatesPof As
usual, we denote the lengths of the sides opposite to anglds, C by a, b, c.
Denote theoriented anglesC,PB. by ¢,, A.PC, by ¢,, and B,PA; by ¢.. 1
SincePCy, = PB,., Z/PB.C, = %(w — ¢q). Since alsa/ PB.A. = B, we have
£LA.B.C = 3(m + ¢,) — B. For the same reasor,B.A.C = 1(m + ¢;) — A.
Considering the sum of the angles in triangleB.C, we havel(y, + @) =
m—2C. Sincey, + vp + p. = m, we havep, = 4C' — . Similarly, p, = 4A —7
andy, = 4B — 7.

Let k& be the ratio of similarity of the triangle®B,C,, Ay PCy, and A.B.P
with ABC, i.e, B,C, = PCy, = B.P = k- BC = ka. The perpendicular
distance fromP to the lineBC'is

h, = kacos % = ka cos (2A - g) = kasin 2A.

Similarly, the perpendicular distances fratmto C A and AB areh, = kbsin2B
andh, = kesin 2C. It follows that P has trilinear coordinates,

(asin2A : bsin 2B : ¢sin2C) ~ (a%cos A : b% cos B : ¢ cos C). 1)

Note that we have found not only the trilinears Bf but also the angles of
isosceles triangle®C, B., PA.C,, PB,A;. Itis therefore easy to construct the
triangles by ruler and compass frafh Now, we easily identifyP as the isogonal
conjugate of the isotomic conjugate of the circumceriderwhich has trilinear
coordinategcos A : cos B : cos C'). We denote this point b and follow John
H. Conway in calling it theprocircumcenter of triangle ABC. We summarize the
results in the following proposition.

Proposition 1. Given a triangle ABC' not satisfying (2), the point P for which
there are congruent triangles PB,C,, A, PCy, and A.B.P oppositely similar to
ABC (with B., C, on BC, C,, A. on CA, and A, B, on AB) isthe procircum-
center O. Thisis a finite point unless the given triangle satisfies

AP+ E -+ (E )+ AP+ -2 =0. 2

The procircumcente® appears aXg4 in [3], and is identified as the inverse of
the Jerabek centeX; 5 in the Brocard circle. A simple construction 6fis made
possible by the following property discovered by Fred Lang.

Proposition 2 (Lang [4]). Let the perpendicular bisectors of BC, C' A, AB inter-
sect the other pairs of sides at B;, C1, Cs, Ay, Az, B3 respectively. The perpen-
dicular bisectors of B;C1, C5 A5 and A3 Bs bound a triangle homothetic to ABC
at the procircumcenter O.

Iwe regard the orientation of triangleBC as positive. The oriented angles are defined modulo
2.
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3. Thecase of opposite similarity: ratio of similarity

We proceed to determine the ratio of similarity We shall make use of the
following lemmas.

Lemma 3. Let A denote the area of triangle ABC, and R its circumradius.
(1) A = 2R?sin Asin Bsin C,

(2) sin2A + sin 2B + sin 2C' = 4 sin A sin B sin C,

(3) sin4A + sin4dB + sin4C = —4sin 2A sin 2B sin 2C;;

(4) sin? A + sin? B + sin? C = 2 + 2 cos A cos B cos C.

Proof. (1) By the law of sines,
A= %bcsinA = %(2RsinB)(2Rsin C)sin A = 2R?sin Asin Bsin C.

For (2),
sin2A + sin 2B + sin 2C
=2sin Acos A+ 2sin(B 4 C) cos(B — C)
=2sin A(— cos(B + C') + cos(B — C))
=4 sin Asin BsinC.
The proof of (3) is similar. For (4),
sin? A 4 sin? B + sin? C
1
=sin?A+41— i(cos 2B + cos 2C)
=sin? A + 1 — cos(B + C) cos(B — O)
=2 — cos® A + cos Acos(B — C)
=2+ cos A(cos(B + C) + cos(B — C))
=2+ 2cos A cos B cos C.
O

Lemmad4. a? 4+ b* + ¢ = 9R? — OH?, where R isthe circumradius, and O, H
are respectively the circumcenter and orthocenter of triangle ABC.

This was originally due to Euler. An equivalent statement
a? + 0%+ =9(R? — 0G?),
whered is the centroid of trianglel BC, can be found in [2, p.175].
Proposition 5 (Dergiades [1]) The ratio of similarity of OB,C,, A,0C}, and
A.B.O with ABC'is
RQ
3R? — OH?

=
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Proof. Since2A =a-hy +b- hy + ¢+ he, andh, = kasin 24, hy, = kbsin 2B,
andh. = kcsin 2C, the ratio of similarity is the absolute value of

2A
a?sin2A 4+ b?sin 2B + ¢? sin 2C
4R?sin Asin Bsin C
= . 92 . D) . D) . [Lemma 3(1)]
4R?(sin” Asin2A + sin® B sin 2B + sin® C'sin 2C)
B 2sin Asin Bsin C'
(1 —cos2A)sin24 + (1 — cos 2B) sin 2B + (1 — cos 2C) sin 2C
B 4sin Asin BsinC
~ 2(sin2A +sin 2B +sin 2C) — (sin4A + sin 4B + sin 40)
4sin Asin BsinC

8sin A sin Bsin €'+ 4sin 24 sin 215 sin 2C [Lemma 3(2,3)]

2+8COSACOS?COSC

= L 3(4
Ien? AT s’ B 1ol —g  emmad()
RQ
a? +b% + ¢ — 6R?
R2
3R? — OH?
by Lemma 4. O

Figure 3:0H = 2R Figure 4:0H = /2R

From Proposition 5, we also infer th@tis an infinite point if and only iDH =
V3R. More interesting is that for triangles satisfyitg/ = 2R orv/2R, the
congruent triangles in the triad are also congruent to the reference tridigylé
See Figures 3 and 4. These are triangles satisfying

al(V? + 2 —a?) + b1+ a® = V) + M + VP — ) = +a®bP
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4. Cases allowing direct similarity with ABC

As Jean-Pierre Ehrmann has pointed out, by considering all possible orientations
of the trianglesPB,C,, Ay PCy, A.B.P, there are other points, apart from the
procircumcenter), that yield triads of congruent triangles similarA®BC.

4.1 Exactly one of the triangles oppositely similar to ABC. Suppose, for exam-
ple, that among the three congruent triangles, daly,C, be oppositely similar
to ABC, the other two A, PC}, and A.B. P being directly similar. We denote by
Pt the point P satisfying these conditions. Modifying the calculationg® we
have

Ya=T+2A, pp=71—24A, @.=m—2A.
From these, we obtain the trilinears Bf as
(—asinA:bsinA:csinA) =(—a:b:c).
It follows that ;" is the A-vertex of the tangential triangle of BC'. See Figure 5.

Cy
.

Figure 5

The ratio of similarity, by a calculation similar to that performed;8) isk =
|ﬁ| This is equal to 1 only whed = % or 2. In these cases, the three
triangles are congruent tdBC'.

Clearly, there are two other triads of congruent triangles corresponding to the
other two vertices of the tangential triangle.

4.2 Exactly one of triangles directly similar to ABC. Suppose, for example, that
among the three congruent triangles, o3, C, be directly similar toABC, the
other two, A, PC;, and A.B.P being oppositely similar. We denote by the
point P satisfying these conditions. See Figure 6. In this case, we have

Ya=2A—-7, @pp=71+2B-2C, ¢.=n+2C —2B.
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Figure 6

From these, we obtain the trilinears Bf as
(—asin A : bsin(B — C) : ¢sin(C — B)) = (—a® : b(b* — %) : ¢(c® — b?)).

It is easy to check that this is the midpoint of the siig’; of the tangential
triangle of ABC. In this case, the ratio of similarity s = | ;73— |-

Clearly, there are two other triads of congruent triangles corresponding to the
midpoints of the remaining two sides of the tangential triangle.

We conclude with the remark that it is not possible for all three of the congruent
triangles to be directly similar tal BC, since this would requirg, = ¢, = p. =

.
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