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Bicentric Pairs of Pointsand Related Triangle Centers

Clark Kimberling

Abstract. Bicentric pairs of points in the plane of triangleBC' occur in con-
nection with three configurations: (1) cevian traces of a triangle center; (2) points
of intersection of a central line and central circumconic; and (3) vertex-products
of bicentric triangles. These bicentric pairs are formulated using trilinear coordi-
nates. Various binary operations, when applied to bicentric pairs, yield triangle
centers.

1. Introduction

Much of modern triangle geometry is carried out in in one or the other of two
homogeneous coordinate systems: barycentric and trilinear. Definitions of triangle
center, central line, and bicentric pair, given in [2] in terms of trilinears, carry over
readily to barycentric definitions and representations. In this paper, we choose to
work in trilinears, except as otherwise noted.

Definitions oftriangle center (or simply center) andbicentric pair will now be
briefly summarized. A triangle center is a point (as defined in [2] as a function of
variablesa, b, ¢ that are sidelengths of a triangle) of the form

fla,b,c) : f(b,e,a): f(c,a,b),

wheref is homogeneous ia, b, ¢, and
|f(a,¢,0)] = |f(a,b,c)|. 1
If a point satisfies the other defining conditions but (1) faten the points
Fa = f(a,b,c): f(bc,a): f(c,a,b),
Foo = fla,c,b): f(ba,c) : f(c,b,a) )
are abicentric pair. An example is the pair of Brocard points,
c¢/b:aj/c:b/a and b/c:b/a:c/b.

Seven binary operations that carry bicentric pairs to centers are discussed in
§82, 3, along with three bicentric pairs associated with a centef4)rbicentric
pairs associated with cevian traces on the sideli€sC A, AB will be examined.
§66—10 examine points of intersection of a central line and central circumconic;
these points are sometimes centers and sometimes bicentric §iEirsonsiders
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bicentric pairs associated with bicentric triangl€S.supports6, and§12 revisits
two operations discussed §8.

2. Products: trilinear and barycentric

Supposel/ = u : v : wandX = x : y : z are points expressed in general
homogeneous coordinates. Their product is defined by

U-X =ux:vy:wz.

Thus, when coordinates are specified as trilinear or barycentric, we have here two
distinct product operations, corresponding to constructions of barycentric product
[8] and trilinear product [6]. Because we have chosen trilinears as the primary
means of representation in this paper, it is desirable to write, for future reference,
a formula for barycentric product in terms of trilinear coordinates. To that end,
suppose: : v : w andzx : y : z are trilinear representations, so that in barycentrics,

U=au:bv:cw and X =ax:by:cz.

Then the barycentric product iduz : b*vy : c>wz, and we conclude as follows:
the trilinear representation for the barycentric productUot= v : v : w and
X =z :y: z, these being trilinear representations, is given by

U+ X =aux: by : cwz.

3. Other centralizing operations

Given a bicentric pair, aside from their trilinear and barycentric products, various
other binary operations applied to the pair yield a center. Consider the bicentric
pair (2). In [2, p. 48], the points

Fop © Fye ::fab+fac:fbc+fba:fca+fcb (3)
and

Fab@Fac ::fab_fac:fbc_fba:fca_fcb (4)
are observed to be triangle centers. §&éor a geometric discussion.

Next, suppose that the poinig, and F,,. do not lie on the line at infinity£>,
and consider normalized trilinears, represented thus:

Fry, = (kabfab kab foes Kav fea)s  Fae = (Kacfacs Kacfoas Kacfeb), (5)
where

20 P 20
afab +0foc + cfea’ " afac+ bfoa +cfen’
These representations give

F(;b S Fc:c = kabfab + kacfac : kabfbc + kacfba : kabfca + kacfcba (6)

which for many choices of (a, b, ¢) differs from (3). In any case, (6) gives the
the midpoint of the bicentric pair (2), and the harmonic conjugate of this midpoint
with respect taFy,;, and F,,. is the point in which the ling;, F,,. meetsC£>.

o = aredAABC).

kap :=
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We turn now to another centralizing operation on the pair (2). Their line is given
by the equation

a B v
fab fbc fca =0
fac fba fcb

and is a central line. Its trilinear pol®, and the isogonal conjugate Bf given by

fbcfcb - fcafba : fcafac - fabfcb : fabfba - fbcfa07

are triangle centers.
If

X:=xz:y:2z= f(a,b,c): f(byc,a): f(c,a,b)

is a triangle center other thaxy, then the points
Y:=y:z:xz and Z:=z:2:y

are clearly bicentric. The operations discussedsi®3, applied to{Y, Z}, yield
the following centers:

trilinear product= X; /X (the indexing of centers a; follows [3]);
barycentric product Xs/X (here, */” signifies trilinear division);
Y& Z=y+z:z4+z: 2+,

YeoZ=y—z:z—x:x—y,

midpoint= m(a, b, c) : m(b,c,a) : m(c, a,b), where

m(a,b,c) = cy?® + bz% + 2ayz + x(by + c2);
e YZNL>®=n(a,b,c):nb,ca):n(ca,b), where

n(a,b,c) = cy* — bz + x(by — c2);

(isogonal conjugate of trilinear pole &f2)

= 22 —yz:yt—zr: -y

= (X;-Hirstinverse ofX).
The pointsZ/Y andY/Z are bicentric and readily yield the centers with first
coordinatesr(y? + 22), z(y? — 2?), andx® — y%2%/2. One more way to make

bicentric pairs from triangle centers will be mentioned:Uif= r : s : ¢t and
X :=x:y: z are centers, then ([2, p.49])

U X :=sz:tx:ry, XU :=ty:rz:sz

are a bicentric pair. For examplél/ ® X) © (X ® U) has for trilinears the
coefficients for linelJ X.
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4. Bicentric pairs associated with cevian traces

SupposeP is a point in the plane oNABC' but not on one of the sidelines
BC, CA, AB and not onL*. Let A’, B’,C’ be the points in which the lines
AP, BP,C P meet the sideline8C, C A, AB, respectively. The pointd’, B’, C’
are thecevian traces of P. Letting | XY'| denote the directed length of a segment
from a pointX to a pointY, we recall a fundamental theorem of triangle geometry
(often called Ceva’s Theorem, but Hogendijk [1] concludes that it was stated and
proved by an ancient king) as follows:

|BA'|-|CB'| - |AC'| = |A'C| - |B'A| - |C'B|.
(The theorem will not be invoked in the sequel.) We shall soon see tlfatsfa
center, then the points
Ppc :=|BA'| : |CB'|: |JAC'| and Pgp:=|A'C|:|B'A|:|C'B|

comprise a bicentric pair, except fér = centroid, in which case both points are
the incenter. Letr denote the area aR ABC, and writeP = z : y : z. Then the
actual trilinear distances are given by

P P P
B=1{0,220) and A =0, 27 _29% ),
b by +cz’ by + cz

Substituting these into a distance formula (e.g. [2, p. 31]) and simplifying give

z

BA/ =
B4 b(by + cz)’
z x y
P = : : ; 7
Be b(by + cz) ~ clez +ax) ~ alax + by)’ 0
Pep = 4 : : : * (8)

c(by +cz) " alcz +azx)  blax + by)’
So represented, it is clear thB;- and Pop comprise a bicentric pair iP is a
center other that the centroid. Next, let
BA'| |CB'| |AC| |CA'| |AB'| |BC'|
Pho = | : : d Php= : : .
BC = (oA 1AB| |Bcr| M 0BT |BA| T |CB| |AC
Equation (7) implies

, cz axr by , by cz ax
PBC_@.;.E and PCB—EE@ (9)
Thus, using "/” for trilinear quotient, or for barycentric quotient in case the coor-
dinates in (7) and (8) are barycentrics, we h#}e. = Ppc/Pcp and P, =
Pcp/Ppe. The pair of isogonal conjugates in (9) generalize the previously men-
tioned Brocard points, represented by (9) whis- Xj.

As has been noted elsewhere, the trilinear (and hence barycentric) product of a
bicentric pair is a triangle center. For both kinds of product, the representation is
given by

a ) b ) c
z(by + ¢2)? " y(cz + ax)? " z(ax + by)?’

Ppc - Pop =
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| P XX | X | X [Xeo| X7 | X5 |
Ppc - Pop | X31 | X593 | X503 | Xoo | Xoo | X57 | X57
Ppc , Pop | X32 | Xgag | Xgag | Xa | Xy | X6 | X56

Table 1. Examples of trilinear and barycentric products

The line of a bicentric pair is clearly a central line. In particular, the line
P, P is given by the equation

2,.2 2,2 2,2
a’x beyz b cazx c°z abx
o )at (- ) B+ -S53)v=0.
bcyz  a*x cazr by abxy  c*z
This is the trilinear polar of the isogonal conjugate of theHirst inverse ofF,
whereE = ax : by : cz, and F' is the isogonal conjugate d&. In other words,
the point whose trilinears are the coefficients for the liyg. P/ ; is the E-Hirst

inverse ofF.
The line Pgc Pe g is given byz'a + /3 + 2/y = 0, where

x' = be(by + cz)(a’x? — beyz),

so thatPgc Pop is seen to be a certain product of center®ifs a center.

Regarding a euclidean construction ., it is easy to transfer distances for
this purpose. Informally, we may describgc and P, as points constructed “by
rotating through 90the corresponding relative distances of the cevian traces from
the verticesA, B, C".

5. Thesguareof aline

Although this section does not involve bicentric pairs directly, the main result
will make an appearance {7, and it may also be of interegér se.

Suppose that/; = w1 : v1 : wy andUs = ug : ve : wo are distinct points
on an arbitrary line, represented in general homogeneous coordinates relative to
AN ABC. For each point

X::u1+th:v1+v2t:w1+w2t,

let

X2 = (ug + ugt)? : (v +vat)? ¢ (wy + wot)?
The locus ofX? ast traverses the real number line is a conic section. Following
the method in [4], we find an equation for this locus:

*a? + m* 5% + nty? — 2m2n2 By — 2n%%ya — 20°m%af = 0, (20)
wherel, m, n are coefficients for the lin&; Us; that is,
l:m:n= VW2 —W1V2 : W1UQ2 — ULW2 © U1V — V1UY.

Equation (10) represents an inscribed ellipse, which we denot& by If the
coordinates are trilinears, then the center of the ellipse is the point

bn? + em? : cl® + an® : am? + b2
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6. (Line L)N(Circumconic I'), two methods

Returning to general homogeneous coordinates, suppose thdt, lgieen by
lae + mpB + ny = 0, meets circumconid’, given byu/a + v/8 + w/y = 0.
Let R and S denote the points of intersection, wheke= S if L is tangent td".
Substituting—(m + n+y)/1 for « yields

mw3? + (mv 4+ nw — lu)By + nvy? = 0, (11)
with discriminant
D = *u? + m?v? + n*w? — 2mnvw — 2nlwu — 2muv, (12)
so that solutions of (11) are given by
B lu — mv —nw+ VD

¥ 2mw (13)

Putting5 and~ equal to the numerator and denominator, respectively, of the right-
hand side (13), putting = —(m/ + n~y)/l, and simplifying give fork and.S the
representation

z1:y1 21 = m(mv—lu—nwF VD) : l(lu—mv—nw=+VD) : 2mw. (14)
Cyclically, we obtain two more representations foand.sS:
Ty 1 ys : 2o = 2mnu : n(nw —mv —luF VD) : m(mv —nw —lu£VD) (15)
and
23 :y3 ¢ 23 = n(nw — lu —mv £ VD) : 2nlv : [(lu — nw — mv F VD). (16)
Multiplying the equal points in (14)-(16) give®® andS® as
L1L2T3 - Y1Y2Y3 - 212273
in cyclic form. The first coordinates in this form are
2m*n*u(mv — lu — nw F VD) (nw — lu — mv = VD),
and these yield
(1st coordinate of®) = m%n?ull?u® — (mv —nw — VD) (17)
(1st coordinate 08%) = m2n2u[i*u® — (mv — nw +VD)?.  (18)
The 2nd and 3rd coordinates are determined cyclically.
In general, products (as §2) of points onl" intercepted by a line are notable:
multiplying the first coordinates shown in (17) and (18) gives
(1st coordinate oR® - S°) = I>m°n’utvw,
so that
R-S =mnu: nlv:Ilmuw.

Thus, onwritingL =1 :m :nandU = u : v : w,we haveR - S = U/ L.
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The above method for finding coordinatesfnd S in symmetric form could
be called the multiplicative method. There is also an additive métiAalding the
coordinates of the points in (14) gives

m(mv — lu — nw) : [(lu — mv — nw) : 2lmw.

Do the same using (15) and (16), then add coordinates of all three resulting points,
obtaining the poinU = w; : us : uz, where

up = (Im+In—2mn)u+ (m—n)(nw—mv)
uz = (mn+ml—2nl)v+ (n—1)(1u—nw)
ug = (nl+nm—2im)w+ (I —m)(mv — lu).

Obviously, the point
V=vi:vg:vg=m—-—-n:n—10:1—-m

also lies onL, so thatl is given parametrically by

uy + tvy  ug + tve : us + tus. (29)
Substituting into the equation far gives

u(ug 4 tve)(ug + tvz) + v(uz + tvg)(uy + tvr) + w(ug + tvr)(ug + tvg) = 0.
The expression of the left side factors as
(t* = D)F =0, (20)
where
F=un-0)1-m)+v{l—m)(m—n)+wim—n)(n-—1).

Equation (20) indicates two cases:
Case 1. F' = 0. Here,V lies on bothZ andI’, and it is then easy to check that
the point

W =mnu(n — 1)l —m) : nlv(l —m)(m —n) : Imw(m —n)(n —1)

also lies on both

Case 2. F' # 0. By (20), the points of intersection are
g £ v1VD : ug + 9V D : us £ v3V/D. (21)

As an example to illustrate Case 1, take, b, c) = (b — ¢)? andl(a, b, c) = a.
ThenD = (b—c)?(c—a)?(a—b)?, and the points of intersection de-c: c—a:
a—band(b—c)/a:(c—a)/b:(a—0b)/c

1| thank the Jean-Pierre Ehrmann for describing this method and its application.



42 C. Kimberling

7. LNnTwhen D =0

The pointsRk and$ are identical if and only ifD = 0. In this case, if in equation
(12) we regard eithdr: m : noru : v : was avariablex : 5 : v, then the resulting
equation is that of a conic inscribed iRABC. In view of equation (10), we may
also describe this locus in terms of squares of lines; to wit, if v : w is the
variablea : (3 : v, then the locus is the set of squares of points on the four lines
indicated by the equations

Vila = /Im]B £ v/Iny = 0.

Taking the coordinates to be trilinears, examples of cemgrs [ : m : n and
X; = u :v:wforwhichD = 0 are given in Table 2. It suffices to show results
for i < j, sincelL andU are interchangeable in (12).

i [J |
1 [ 244,678
2 | 1015,1017
3 [125
6 | 115

11 | 55,56, 181, 202, 203, 215
31 | 244, 1099, 1109, 1111
44 | 44

Table 2. Examples fob = 0

8. LNT'whenD #0and!:m:n=u:v:w

Returning to general homogeneous coordinates, suppose noix that » and
u : v : w are triangle centers for which # 0. Then, sometimesk and S are
centers, and sometimes, a bicentric pair. We begin with thelcase: n = u :
v : w, for which (12) gives

D:=@u+v+w(u—v+w)(ut+v—w)(u—v—w).

This factorization shows that if + v + w = 0, then D = 0. We shall prove that
converse also holds. SuppoBe= 0 butu + v + w # 0. Then one of the other
three factors must be, and by symmetry, they must all lfe so thatu = v + w,
so that

u(a,b,c) = wv(a,b,c)+w(a,b,c)
u(a,b,c) = wu(b,c,a)+ u(c,a,b)
u(b,c,a) = wu(e,a,b) +u(a,b,c).

Applying the third equation to the second givgs, b, ¢) = u(c, a,b)+u(a, b, c)+
u(e, a,b), so thatu(a,b,c) = 0, contrary to the hypothesis thét is a triangle
center.
Writing the roots of (11) as, /r3 andsy/s3, we find
rosy  (u? — 0% —w? + VD) (u? —v? —w? — VD)

= =1
7383 42?2 ’
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which proves thai? and.S are a conjugate pair (isogonal conjugates in case the
coordinates are trilinears). Of particular interest are cases for which these points
are polynomial centers, as listed in Table 3, where, for convenience, we put

E = (b - &) (- a?)(a® - V?).

| u | VD | n [ s ]
a(b? — c?) E a be
a(®® — ) (b* + 2 — a?) 160°E sec A cos A
alb—c)(b+c—a) 4abe(b— ¢)(c —a)(a —b) cot(A/2) | tan(A/2)
a?(b? — ) (b2 + 2 — a?) 4a*v*c’E tan A cot A
be(a® — b*c?) (a* — 22 (b* — ?a?)(c* — a®b?) b/c ¢/b

Table 3. PointdR = r; : ro : ra andS = s1 : s9 : 53 Of intersection

In Table 3, the penultimate row indicates that for v : w = Xg47, the Euler
line meets the circumconie/a + v/3 + w/v = 0 in the pointsXy and Xs. The
final row shows thak andS can be a bicentric pair.

9. LN T : Starting with Intersection Points

It is easy to check that a poimit lies onT if and only if there exists a point
x : gy : z for which
u . v . w

R:

by —cz cz—ax ax—by
From this representation, it follows that every line that méeits distinct points

u v w .
: : i=1,2,

by; — cz; ¢z —ax;  ax; — by;
has the form
(byr — cz1)(by2 — cz2)a n (cz1 — ax1)(cze — axe) . (ax1 — byr)(aze — bya)y

=0.
u v
(22)
and conversely. In this case,
bc ca ab
D:u2v2w2 1 Y =1 y
T2 Y2 =2

indicating thatD = 0 if and only if the pointsy; : y; : z are collinear with the
be : ca : ab, which, in case the coordinates are trilinears, is the centrodABC.

Example 1. Let

x1:y1:21 =c/b:rafc:b/a and x9:y2:z9=0>b/c:c/a:alb.
These are the 1st and 2nd Brocard points in case the coordinates are trilinears, but
in any case, (22) represents the central line

o N g . gl
ua?(b? —c?)  vb%(c? —a?)  wct(a? —b?)
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meetingl" in the bicentric pair
u v w u v w

b2(a? — c2) : A2(b? — a?) : a?(c? = b2)" 2(a? — b?) : a?(b? — c2) : b2(c? —a?)’

Example2. Let X = x : y : z be a triangle center other thafy, so thaty : z : «
andz : x : y are a bicentric pair. The points

u v w u v w
. . an d .

bz —cx cx—ay ay—bz’ cy—b:):'az—cy:bx—az
are the bicentric pair in which the central line
vw(bx — cy)(cx — bz)a+wu(cy — az)(ay — cx)f +uwv(az — bx)(bz —ay)y =0

meetsl'.

10. LNT : Euler Lineand Circumcircle

Example 3. Using trilinears, the circumcircle is given hya,b,c) = a and the
Euler line by
I(a,b,c) = a(b® — &) (b* + & — d?).
The discriminantD = 4a?b*c*d?, where
d=/ab + b6 + 6 + 3a2b2c2 — b2c2 (b2 + 2) — 2a2(c? + a2) — a2b2(a? + b2).
Substitutions into (17) and (18) and simplification give the points of intersection,
centersk and S, represented by 1st coordinates
[ca(a? — ¢) £ bd][ba(a? — b2) + cd] ) /*
(b2 _ C2)2(b2 + CQ _ a2)2 '

11. Vertex-products of bicentric triangles

Suppose thaf (a,b,c) : g(b,c,a) : h(c,a,b) is a point, as defined in [2] We
abbreviate this point ag;, : gi. : heq and recall from [5, 7] that bicentric triangles
are defined by the forms

fab Gbe hca fac hba 9eb
hab fbc YGeca and Yac fba hcb
Gab hbc fca Yac hba fcb

The vertices of the first of these two triangles are the rows of the first matrix, etc.
We assume that,,g.:haqp # 0. Then the product of the three vertices, namely

fabgabhab : fbcgbchbc : fcagcahca (23)
and the product of the vertices of the second triangle, namely
facgachac : fbagbahba : fcbgcbhcb (24)

clearly comprise a bicentric pair if they are distinct, and a triangle center otherwise.
Examples of bicentric pairs thus obtained will now be presented. An inductive
method [6] of generating the non-circle-dependent objects of triangle geometry
enumerates such objects in sets formally of size six. When the actual size is six,
which means that no two of the six objects are identical, the objects form a pair
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of bicentric triangles. The least such pair for whighg.,hey # 0 are given by
Objects 31-36:

b ccosB —bcosB c —ccosC  beosC
—ccosC c acosC and ccos A a —acos A
bcosA —acosA a —bcosB acosB b

In this example, the bicentric pair of points (23) and (24) are

b c a c a b

acos B : bcosC : ccos A acosC : bcos A : ccos B’

and the product of these is the centes A csc® A : cos B csc? B : cos C esc® C.

This example and others obtained successively from Generation 2 of the afore-
mentioned enumeration are presented in Table 4. Column 1 tells the Object num-
bers in [5]; column 2, thed-vertex of the least Object; column 3, the first coordi-
nate of point (23) after canceling a symmetric function @ft( c¢); and column 4,
the first coordinate of the product of points (23) and (24) after canceling a symmet-
ric function of (@, b, ¢). In Table 4cos A, cos B, cos C are abbreviated as, b1, ¢,
respectively.

| ObjeCtS | fab * Gab * hab | [fabgabhab] | [fabfacgabgachabhac] |
31-36 b: Cbl . —bb1 b/ab1 al/a3
37-42 | bcy : —caq : bay bey Jaay (aap)™3
43-48 | bby:c:—b bbi/a (a1a3)7t
49-54 | ab: —c?: be b/c 1
58-63 |c+baj:cc:—bey | (bay +c)/acy | ai(bay + ¢)(car + b)a=?
7176 | —b2:ci: by b2 /ay a;’
86-91 Cl — a1b1 : C% : b161 b1 (Cl — albl) [al(al — blcl)]fl
92-97 a1b1 01 —al bl/Cl 1
98-103 | 1: —¢; : c1a1 b1/c1 1
104-109| aa; : —c: caq a/ccy ada;
110-115| a: b : —bay aby /b a’/a;
116-121| ¢y —a1b; :1: —ay | by (61 — albl) [al(al — blcl)]_l
122-127| 1+ a3 : ¢y : —cray | bi(1+a?)/cy | (1 + a?)?
128-133 2a1 . —b1 : a1b1 aq CL%
Table 4. Bicentric triangles, bicentric points, and central vertex-products

Table 4 includes examples of interest: (i) bicentric triangles for which (23) and
(24) are identical and therefore represent a center; (ii) distinct pairs of bicentric
triangles that yield the identical bicentric pairs of points; and (iii) cases in which
the pair (23) and (24) are isogonal conjugates. Note that Objects 49-54 yield for
(23) and (24) the 2nd Brocard poirfe;, = b/c : ¢/a : a/b and the 1st Brocard
point,Q2; = ¢/b:a/c:b/a.
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12. Geometric discussion: @ and ©

Equations (3) and (4) define operatiofsand © on pairs of bicentric points.
Here, we shall consider the geometric meaning of these operations. First, note that
one of the points in (2) lies 04> if and only if the other lies o>, since the
transformation(a, b, ¢) — (a, ¢, b) carries each of the equations

afab+bfbc+cfcazoa afac+bfba+cfcbzo

to the other. Accordingly, the discussion breaks into two cases.

Case 1. Iy, not onL®>. Let k,, andk,. be the normalization factors given in
§3. Then the actual directed trilinear distancestif and F,. (to the sidelines
BC,CA, AB) are given by (5). The poinf' that separates the segmeit I,
into segments satisfying

FunF| _ hap
’FFac‘ kac ’
where| | denotes directed length, is then
kac / kab / kackab kabkac
F! + S _avrac po
kab + kac ab kab + kac e kab + kac @ kab + kac “

which, by homogeneity, equals,;, & F,.. Similarly, the point “constructed” as
kac / kab /

kab + kac ab kab + kac e
equalsF,, © F,.. These representations show tigs ® F,,. andF,, © F,. are a
harmonic conjugate pair with respectify, and F..
Case 2. F,;, on L. In this case, the isogonal conjuga'ré(’g1 andF.! lie on
the circumcircle, so that Case 1 applies:

_ _ + + +
Fabl @Facl _ fab fac . fbc fba . fca fcb'
fabfac fbcfba fcafcb
Trilinear multiplication [6] by the centeF;, - F,. gives
Fab@Fac: (F(;bl@Fa_cl)'Fab'Fac'

In like manner.F,;, © F,. is “constructed”.
It is easy to prove that a paf,;, and P,. of bicentric points onZ> are neces-
sarily given by

Pap =bfea — cfoc i cfab — afea : afpe — bfap
for some bicentric pair as in (2). Consequently,
Py ® Pae = gla,b,c) : g(b,e.a) : glc,a,b),
Py © Pye = h(a,b,c): h(b,c,a) : h(c,a,b),
where

gla,byc) = b(fea + feb) — c(foe + foa);
h(a7 b, C) = b(fca - fcb) + C(fba - fbc)~
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Example 4. We start withf,, = ¢/b, so thatF,;, and F,. are the Brocard points,
andP,;, and P, are given by 1st coordinates— & /a anda — b?/a, respectively,
yielding 1st coordinate$2a®> — b*> — ¢?)/a and (b* — ¢?)/a for Py, @ P, and
P, © P,.. These points are the isogonal conjugatex@f (the Parry point) and
X110 (focus of the Kiepert parabola), respectively.
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