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On the Circumcenters of Cevasix Configurations

Alexei Myakishev and Peter Y. Woo

Abstract. We strengthen Floor van Lamoen’s theorem that the 6 circumcenters
of the cevasix configuration of the centroid of a triangle are concyclic by giving
a proof which at the same time shows that the converse is also true with a minor
qualification,i.e., the circumcenters of the cevasix configuration of a p6irtre
concyclic if and only ifP is the centroid or the orthocenter of the triangle.

1. Introduction

Let P be a point in the plane of trianglé BC, with tracesA, B’, C’ on the
sidelinesBC', C A, AB respectively. We assume thBtdoes not lie on any of the
sidelines. TriangleABC is then divided by its ceviand A, BB’, CC’ into six
triangles, giving rise to what Clark Kimberling [2, pp.257-260] calleddbesix
configuration of P. See Figure 1. Floor van Lamoen has discovered that when
is the centroid of triangled BC, the 6 circumcenters of the cevasix configuration
are concyclic. See Figure 2. This was posed as a problem iArtieeican Math-
ematical Monthly [3]. Solutions can be found in [3, 4]. In this note we study the
converse.

Figure 1 Figure 2

Theorem 1. The circumcenters of the cevasix configuration of P are concyclic if
and only if P isthe centroid or the orthocenter of triangle ABC.

Publication Date: March 3, 2003. Communicating Editor: Paul Yiu.



58 A. Myakishev and P. Y. Woo

2. Preliminary results

We adopt the following notations.

Triangle | PCB’ PC'B  PAC' PA'C PBA" PBA
Notation A(Ay) A(AZ) A(By) A(B-) A(Cy) A(C-)
Circumcenter | Ay A_ By B_ Cy C_
It is easy to see that two of these triangle may possibly share a common circum-
center only when they share a common vertex of trianghC'.

Lemma 2. The circumcenters of triangles APB and APC’ coincide if and only
if P lieson the reflection of the circumcircle in theline BC.

Proof. TrianglesAPB’ and APC’ have the same circumcenter if and only if the
four points A, B’, P, C’ are concyclic. In terms of directed anglesBPC =
/B'PC" = /B'AC' = Z/CAB = —/BAC. See, for example, [£§16-20]. It
follows that the reflection ofl in the line BC' lies on the circumcircle of triangle
PBC, and P lies on the reflection of the circumcircle iIBC. The converse is
clear. O

Thus, if By = C_ andCy = A_, then necessarily’ is the orthocentei,
and alsoA, = B_. In this case, there are only three distinct circumcenters. They
clearly lie on the nine-point circle of triangld BC. We shall therefore assume
P # H, so that there are at least five distinct points in the{skt B, , C. }.

The next proposition appears in [2, p.259].

Proposition 3. The 6 circumcenters of the cevasix configuration of P lie on a
conic.

Proof. We need only consider the case when these 6 circumcenters are all dis-
tinct. The circumcenterd3, and C_ lie on the perpendicular bisector of the
segmentAP; similarly, B_ and C, lie on the perpendicular bisector ¢t4'.

These two perpendicular bisectors are clearly parallel. This meand3tliat

and B_C.. are parallel. SimilarlyC,A_//C_Ay and A, B_//A_By. The
hexagonA,.C_B,A_C,B_ has three pairs of parallel opposite sides. By the
converse of Pascal’'s theorem, there is a conic passing through the six vertices of
the hexagon. O

Proposition 4. The vertices of a hexagon A, C_ B A_C, B_ with parallel oppo-
stesidesB,.C_//CyB_,C1A_//ALC_, Ay B_//B;A_ lieonadcircleif and
only if the main diagonals A, A_, B, B_ and C.C_ have equal lengths.

Proof. If the vertices are concyclic, theA, C_A_C. is an isosceles trapezoid,
andA;A_ = C,C_. Similarly, C; B_C_B. is also an isosceles trapezoid, and
C,C_=ByB_.

Conversely, consider the triang;éY Z bounded by the three diagonals A_,
B.B_ and C,C_. If these diagonals are equal in length, then the trapezoids
A;C_A_C4,CyB_C_By andBLA_B_A, are isosceles. From these we im-
mediately conclude that the common perpendicular bisectal 6f- and A_C
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is the bisector of angl&X'Y Z. Similarly, the common perpendicular bisector of
B,C_ and B_C} is the bisector of anglé&(, and that ofA, B_ and A_B the
bisector of angleZ. These three perpendicular bisectors clearly intersect at a point,
the incenter of triangleX'Y Z, which is equidistant from the six vertices of the
hexagon. O

Proposition 5. The vector sum AA’ + BB’ + CC’ = 0 if and only if P isthe
centroid.

Proof. Suppose with reference to triangleBC, the pointP hasabsolute barycen-
tric coordinatestA + vB + wC, whereu + v + w = 1. Then,

1
A= (vB+wC), B' = (wC +uA), C'= (uA +vB).
U+ w w + U U+ v
From these,
AA’' + BB +CC’
=(A+B'+C)-(A+B+0C)
2 2 2

us — ovw vt —wu w~ — Uuv

(w+u)(u+v) A (u+v)(v+w) e (v +w)(w + u) '
This is zero if and only if
u2—vw:212—wu:w2—uv20,
anduy =v =w = % since they are all real, and+ v + w = 1. O
We denote byr,, m, . the orthogonal projections on the lindst, BB’, CC’
respectively.

Proposition 6.

m(AyA_) = —iBB/, T.(AyA_) =1CC,
m.(B4B_) = —1CC/, To(B4+B_) =1AA/, (1)
To(C4C_) = —3AA/, m(C+C_) = sBB/.

Proof. The orthogonal projections of, and A_ on the cevianB B’ are respec-
tively the midpoints of the segmentdB’ and BP. Therefore,

_B+P P+B B -B

1
m(ALA_) = — —-BB.

2 2 2 2
The others follow similarly. O

3. Proof of Theorem 1

Sufficiency part. Let P be the centroid~ of triangle ABC'. By Proposition 4, it is
enough to prove that the diagonals A_, By B_ andC.C_ have equal lengths.
By Proposition 5, we can construct a triangléB*C* whose sides as vectors
B*C*, C*A* and A*B* are equal to the mediansA’, BB’, CC’ respectively.
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Consider the vectoA*Q equal toA ; A_. By Proposition 6, the orthogonal pro-
jections of A, A_ on the two sides”* A* and A*B* are the midpoints of the
sides. This means thg! is the circumcenter of triangld* B*C*, and the length
of A4 A_ is equal to the circumradius of triangf B*C*. The same is true for
the lengths oB,B_ andCC_. The case’ = H is trivial.

Necessity part. Suppose the 6 circumcenters., By, C. lie on a circle. By
Proposition 3, the diagonald, A_, B, B_, andCC_ have equal lengths. We
show thatAA’ + BB’ + CC’ = 0, so thatP is the centroid of trianglel BC by
Proposition 5. In terms of scalar products, we rewrite equation (1) as

A,A_-BB' =-1BB' BB, A/A_.CC' =iCC-CC,
B.B_ CC'=-3CC'-CC/, B B_-AA'=JAA-AA, (2
C;C_-AA' = —1AA'-AA/, C,C_-BB' =1BB'-BB.

From these(B;B_ + C,C_)- AA’ = 0, andAA’ is orthogonal tdB,B_ +
C,.C_. SinceB;B_, andC,C_ have equal lengthsB,B_ + C,.C_ and
B.B_ — C,.C_ are orthogonal. We may therefore wriBe B_ — C.C_ =
kA A’ for a scalark. From (2) above,

EAA'-AA'=(B,B_ - C,C_) - AA’
:%AA’ “AA+ %AA’ -AA’
=AA"-AA’
From this,k = 1 and we have
AA'=B,B_-C,C_.
The same reasoning shows that
BB =C,C_ - A,A_,
CC'=A,A_-B,B_.
Combining the three equations, we have
AA’'+ BB +CC =0.

It follows from Proposition 5 thaP must be the centroid of trianglé BC'.

4. An alternative proof of Theorem 1

We present another proof of Theorem 1 by considering an auxiliary hexagon.
Let £, andL], be the lines perpendicular thA’ at A and A’ respectively; similarly,
Ly, £, andL. andL,,. Consider the points

X, =L.NL, X_=Ly,NnL,
Y+ :Eaﬂﬁlc, Y_ :Ecmﬁév
Zy=LyN L, Z_=L,NL.
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Note that the circumcenterd,, By, C'. are respectively the midpoints of
PX., PYy, PZ.. Hence, the six circumcenters are concyclic if and onl3if,
Y., Z1 are concyclic.

In Figure 3, letzCPA' = ZAPC' = «. Since angle?A’Y_ and PCY_ are
both right angles, the four point8, 4, C, Y_ are concyclic and/ Z, Y_X, =
LAY X, = ZA'PC = «. Similarly, /CPB' = /BPC' = /Y_X,Z_, and
we denote the common measurey

Figure 3

Lemma 7. If the four points X, Y_, Z,, Z_ are concyclic, then P lies on the
median through C.
BP

Proof. Letz = 44 andy = BL.. If the four pointsXy, Y_, Z,, Z_ are con-
cyclic,then/7, 7 X, =aand/Y_Z,7Z_ = (3. Now,

AC’

|BB'|  |ZyZ_|-sind’ sina ||AP||
o sing  sngd  1BO[
|AA!|  |ZyZ_|-sinf’  sinf B

It follows that
|BP| B |AP|

|BB'| - |BC'| - |AA - |AC!|’
and, as a ratio of signed lengths,

BC'
Y (3)
T

ACT
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Now applying Menelaus’ theorem to triangle”C’ with transversald’C B, and
triangle BG A’ with transversalB'C A, we have

AA” PC C'B BB PC (C'A
AP CC' BA ~  B'P CC' AB’
From this, 44 - BC' = 855 AC”, or
BC' AC!

1—x:_1—y' ()

Comparing (3) and (4), we havlle:—z =% (r —y)(x+y—1) = 0. Either
x =yorx+y = 1. Itis easy to eliminate the possibility + y = 1. If P has
homogeneous barycentric coordinates v : w) with reference to trianglel BC,
thenz = - andy = - Thus,z +y = 1 requiresw = 0 and P lies on
the sidelineA B, contrary to the assumption. It follows that= y, and from (3),
(' is the midpoint ofAB, and P lies on the median through. O

The necessity part of Theorem 1 is now an immediate corollary of Lemma 7.

5. Concluding remark

We conclude with a remark on triangles for which two of the circumcenters of
the cevasix configuration of the centroid coincide. Clealy,= C_ if and only
if A, B/, G, C' are concyclic. Equivalently, the image 6funder the homothety
h(A,?2) lies on the circumcircle of trianglel BC'. This point has homogeneous
barycentric coordinates-1 : 2 : 2). Since the circumcircle has equation

a’yz + b2z + Ay = 0,

we have2a? = b? + ¢. There are many interesting properties of such triangles.
We simply mention that it is similar to its own triangle of medians. Specifically,
V3 V3 V3
= —a7 my = —C’ me = _b.
2 2
Editor’s endnote. John H. Conway [5] has located the center of the Van Lamoen
circle (of the circumcenters of the cevasix configuration of the centroid) as

cot? w
12

wheremN is the medial Ninecentet G the centroid K the symmedian point, and
w the Brocard angle of triangld BC'. In particular, the parallel through to the
symmedian lineG K hits the Euler line ilmN. See Figure 4. The poirf’ has
homogeneous barycentric coordinates

(10a* — 13a%(b* + ¢*) + (4b* — 10b%c2 + 4ct) -2 0.

This appears aX;153 of [6].

F=mN + (G- K),

IThis is the point which divide® H in the ratiol : 3.
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Figure 4
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