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Napoleon Triangles and Kiepert Perspectors
Two examples of the use of complex number coordinates

Floor van Lamoen

Abstract. In this paper we prove generalizations of the well known Napoleon
Theorem and Kiepert Perspectors. We use complex numbers as coordinates to
prove the generalizations, because this makes representation of isosceles trian-
gles built on given segments very easy.

1. Introduction

In[1, XXVII] O. Bottema describes the famous (first) Fermat-Torricelli point of
a triangleABC. This point is found by attaching outwardly equilateral triangles
to the sides ofABC. The new vertices form a triangld B'C’ that is perspective
to ABC, that is,AA’, BB’ andC'C’ have a common point of concurrency, the
perspector ofABC and A’B’C’. A lot can be said about this point, but for this
paper we only need to know that the lindsl, BB’ andCC’ make angles of 60
degrees (see Figure 1), and that this is also the case when the equilateral triangles
are pointed inwardly, which gives the second Fermat-Torricelli point.
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It is well known that to yield a perspector, the triangles attached to the sides of
ABC do not need to be equilateral. For example they may be isosceles triangles
with base angl®, like Bottema tells usin [1, XI]. It was Ludwig Kiepert who stud-
ied these triangles - the perspectors with varyinie on a rectangular hyperbola
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named after Kiepert. See [4] for some further study on this hyperbola, and some
references. See Figure 2. However, it is already sufficient for the inésB B’,
C'C’ to concur when the attached triangles have oriented angles satisfying

/BAC' = /CAB',  /ABC'=/CBA', /ACB= /BCA.

When the attached triangles are equilateral, there is another nice geometric prop-
erty: the centroids of the triangles A BC', AB'C and ABC' form a triangle that
isequilateral itself, a fact that is known as Napoleon’s Theorem. The triangles are
referred to as théirst and second Napoleon triangles (for the cases of outwardly
and inwardly pointed attached triangles). See Figures 3a and 3b. The perspectors
of these two triangles withl BC are calledirst andsecond Napoleon points. Gen-
eral informations on Napoleon triangles and Kiepert perspectors can be found in
[2, 3,5, 6].

B’

Figure 3a Figure 3b

2. Theequation of alinein the complex plane

Complex coordinates are not that much different from the rectandulay) -
the two directions of the axes are now hidden in one complex number, that we call
the affix of a point. Of course such an affix just exists of a reglgnd imaginary
(v) part - the complex number= p + ¢i in fact resembles the poifip, ¢).

If z = p+ qi, then the numbeE = p — q¢i is called complex conjugate of
z. The combination of andz is used to make formulas, since we do not have
andy anymore! A parametric formula for the line through the poigtend a,
is z = ay + t(az — aq), wheret runs through theeal numbers. The complex
conjugate of this formula is =a; + t(az — a7) . Elimination oft from these two
formulas gives the formula for the line through the points with affixesndas:

z(a1 — ag) — Z(a1 — az) + (a1az — ajaz) = 0.
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3. Isosceles triangle on a segment

Let the pointsA and B have affixes: andb. We shall find the affix of the point
C for which ABC' is an isosceles triangle with base anglend apexC. The
midpoint of AB has affix3 (a + b). The distance from this midpoint @ is equal
to 1| AB|tan ¢. With this we find the affix foiC as

o a;b+itan¢- b;a _ 1—z2tan¢a+ 1+22tanq§b

wherex = 1 + % tan ¢, so thaty + X = 1.

The special case that BC' is equilateral, yields fory the sixth root of unity
(=14+1V3=¢5 =cosZ +isinZ. This number is a sixth root of unity,
because it satisfies

=xa + xb

(% = ¥ = cos 21 + isin 27 = 1.

It also satisfies the identitie® = —1 and¢ - ¢ = ¢ + ¢ = 1. Depending on

orientation one can find two verticé&s that together withA B form an equilateral
triangle, for which we have respectivelty= Ca + Cb (negative orientation) and
¢ = Ca + (b (positive orientation). From this one easily derives

Proposition 1. The complex numbers a, b and c are affixes of an equilateral trian-
gleif and only if
a+ ¢+ Cle=0
for positive orientation or
a+ ¢4 Ce=0
for negative orientation.

4. Napoleon triangles

We shall generalize Napoleon’s Theorem, by extending the idea of the use of
centroids. Napoleon triangles were indeed built in a triangieC' by attaching to
the sides of a triangle equilateral triangles, and taking the centroids of these. We
now start with two trianglesi, B, C for k = 1, 2, and attach equilateral triangles
to the connecting segments between Mg the B's and theC’s. This seems to be
entirely different, but Napoleon’s Theorem will be a special case by starting with
trianglesBC A andC AB.

So we start with two trianglegl, B,C, for k = 1, 2 with affixesay, b and
¢, for the vertices. The centroidg, have affixesy, = %(ak + b + cx). Now
we attach positively orientated equilateral triangles to segméms, B, B, and
C1C5 having As., Bsy, Cs4 as third vertices. In the same way we fiAgl , Bs_,
Cs_ from equilateral triangles with negative orientation. We find as affixes

az+ = Caz + Cay
and

az— = (a1 + Cas,
and similar expressions fés , b3_, c31 andes_. The centroid¥Zs, andZ3;_ now
have affixeszs; = (23 + (21 andzz_ = (z; + (2 respectively, from which we
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Figure 4

see that7, 7,73, and 7, ZyZ5_ are equilateral triangles of positive and negative
orientation respectively.
We now work with the following centroids:
D., Ey andF, of trianglesB;Cy A3, C1 A2 B3, and Ay BoCs, respectively;
D_, E_andF_ of trianglesC, Bs A3, A1CyBs_ andB; A, C5_ respectively.
For these we claim

Theorem 2. Given triangles A, B;C) and points Z; for k = 1, 2, 3+, 3— and
Dy FE, Fy asdescribed above, triangles D, F F'y and D_E_F_ are equilateral
triangles of negative orientation, congruent and parallel, and their centroids coin-
cide with the centroids of 7, Z> 75, and Z1 Z, 75 respectively. (See Figure 4).

Proof. To prove this we find the following affixes

dy = %(b1—|—c2+Ca2 + Cay), d- = %(62—1—01—1—{&1—%2&2),

(e + aj + Cby + Cba),

Wl

(c1 + az + Cby + Cby), e_ =

Wl

€+

f+=%(a1+bz+602+501), f—:%(a2+b1+cc1+662)'

Using Proposition 1 it is easy to show that £, F', andD_E_F_ are equilateral
triangles of negative orientation. For instance, the expression Crel + C2fy
has as ‘coefficient’ ob; the numbe%(l + ¢*¢) = 0. We also find that

dp —er =e_ —d_=((a1 —az) + (b —ba) + (2 — 1),



Napoleon triangles and Kiepert perspectors 69

from which we see thab, £, and D_FE_ are equal in length and directed oppo-
sitely. Finally it is easy to check tha{d; + ey + f) = 1(21 + 22 + 234) and
2(d- +e_+ f-) = (21 + 22 + z3-), and the theorem is proved. O

We can make a variation of Theorem 2 if in the creation/pft/y F.. we in-
terchange the roles of;, B3, (3, andAs_Bs_Cs_. The roles ofZ3, and Z5_
change as well, and the equilateral triangles found have positive orientation.

We note that if the centroid8; and Z, coincide, then they coincide with;
and Z;_, so thatD, F_F, D_FEF_ is a regular hexagon, of which the center
coincides withZ; and Z5.

Napoleon’s Theorem is a special case. If we tdk8,Cy = BCAandA;ByCs
= CAB, then D, E, F, is the second Napoleon Triangle, and indeed appears
equilateral. We get as a bonus that F¥_F,. D_FE F_ is a regular hexagon.
Now D_ is the centroid ofAAA;z_, that is,D_ is the point onAAs_ such that
AD_ : D_A3_ =1 : 2. In similar ways we findE_ and F_. TrianglesABC
andAs_Bs_(C5_ have the first point of Fermat-Torricelli; as perspector, and the
lines AAs_, BB3;_ andC'C5_ make angles of 60 degrees. From this it is easy to
see (congruent inscribed angles) tiamust be on the circumcircle db_E_F_
and thus also on the circumcircle 6f, £ F,. See Figure 5. In the same way,
now using the variation of Theorem 2, we see that the second Fermat-Torricelli
point lies on the circumcircle of the first Napoleon Triangle.

Asy Bs_

Figure 5
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5. Kiepert perspectors

To generalize the Kiepert perspectors we start with two triangles as well. We
label theseA BC and A’ B’C" to distinguish from Theorem 2. These two triangles
we take to be directly congruent (hendecorresponds tof, etc.) and of the same
orientation. This means that the two triangles can be mapped to each other by a
combination of a rotation and a translation (in fact one of both is sufficient). We
now attach isosceles triangles to segments connecdtiig’ and AB'C’. While
we usually find Kiepert perspectors on a line, for example, frérto the apex
of an isosceles triangle built oBC', now we start from the apex of an isosceles
triangle onA A’ and go to the apex of an isosceles triangle orBar. This gives
the following theorem:

B
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Figure 6

Theorem 3. Given two directly congruent triangles ABC and A B'C’ with the
same orientation, attach to the segments AA, BB', CC’, CB’, AC’ and BA'
similar isosceles triangles with the same orientation and apexes A’, B”, C”, A",
B" and C". The lines A” A", B"B"" and C"C"" are concurrent, so triangles
A"B"C" and A" B"'C"" are perspective. (See Figure 6).

Proof. For the verticesd, B andC we take the affixes, b andc. Because trian-
glesABC and A’ B'C’ are directly congruent and of equal orientation, we can get
A'B’'C’ by applying onA BC' a rotation about the origin, followed by a translation.
This rotation about the origin can be represented by multiplication by a number
on the unit circle, so thatT = 1. The translation is represented by addition with
a number. So the affixes ofd’, B’ andC’ are the numbersa + o, 76 + o and
TC+ 0.



Napoleon triangles and Kiepert perspectors 71

We take for the base angles of the isosceles triapglgain, and we ley :% +
% tan ¢, so that the affix ford” is (Y + x7)a+ xo. For A” we findyc+ x7b+ xo.
The equation of the linel” A’ we can find after some calculations as

(x@ + x7a — x¢ — x7b)z — (Xa + xTa — Xc — x7b)Z
+(X + x7)a(xe + x7b) + xo(XC + xTb) + XT(X + x7)a
—(x +x7)a(xc + x7b) — Xo(Xc + x7b) — xo (X + XT)a
=0.

In a similar fashion we find foB"” B"”,

(xb + x7b — xa@ — X7¢)z — (Xb + x7b — Xa — x7¢)Z
+(X + x7)b(x@ + X7¢) + xo(xa + X7¢) + Xo (X + x7)b
~(x +x7)b(Xa + x7¢) — Xo(Xa + x7¢) — xo(x + X7)b
=0,

and forC”C",

(

+(X + x7)e(xb + X7a) + xo(xb + X7a) + X (X + Xx7)c
—(x +x7)e(xb + x7a) — Xo(Xb + xTa) — xo(x +X7)¢
=0.
We must do some more effort to see what happens if we add the three equations.

Our effort is rewarded by noticing that the sum gives- 0. The three equations
are dependent, so the lines are concurrent. This proves the theorem. O

X¢+ X7¢ — xb — X7a)z — (xc+ xTec — Xb — xTa)z

We end with a question on the locus of the perspector for varging would
have been nice if the perspector would, like in Kiepert's hyperbola, lie on an equi-
lateral hyperbola. This, however, does not seem to be generally the case.
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