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Similar Pedal and Cevian Triangles

Jean-Pierre Ehrmann

Abstract. The only point with similar pedal and cevian triangles, other than the
orthocenter, is the isogonal conjugate of the Parry reflection point.

1. Introduction

We begin with notation. LedBC be a triangle with sidelengths, b, ¢, or-
thocenterH, and circumcente®. Let K4, Kp, Ko denote the vertices of the
tangential triangleQ 4, Og, O¢ the reflections 0D in A, B, C, andAg, Bg, Cg
the reflections of the vertices ¢f in BC, of Bin CA, and ofC in AB. Let

M* = isogonal conjugate of a poidt;

M = inverse ofM in the circumcircle;

£LL' = the measure, module, of the directed angle of the linds L;

Sa =beeos A = (b + ¢ — a?), with Sz andS¢ defined cyclically;

x : y : z = barycentric coordinates relative to trianglé3C;

I' 4 = circle with diameterK 40 4, with circlesI'g andI'¢ defined cyclically.
The circleI" 4 passes through the poin, Cs and is the locus of/ such that
£BsMCg = —24LBAC. An equation fol 4, in barycentrics, is

254 (a®yz + bz + ay) + (V*cPx + 2¢Scy + 2v°Spz) (z +y + 2) = 0.

Consider a trianglet’ B’C’, where A’, B’, C’ lie respectively on the sidelines
BC,CA, AB. The three circlesiB’'C’, BC'A’, C A’ B’ meet in a pointS called
the Miquel point ofA’B’C’. See [2, pp.131-135]. The poift(or S) is the only
point whose pedal triangle is directly (or indirectly) similarA®B’C"’.

The circled 4, I' g, I'c have a common poirf: the Parry reflection poinfXzgg
in [3]; the three radical axés Ag, T'Bg, T'C's are the reflections with respect to a
sideline of ABC of the parallel to the Euler line going through the opposite vertex.
See [3, 4], and Figure 1 lies on the circlg O, 2R), on the Neuberg cubic, and is
the antipode oD on the Stammler hyperbola. See [1].

2. Similar triangles
Let A’B’'C’ be the cevian triangle of apoifit =p : ¢ : 7.

Lemma 1. The pedal and cevian triangles of P are directly (or indirectly) similar
if and only if P (or P) lieson thethreecircles ABC’, BC'A’, CA'B’.

Proof. This is an immediate consequence of the properties of the Miquel point
above. O

Lemma2. A, B/, C’, P areconcyclic if and only if P lieson thecircle BCH.
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Figure 1

Proof. A, B’, C' and P are concyclice £ BPC' = AB'AC' & ABPC =
£BHC < P lies on the circleBCH. O

Proposition 3. The pedal and cevian triangles of P are directly similar only inthe
trivial caseof P = H.

Proof. By Lemma 1, the pedal and cevian trianglesroére directly similar if and
only if P lies on the three circled B'C’, BC'A’, CA’B’. By Lemma 2,P lies on
the three circle8BCH,CAH, ABH. Hence,P = H. O

Lemmad4. A, B',C’, P areconcyclic if and only if P* lieson thecircleT'4.



Similar pedal and cevian triangles 103

Proof. If P =p: q : r, the circle® 4 passing througd, B’, C’ is given by

2 2
2 2 2 c
a‘yz+bzr+cxy—plx+y+ z + z | =0,
Yy y—pl( Yy )<p qy D T)

and its inverse in the circumcircle is the cirdlg given by
(a2(p® — qr) + (1% — A)plg — 1)) (aPyz + B2z + Pay)
— pd*(x+y+2)(E(p+r)y+b(p+q)2) =0.
Since® 4 containsP, its inverse®, containsP. Changing(p,q,7) to (z,y, z)

b2 2

gives the locus of° satisfyingP € ®4. Then changindz, y, z) to (%, 3 %)
gives the locusb 4 of the pointP* such thatP € ®,4. By examination®, =
IT4. O

Proposition 5. The pedal and cevian triangles of P are indirectly similar if and
only if P istheisogonal conjugate of the Parry reflection point.

Proof. By Lemma 1, the pedal and cevian trianglesfofre indirectly similar if
and only if P lies on the three circled B'C’, BC'A’, CA’B’. By Lemma 4,P*
lies on each of the circlelsy, I'g, I'cc. Hence,P* =T, andP = T*. O

Figure 2



104 J.-P. Ehrmann

Remarks. (1) The isogonal conjugate 0399 is X113s in [3]: this point lies on the
Neuberg cubic.

(2) We can deduce Lemma 4 from the relatioB’ PC’ — £ B,P*Cs = A BAC,
which is true for every poinf in the plane ofA BC' except the verticed, B, C.

(3) As two indirectly similar triangles are orthologic and as the pedal and cevian
triangles of P are orthologic if and only ifP* lies on the Stammler hyperbola, a
point with indirectly similar cevian and pedal triangles must be the isogonal con-
jugate of a point of the Stammler hyperbola.
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