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Harcourt’s Theorem

Nikolaos Dergiades and Juan Carlos Salazar

Abstract. We give a proof of Harcourt's theorem that if the signed distances
from the vertices of a triangle of sides b, ¢ to a tangent of the incircle are
a1, b1, c1, thenaay + bb1 + cc; is twice of the area of the triangle. We also
show that there is a point on the circumconic with certevhose distances to
the sidelines ofABC are preciselya:, b1, c1. An application is given to the
extangents triangle formed by the external common tangents of the excircles.

1. Harcourt’s Theorem

The following interesting theorem appears in F. G.-M.[1, p.750] as Harcourt’s
theorem.

Theorem 1 (Harcourt) If the distances from the vertices A, B, C to a tangent to
the incircle of triangle ABC are ay, b1, c¢1 respectively, then the algebraic sum
aay + bby + ccy istwice of the area of triangle ABC.

Figure 1

The distances are signed. Distances to a line from points on opposite sides are
opposite in sign, while those from points on the same side have the same sign. For
the tangent lines to the incircle, we stipulate that the distance from the incenter
is positive. For example, in Figure 1, when the tangent lirseparates the ver-
tex A from B andC, a; is negative whileh; andc; are positive. With this sign
convention, Harcourt's theorem states that

aaq + bby + ccp = 2, QD
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whereA\ is the area of trianglel BC.

We give a simple proof of Harcourt’s theorem by making use of homogeneous
barycentric coordinates with reference to trianglBC'. First, we establish a fun-
damental formula.

Proposition 2. Let ¢ be a line passing through a point P with homogeneous
barycentric coordinates (x : y : z). If the signed distances from the vertices
A, B,Ctoalinel aredy, ds, ds respectively, then

dix + doy +d3zz = 0. (2)

Proof. It is enough to consider the case whéreparatesA from B andC. We
taked; as negative, and,, d3 positive. See Figure 2. i’ is the trace of” on the
side lineBC, it is well known that

APz
PA y+4 2z
A

Figure 2

Sinceﬁfg = Z the distance from!’ to ¢ is
Yy

d, . ydg + Zd3
1= -
y+z
Since*;,fl = 4L = X2 the equation (2) follows. O

Proof of Harcourt's theorem. We apply Proposition 2 to the liné through the
incenter] = (a : b : ¢) parallel to the tangent. The signed distances febni3, C'
tofared, = ay —r,dy = as — r, andds = a3 — r. From these,
aai + bb1 + ccq :a(d1 + T) + b(d2 + ’I”) + C(dg + ’I”)
:(ad1 + bdg + Cdg) + (a +b+ C)’I”
=2/,

sincead; + bds + cd3 = 0 by Proposition 2.
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2. Harcourt’s theorem for the excircles

Harcourt's theorem for the incircle and its proof above can be easily adapted to
the excircles.

Theorem 3. If the distances from the vertices A, B, C to a tangent to the A-
excircle of triangle ABC are a1, by, ¢ respectively, then —aa; + bby + ccp = 2A.
Analogous statements hold for the B- and C-excircles.

Figure 3

Proof. Apply Proposition 2 to the liné through the excentef, = (—a : b : ¢)
parallel to the tangent. If the distances fremB, C to ¢ ared,, d», d3 respectively,
then

—ad1 + bdg + Cd3 =0.
Sincea; = dy + 11, by = dy + r1, cg = d3 + r1, wherery is the radius of the
excircle, it easily follows that

—aaq + bby + cc1 = — a(d1 + 7“1) + b(dQ + ?”1) + C(dg + ?”1)

:(—ad1 + bdy + Cd3) + 'rl(—a +b+ C)

=ri(—a+b+c)

=2A.

O

Consider the external common tangents of the excircles of trianglé’. Let
£, be the external common tangent of tBeandC-excircles. Denote by,1, d.o,
d,3 the distances from thd, B, C to this line. Clearlyd,; = h,, the altitude on
BC. Similarly definef, £. and the associated distances.
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Figure 4

Theorem 4. da2db3dc1 = dagdbldcg.

Proof. Applying Theorem 3 to the tange#t of the B-excircle (respectively the
C-excircle), we have

adgy — bdgs + cdgz =2,

adgy + bdgs — cdgg =2\

From these it is clear thatl,o = cd,3, and

dag . C
ds b
Similarly,
dbg a dcl b
o = and 4 =
Combining these three equations we hadyglsd.; = du3dpides. O

It is clear that the perpendiculars fromto /,, being the reflection of thel-
altitude, passes through the circumcenter; similarly for the perpendicularsBrom
to ¢, and fromC' to /..

Let X be the intersection of the perpendiculars fr@no ¢ and fromC to
£y. Note thatOB andC X are parallel, so ar&C and BX. SinceOB = OC,
it follows that OBXC' is a rhombus, andBX = CX = R, the circumradius
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of triangle ABC'. It also follows thatX is the reflection ofO in the sideBC.
Similarly, if Y is the intersection of the perpendiculars fréhio ¢, and fromA to

L., andZ that of the perpendiculars from to 4, and fromB to ¢,, thenXY 7 is
the triangle of reflections of the circumcent@r As such, it is oppositely congruent
to ABC, and the center of homothety is the nine-point center of triadgb".

3. Thecircum-€llipse with center I

Consider a tangenf to the incircle at a poinf. If the signed distances from
the verticesA, B, C to L areaq, by, c¢1, then by Harcourt's theorem, there is a
point P# whose signed distances to the side§, C A, AB are preciselyy, by,
c1. What is the locus of the poirP# as P traverses the incircle? By Proposition
2, the barycentric equation dfis

a1z + b1y +c1z=0.

This means that the point with homogeneous barycentric coordifrates; : ¢;)
is a point on the dual conic of the incircle, which is the circumconic with equation

(s —a)yz+ (s —b)zz + (s — c)xy = 0. (3)

The pointP# in question has barycentric coordinates; : bb; : cc1). Since
(a1,b1,c1) satisfies (3), if we putx, y, z) = (aaz, bby, cc1), then

a(s —a)yz 4+ b(s — b)zx + ¢(s — ¢)zy = 0.

Thus, the locus of” is the circumconic with perspectda(s — a) : b(s — b) :
c(s —¢)). 1 Itis an ellipse, and its center is, surprisingly, the incertér We
denote this circum-ellipse k. See Figure 5.

O

C
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/
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Af& pP#

Figure 5

IThis is the Mittenpunkt, the poinXy in [4]. It can be constructed as the intersection of the lines
joining the excenters to the midpoints of the corresponding sides of triahgte.

2In general, the center of the circumcomigz + ¢zx + rzy = 0 is the point with homogeneous
barycentric coordinate®(qg+r —p) : q(r+p—q):r(p+q—71)).
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Let A;, By, C7 be the antipodes of the points of tangency of the incircle with
the sidelines. It is quite easy to see tbﬁt, BY, Cf are the antipodes oA, B, C
in the circum-ellipsec;. Note thatd” B# C# and ABC are oppositely congruent
at I. It follows from Steiner’s porism that if we denote the intersection£ @nd
this ellipse byQ# and R*, then the linesP#Q# and P# R# are tangent to the
incircle at@Q and R. This leads to the following construction &f*.

Construction. If the tangent to the incircle aP intersects the ellips€ at two
points, the second tangents from these points to the incircle intersBttatC;.

2

If the point of tangencyP has coordinateé% Do w—Q),With utvtw =

S s—cC

0, thenP# is the point(“(s;“) . b= C(SJC)). In particular, if£ is the common

tangent of the incircle and the nine-point circle at the Feuerbach point, which has
coordinateg (s — a)(b — ¢)? : (s — b)(c — a)? : (s — ¢)(a — b)?), thenP* is the

point (ﬁ : % : a—fb) This is X1 Of [3, 4]. It is a point on the circumcircle,
lying on the half line joining the Feuerbach point to the centroid of triangh’'.

See [3, Figure 3.12, p.82].

4. Theextangentstriangle

Consider the external common tangénof the excircleg1,) and(1.). Letd,,
da2, dg3 be the distances from, B, C to this line. We have shown th% = -

On the other hand, it is clear th% = % See Figure 6. It follows that
da1 2 dg2 :dgg =be:c(b+c) 1 b(b+ c).
By Proposition 2, the barycentric equation/pis
bex + ¢(b+ c)y + b(b+ ¢)z = 0.
Similarly, the equations of, and/, are
c(e+ a)r + cay + a(c + a)z =0,
b(a + b)x + a(a + b)y + abz =0.

These three external common tangents bound a triangle callestttdmgents tri-
anglein [3]. The vertices are the points

A" =(—a%s : b(c+a)(s —c): cla+b)(s —D)),
B’ =(a(b+¢c)(s —c) : —=b*s : c(a + b)(s — a)),
C' =(alb -+ ¢)(s — b) - ble + a)(s — a) : —~c2s).

Let I be the incenter of the reflection of triangleBC in A. It is clear that the
distances fromA and I/, to ¢, are respectively,, andr. SinceA is the midpoint
of 11, the distance froni to ¢, is 2h, — r.

SThetrilinear coordinates of these vertices givenin [3, p.1§217] are not correct. The diagonal

entries of the matrices should read- cos A etc. and% etc. respectively.
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Figure 6

Now consider the reflection dfin O. We denote this point by. 4 Since the
distances froml andO to ¢, are respectivelgh, — r andR + h,, it follows that
the distance from?’ to ¢, is 2(R + h,) — (2h, — ) = 2R + r. For the same
reason, the distances framto ¢, and/, are als®2R + r. From this we deduce the
following interesting facts about the extangents triangle.

Theorem 5. The extangent triangle bounded by ¢,, ¢;, £,

(1) hasincenter I’ and inradius 2R + r;

(2) is perspective with the excentral triangle at 7;

(3) is homathetic to the tangential triangle at the internal center of similitude
of the circumcircle and the incircle of triangle ABC, the ratio of the ho-
mothety being 22+

Proof. It is enough to locate the homothetic center in (3). This is the point which
dividesI’O in the ratio2R + r : —R, i.e,,

(2R+7r)0—-RR20—-1) r-O+R-I

R+r R+r

the internal center of similitude of the circumcircle and incircle of triangeC'.>
O

9

Remarks. (1) The statement that the extangents triangle has inr&dius r can
also be found in [2, Problem 2.5.4].

(2) Since the excentral triangle has circumcenteand circumradiu®R, it
follows that the excenters and the incenters of the reflections of triahBI€ in
A, B, C are concyclic. Itis well known that sincéBC'is the orthic triangle of the

“This point appears a&4o in [4].
SThis point appears a&ss in [4].
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excentral triangle, the circumcircle dfBC'is the nine-point circle of the excentral
triangle.

(3) If the incircle of the extangents triangle touches its sideX at’, Z respec-
tively, ® then triangleXY Z is homothetic tad BC, again at the internal center of
similitude of the circumcircle and the incircle.

(4) More generally, the reflections of the traces of a pdtin the respective
sides of the excentral triangle are points on the sidelines of the extangents triangle.
They form a triangle perspective withBC' at the isogonal conjugate &f. For ex-
ample, the reflections of the points of tangency of the excircles (traces of the Nagel

point(s —a : s — b : s — ¢)) form a triangle with perspectc(% L2 )

s—b " s—c

the external center of similitude of the circumcircle and the incifcle.
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