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Rectangles Attached to Sides of a Triangle

Nikolaos Dergiades and Floor van Lamoen

Abstract. We study the figure of a triangle with a rectangle attached to each
side. In line with recent publications on special cases we find concurrencies
and study homothetic triangles. Special attention is given to the cases in which
the attached rectangles are similar, have equal areas and have equal perimeters,
respectively.

1. Introduction

In recent publications [3, 4, 10, 11, 12] the configurations have been studied
in which rectangles or squares are attached to the sides of a triangle. In these
publications the rectangles are all similar. In this paper we study the more general
case in which the attached rectangles are not necessarily similar. We consider a
triangle ABC with attached rectangleBC A Ay, CAB,B. and ABCyC,. Letu
be the length o’ A, positive if A. and A are on opposite sides &fC, otherwise
negative. Similarly lev andw be the lengths oA B, and BC;,. We describe the
shapes of these rectangles by the ratios

v=2% v=  w==° (1)
u v w
The vertices of these rectangles are
Ap = (—a®: Sc + SU : Sp), A. = (=a®:Sc: Sp+ SU),
BQZ(SC—i-SV:—bQ:SA), BC:(Sc:—bQ:SA—i-SV),
C,=(Sg+SW:84:—c?), Cy=(Sp:S4+SW:—c?).

Consider the flank triangled B,C,, A, BC, and A.B.C. With the same rea-
soning as in [10], or by a simple application of Ceva’s theorem, we can see that the
triangle H, Hy H.. of orthocenters of the flank triangles is perspective #8C with
perspector

b
Pl—(g:—:£>—(U:V:W). (2)

u v ow

Publication Date: August 25, 2003. Communicating Editor: Paul Yiu.

1All coordinates in this note are homogeneous barycentric coordinates. We adopt J. H. Conway’s
notation by lettingS = 2A denote twice the area of BC, while S4 = % = Scot A,
Sp = Scot B, Sc = ScotC, and generallysxy = Sx Sy.
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See Figure 1. On the other hand, the trian@}©,0.. of circumcenters of the flank
triangles is clearly homothetic td BC', the homothetic center being the point

2 2 2
sz(au:bv:cw):<%:vzcw>. (3)

Clearly, P, and P are isogonal conjugates.

Oa
Ca Ba
A
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B.
Cy H.
b
B c
Oy o
A, Ac
Figure 1

Now the perpendicular bisectors &,C,, A,C, and A.B. pass througtO,,
Oy and O, respectively and are parallel o3, BP; andC P; respectively. This
shows that these perpendicular bisectors concur in a pbo P, P, satisfying

P2P1 : P1P3 =25 :au+bv+ cw,

whereS is twice the area oA BC'. See Figure 2. More explicitly,

Py =(—a?VW(V + W)+ U2(b*W + V) + 2SU2VW
L= VPPWUW +U) + V(U + a*W) + 2SUVW) (4)
= AUV(U + V) + W2(a?V 4 b*U) + 2SUVIV?)

This concurrency generalizes a similar result by Hoehn in [4], and was men-
tioned by L. Lagrangia [9]. It was also a question in the Bundeswettbewerb Math-
ematik Deutschland (German National Mathematics Competition) 1996, Second
Round.

From the perspectivity ol BC' and the orthocenters of the flank triangles, we
see thatABC and the triangled’ B'C’ enclosed by the line®,C,, A,C, and
A.B, are orthologic. This means that the lines from the verticed BfC’ to the
corresponding sides of BC are concurrent as well. The point of concurrency is
the reflection of in O, i.e.,
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2
Py = (=SpcU +a“Sa(V+W):eooreon). (5)
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Remark. We record the coordinates df. Those ofB’ andC’ can be written down
accordingly.

A =(—(a*S(U +V + W) + (a*V + ScU)(a®W + SpU))
:ScS(U +V + W) + (b2U + Sc V) (a®>W 4 SpU)
:SpS(U +V + W) + (a®V + ScU) (U + SgW)).

2. Special cases
We are mainly interested in three special cases.
2.1 Thesimilarity case. This is the case when the rectangles are simii@r,U =

V = W = t for somet. In this case,”, = G, the centroid, and®» = K, the
symmedian point. As varies,

Py = (b® +c® —2a® + 25t : 2 + a® — 20* + 25t : a® + b* — 2¢2 + 25¢)
traverses the lin€&/ K. The pointP;, being the reflection off in O, is X376 in

[7]. The triangleM, M, M. is clearly perspective withld BC' at the orthocenteH .
More interestingly, it is also perspective with the medial triangle at

((Sa + St)(a® +25t) : (Sp + St)(b? + 25t) : (Sc + St)(c% + 25t)),
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which is the complement of the Kiepert perspector

1 1 1
(SA+St Sp+S Sc+8t>'
It follows that ast varies, this perspector traverses the Kiepert hyperbola of the
medial triangle. See [8].
The case = 1 is thePythagorean case, when the rectangles are squares erected
externally. The perspector af, M, M. and the medial triangle is the point

O1 = (2a* = 3> +A) + (B — A2 =2 +)S - :--0),

which is the center of the circle through the centers of the squares. See Figure 3.
This point appears akg4; in [7].

B,

Cy

M,

Figure 3

2.2 Theequiareal case. When the rectangles have equal afgase., (U, V, W) =
(%, #, %) itis easy to see that, = K, »» = G, and
Py =(a*(—=Spc + Sa(b* +c*))io--i0)
=(a®(a® 4 2a*(b* 4+ ?) — (3b +20%c? +3c1)) )
is the reflection ofK in O.2 The special equiareal case is whenT = S, the
rectangles having the same area as triadgl®”'. See Figure 4. In this case,

Py = (6a% — b* — c*: 60> — ¢ —a® : 62 — a® — b?).

2This point is not in the current edition of [7].
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2.3 Theisoperimetric case. Thisisthe case when the rectangles have equal perime-
ters2p, i.e, (u,v,w) = (p — a,p — b,p — ¢). Thespecial isoperimetric case is
whenp = s, the semiperimeter, the rectangles having the same perimeter as trian-
gle ABC. In this caseP; = X57, P» = Xj, the Mittenpunkt, and

Py =(a(bc(2a® —a(b+¢) — (b—¢)?) +4(s —=b)(s —¢)S) 1 ---:---),
Py =(a(a® — 2a° (b + ¢) — a*(b? — 10bc + %) + 4a3 (b + ¢)(b* — be + ¢?)
— a?(b* + 8b%c — 26%c® + 8¢%b + ¢*) — 2a(b + ¢) (b — ¢)*(b* + )
+(b+c)b—c)t) ).
These points can be described in terms of division ratios as foffows.
PsXs7: X57Xg =4R + 1 : 2s,
Pyl : I X57 =4R : 7.

3. A pair of homothetic triangles

Let A;, By andC; be the centers of the rectangl&’ A.A,, CAB,B. and
ABCyC, respectively, andl; B Cs the triangle bounded by the linésCy, C, A,
and A4, B,. Since, for instance, segmer®sC; and B.C}, are homothetic through

3These points are not in the current edition of [7].
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A, the trianglesA; B;C; and A, BoC, are homothetic. See Figure 5. Their homo-
thetic center is the point

P = (—a?Sa(V4+W)+U(Sp+SW)(Sc+SV) i o0 ).

Ay Ac

Figure 5

For the Pythagorean case with squares attached to trianglegs, =V = W =
1, Toshio Seimiya and Peter Woo [12] have proved the beautiful result that the areas
A andA, of A;B1Cy and A, BoC, have geometric mea. See Figure 5. We
prove a more general result by computation using two fundamental area formulae.

Proposition 1. For i = 1,2, 3, let P; befinite points with homogeneous barycentric
coordinates (z; : y; : z;) with respect to triangle ABC'. The oriented area of the
triangle P, P, P3 is

1 Y1 21
T2 Y2 =2
T3 Ys =3
<A
(21 +y1 + 21) (w2 +y2 + 22) (23 + Y3 + 23)

A proof of this proposition can be found in [1, 2].

Proposition 2. For i = 1, 2, 3, let ¢; be afiniteline with equation p;z+ ¢;y+7;z =
0. The oriented area of the triangle bounded by the threelines 4, ¢, /3 is

2
Pr @1 T

b2 G2 T2
b3 g3 T3

LG R
Dy -Dy- D3 ’
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where
I 1 1 PL Q1 T1 P11 oq1 71
Di=1p2 q2 72|, Dy=|1 1 1|, D3=|p2 q2 7r29|.
P3 g3 T3 D3 q3 T3 11 1

A proof of this proposition can be found in [5].

3. AA%Q _ (U+VAW-UVW)?

Theorem OV

Proof. The coordinates ofl;, By, C; are

Ay :(—a2 :Sc+ SU : Sp + SU),

By =(Sc+ SV : —b*: S4+ SV),

C1 =(Sp+ SW : Sa +SW : —c?).
By Proposition 1, the area of trianglg B, C1 is
SU+V+W+UVW)+ (a*VW + b*WU + 2UV)

Ar= 4SUVW )
The linesB.Cy, C, A, Ay B, have equations
(SA=VW)=Sa(V+W))z+ (S+SV)y+ (S+ ScW)z =0,
(S 4+ SAU)z + (S(1 —WU) — Sg(W +U))y + (S + ScW)z =0,
(S+SAaU)x+ (S+SeV)y+ (SA—-UV) = Sc(U +V))z =0.

By Proposition 2, the area of the triangle bounded by these lines is

B SU+V+W—-UVW)? A ()
CUVW(S(U+V +W+UVW) + (a2VW + bB2WU + 2UV))

From (6, 7), the result follows. O

Ag

Remarks. (1) The ratio of homothety is
-SU+V+W-UVW)
28U+ V+WH+UVW) + (a2VW + 02WU + 2UV))"

(2) We record the coordinates df, below. Those ofB; andCy can be written
down accordingly.
Ay =(—a*((S + SAU)V + W) + SU(1 — VW)) + (Sp + SW)(Sc + SV)U?

(S +SAU)(SUV 4+ Sc(U +V +W))

(S + SAU)(SUW + Sp(U +V +W))).

From the coordinates of; BoC5 we see that this triangle is perspectivettB C'
at the point

1
P: .
0 (SA(U+V+W)+SVW )
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4. Examples

4.1 Thesimilarity case. If the rectangles are similat] =V = W = t, then

1 1 1
Py = : :
0 (35,4 + St 35S+ St 3Sc+ St>
traverses the Kiepert hyperbola. In the Pythagorean case, the homotheticigenter
is the point

((Sp—S)(Sc—S)—4Spc : (Sc—S)(Sa—S)—4Sca : (Sa—S)(Sp—S)—4SapB).
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4.2 Theequiareal case. For(U,V,W) = (#, #, %), we have

1
P pu— : CEEEEY : o .. .
6 (T(a2 b2+ 2)S4 + 25622 )
This traverses the Jerabek hyperboldiasaries. When the rectangles have the
same area as the triangle, the homothetic cefites the point

(a®((a® + 30 + 3¢®)? — 4(4b* —b? +4ch)) : o).
5. More homothetic triangles

LetC4, Cp andC¢ be the circumcricles of rectanglésC' A. A, CAB,B. and
ABCyC, respectively. See Figure 7. Since the cir€lepasses through andC,
its equation is of the form

a’yz + b2z + Fay —pr(z+y + 2) = 0.
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Since the same circle passes throughwe havep = %4V+5 — g, 3. By the
same method we derive the equations of the three circles:

S

a2yz + b2z + c2xy =(S4+ ﬁ)x(ﬂc +y+ 2),
S

a2yz + b2z + chy = (Sp + V)y(x +y+2),

S
a*yz + b2zx + Fay = (Sc + W)Z(OC +y+ 2).

From these, the radical center of the three circles is the point

1.1.1<U.V.W>
“\Sat+Z Ss+E So+n) \SaU+S SpV+S ScW+S)

Ba
Ca
A
e By
Cl .
B
CS . Bc
Cb AS
B C
L]
Ay
Ab A
Figure 7

Note that the isogonal conjugate bfis the point

J = 6125’,4—1—5-(1—2:bQSB—i—S-ﬁ:0250—1—5-é .
U |4 w

It lies on the line joiningO to B. In fact,
PoJ* : J0=2S:au+bv+cw= PP : PP
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The circlesCg andCc meet atd and a second poids, which is the reflection
of Ain B;C;. See Figure 8. In homogeneous barycentric coordinates,
Ay = ( V+Ww : Vv : w ) '
SaAV4+W)-SQA-VW) SgV+S ScW+S
Similarly we have point$3; andCs. Clearly, the radical centef is the perspector
of ABC and A3 B3Cs.
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Figure 8

Proposition 4. Thetriangles ABC and A; BoCs are orthologic. The perpendicu-
larsfromthe vertices of one triangle to the corresponding lines of the other triangle
concur at the point J.

Proof. As C1 B, bisectsA A3, we seeds lies onB.C, andAJ 1L B.Cy. Similarly,
we haveBJ 1 C,A.andCJ 1 AyB,. The perpendiculars from, B, C to the
corresponding sides of; BoCs concur atJ.

On the other hand, the points, Cs, Bs, C are concyclic andsCs is antiparal-
lelto BC with respect to triangld BC. The quadrilaterall B; A>Cs5 is cyclic, with
JA, as a diameter. It is known that every perpendiculay i is antiparallel to
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B3C5 with respect to triangle/ B;C3. Hence,AsJ 1. BC. Similarly, BoJ L CA
andCsJ 1 AB. O

It is clear that the perpendiculars frofy, B3, C3 to the corresponding sides
of triangle A, BoC5, intersect at/. Hence, the triangled, B,Cs and A3 B3sC3 are
orthologic.

Proposition 5. The perpendiculars from A,, By, C5 to the corresponding sides of
A3B3C'3 meet at the reflection of J in the circumcenter Os of triangle A3 B3Cs.

Proof. Since triangleAs BsCs is the pedal triangle off in Ay BoCs, and AsJ
passes through the circumcenter of triangld3;C3, the perpendicular fromi,
to B3C3 passes through the orthocenter &fB3C3 and is isogonal todsJ in
triangle A, BoC,. This line therefore passes through the isogonal conjugate of
in Ay B>C5. We denote this point by'. Similarly, the perpendiculars frof,, C
to the sidesC3 A3 and A3 B3 pass throughy'. The circumcircle ofd; BsCs is the
pedal circle of.J. Hence, its circumcente®; is the midpoint ofJ.J'. It follows
that.J' is the reflection of/ in Os. O

Remark. The point.J and the circumcenter® and Os of triangles ABC and
AsBsC5 are collinear. This is becau$éA - JAs| = |JB - JBs| = |JC - JC3),
say,= d?, and an inversion in the circlg/, d) transformsABC into A3 B3C3 or
its reflection inJ.

Theorem 6. The perpendicular bisectors of B.Cy,, C, A., Ay B, are concurrent at
a point which is the reflection of .J in the circumcenter Oy of triangle 41 B1C4.

Proof. Let M7 andM,, be the midpoints oB3; C; and B.C respectively. Note that
M is also the midpoint ofAM,. Also, let O, be the circumcenter ofi; B1C,
and the perpendicular bisector BfC;, meetJO; at N. See Figure 8. Consider
the trapeziumAM,NJ. SinceO,M; is parallel toAJ, we conclude thaO, is
the midpoint of JN. Similarly the perpendicular bisectors 6fA., A,B, pass
through NV, which is the reflection off in O;. O

We record the coordinates 6% :

(PU?V — P VW(V + W) + ) WU (W +U)
+UVW((Sa +3S5)UV + (Sa + 3Sc)UW))S
+ ASpUV? 4 V2 ScUW?2 — aMV2W2
+ (S? + Spo)UV2W?2 + 452UV WV)

In the Pythagorean case, the coordinate®adire given ing2.1.

6. Moretrianglesrelated to the attached rectangles

Write U = tana, V = tan 8, andW = tan v for anglesa, 3, v in the range

(=%, %) The pointA, for which the swing angle§’ BA, and BC A4 are3 and~y
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respectively has coordinates

w V

It is clear that this point lies on the lind.J. See Figure 9. 1B, andC, are
analogously defined, the trianglds B,C, and ABC are perspective af.

S
(—a2:SC-I-S-Cot’y:SB—I-S-Cotﬁ): (—aQ:Sc—l-ﬁ:SB—l-—).

By
B,
Ca
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Cy
e By
Cl Ld
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G Bl AN T ===
B\3 c
o Ar
Ay A
Ay
Figure 9

Note thatAs, B, A4, C are concyclic sincexA4BC = 3 = LAB.V =
LALASC.
Letd; = B.Cp, do = C,A., d3 = Ap By, dll = AAy, d/2 = BBy, dé = CC4.

4 i =1,2,3, areindependent of triangle ABC'. More

Proposition 7. Theratios

precisely,
di 1 1 do 1 1 ds 1 1

L VIwW @ wrn # UV

Proof. SinceAA; L CyB,, the circumcircle of the cyclic quadrilaterdk BA,C
meetsCy, B, besidesAs at the antipodeds of A4. See Figure 10. Lef, g, h
denote, for vectors, the compositions of a rotatior§; bgnd homotheties of ratios
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&, ¥, andy; respectively. Then

— —
g(AAy) = g(AC) 4 g(CAy) = OB + AsC = A5B.,
and 42 = L. Similarly, h(AA;) = C,A;, and 45 = 4. It follows that
14 1 O
TV Tw
The coordinates ofl; can be seen immediately: SinggAs is a diameter of
the circle(44,BC), we see that BC A5 = —§ + £ZBC A4, and

As = (—a®: Sc — SW : Sg — SV).

Similarly, we have the coordinates & and C5. From these, it is clear that
AsB5Cs and ABC are perspective at

1 1 1 1 1 1
P: : : = : N .
! (SA—SU Sp— SV SC—SW> (cotA—U cotB—V CotC—W>

For example, in the similarity case it is obvious from the above proof that
the pointsA4s, Bs, C5 are the midpoints oB.Cy,, C, A, ApB,. Clearly in the
Pythagorean case, the poiMs, By, C4 coincide with A;, By, C; respectively.
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In this case,/ is the Vecten point and from the above proof we hdve= 2d},
doy = 2d/2, ds = 2dé andP7 = Xys6.

7. Another interesting special case

fa+8+~vy=mthenU+V 4+ W =UVW. From Theorem 3 we conclude
that A, = 0, and the pointsA,, By, Cs, A3, B3, C3 coincide withJ, which now
is the common point of the circumcircles of the three rectangles. Also, the points
Ay, By, Cy lie on the circles 4, Cp, Co respectively.

B,
By
Ca
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e By
Cy
e Cq B.
G 5
Bl
Cy
B, C
Ay
L]
Ab AC
Ay
Figure 11

In Figure 11 we illustrate the cage= 3 = v = %. In this case,/ is the Fermat
point. The trianglesBC' A4, C AB4, ABC, are the Fermat equilateral triangles,
and the angles of the line$A,, BBy, CCy, B.Cy, C, A, AyB, aroundJ areg.
The pointsAs, Bs, C5 are the mid points 0B.Cy, C, A., ApB,. Also, d] = d), =
dy, anddy = dy = d3 = %d’l. In this case/* is the second Napoleon point, the
point X;g in [7].
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