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Rectangles Attached to Sides of a Triangle

Nikolaos Dergiades and Floor van Lamoen

Abstract. We study the figure of a triangle with a rectangle attached to each
side. In line with recent publications on special cases we find concurrencies
and study homothetic triangles. Special attention is given to the cases in which
the attached rectangles are similar, have equal areas and have equal perimeters,
respectively.

1. Introduction

In recent publications [3, 4, 10, 11, 12] the configurations have been studied
in which rectangles or squares are attached to the sides of a triangle. In these
publications the rectangles are all similar. In this paper we study the more general
case in which the attached rectangles are not necessarily similar. We consider a
triangleABC with attached rectanglesBCAcAb, CABaBc andABCbCa. Let u
be the length ofCAc, positive ifAc andA are on opposite sides ofBC, otherwise
negative. Similarly letv andw be the lengths ofABa andBCb. We describe the
shapes of these rectangles by the ratios

U =
a

u
, V =

b

v
, W =

c

w
. (1)

The vertices of these rectangles are1

Ab = (−a2 : SC + SU : SB), Ac = (−a2 : SC : SB + SU),
Ba = (SC + SV : −b2 : SA), Bc = (SC : −b2 : SA + SV ),
Ca = (SB + SW : SA : −c2), Cb = (SB : SA + SW : −c2).

Consider the flank trianglesABaCa, AbBCb andAcBcC. With the same rea-
soning as in [10], or by a simple application of Ceva’s theorem, we can see that the
triangleHaHbHc of orthocenters of the flank triangles is perspective toABC with
perspector

P1 =
(
a

u
:
b

v
:
c

w

)
= (U : V : W ). (2)

Publication Date: August 25, 2003. Communicating Editor: Paul Yiu.
1All coordinates in this note are homogeneous barycentric coordinates. We adopt J. H. Conway’s

notation by lettingS = 2∆ denote twice the area ofABC, while SA = −a2+b2+c2

2
= S cot A,

SB = S cot B, SC = S cot C, and generallySXY = SXSY .
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See Figure 1. On the other hand, the triangleOaObOc of circumcenters of the flank
triangles is clearly homothetic toABC, the homothetic center being the point

P2 = (au : bv : cw) =
(
a2

U
:
b2

V
:
c2

W

)
. (3)

Clearly,P1 andP2 are isogonal conjugates.
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Figure 1

Now the perpendicular bisectors ofBaCa, AbCb andAcBc pass throughOa,
Ob andOc respectively and are parallel toAP1, BP1 andCP1 respectively. This
shows that these perpendicular bisectors concur in a pointP3 onP1P2 satisfying

P2P1 : P1P3 = 2S : au + bv + cw,

whereS is twice the area ofABC. See Figure 2. More explicitly,

P3 =(−a2VW (V + W ) + U2(b2W + c2V ) + 2SU2VW

: − b2WU(W + U) + V 2(c2U + a2W ) + 2SUV 2W ) (4)

: − c2UV (U + V ) + W 2(a2V + b2U) + 2SUVW 2)

This concurrency generalizes a similar result by Hoehn in [4], and was men-
tioned by L. Lagrangia [9]. It was also a question in the Bundeswettbewerb Math-
ematik Deutschland (German National Mathematics Competition) 1996, Second
Round.

From the perspectivity ofABC and the orthocenters of the flank triangles, we
see thatABC and the triangleA′B′C ′ enclosed by the linesBaCa, AbCb and
AcBc are orthologic. This means that the lines from the vertices ofA′B′C ′ to the
corresponding sides ofABC are concurrent as well. The point of concurrency is
the reflection ofP1 in O, i.e.,
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P4 = (−SBCU + a2SA(V + W ) : · · · : · · · ). (5)
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Figure 2

Remark. We record the coordinates ofA′. Those ofB′ andC′ can be written down
accordingly.

A′ =(−(a2S(U + V + W ) + (a2V + SCU)(a2W + SBU))

:SCS(U + V + W ) + (b2U + SCV )(a2W + SBU)

:SBS(U + V + W ) + (a2V + SCU)(c2U + SBW )).

2. Special cases

We are mainly interested in three special cases.

2.1. The similarity case. This is the case when the rectangles are similar,i.e., U =
V = W = t for somet. In this case,P1 = G, the centroid, andP2 = K, the
symmedian point. Ast varies,

P3 = (b2 + c2 − 2a2 + 2St : c2 + a2 − 2b2 + 2St : a2 + b2 − 2c2 + 2St)

traverses the lineGK. The pointP4, being the reflection ofG in O, is X376 in
[7]. The triangleMaMbMc is clearly perspective withABC at the orthocenterH.
More interestingly, it is also perspective with the medial triangle at

((SA + St)(a2 + 2St) : (SB + St)(b2 + 2St) : (SC + St)(c2 + 2St)),
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which is the complement of the Kiepert perspector(
1

SA + St
:

1
SB + St

:
1

SC + St

)
.

It follows that ast varies, this perspector traverses the Kiepert hyperbola of the
medial triangle. See [8].

The caset = 1 is thePythagorean case, when the rectangles are squares erected
externally. The perspector ofMaMbMc and the medial triangle is the point

O1 = (2a4 − 3a2(b2 + c2) + (b2 − c2)2 − 2(b2 + c2)S : · · · : · · · ),
which is the center of the circle through the centers of the squares. See Figure 3.
This point appears asX641 in [7].
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Figure 3

2.2. The equiareal case. When the rectangles have equal areasT
2 , i.e., (U, V,W ) =(

2a2

T , 2b2

T , 2c2

T

)
, it is easy to see thatP1 = K, P2 = G, and

P4 =(a2(−SBC + SA(b2 + c2)) : · · · : · · · )
=(a2(a4 + 2a2(b2 + c2) − (3b4 + 2b2c2 + 3c4)) : · · · : · · · )

is the reflection ofK in O. 2 The special equiareal case is whenT = S, the
rectangles having the same area as triangleABC. See Figure 4. In this case,

P3 = (6a2 − b2 − c2 : 6b2 − c2 − a2 : 6c2 − a2 − b2).

2This point is not in the current edition of [7].
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2.3. The isoperimetric case. This is the case when the rectangles have equal perime-
ters2p, i.e., (u, v,w) = (p − a, p − b, p − c). The special isoperimetric case is
whenp = s, the semiperimeter, the rectangles having the same perimeter as trian-
gleABC. In this case,P1 = X57, P2 = X9, the Mittenpunkt, and

P3 =(a(bc(2a2 − a(b + c) − (b− c)2) + 4(s − b)(s− c)S) : · · · : · · · ),
P4 =(a(a6 − 2a5(b + c) − a4(b2 − 10bc + c2) + 4a3(b + c)(b2 − bc + c2)

− a2(b4 + 8b3c− 2b2c2 + 8c3b + c4) − 2a(b + c)(b− c)2(b2 + c2)

+ (b + c)2(b− c)4) : · · · : · · · ).
These points can be described in terms of division ratios as follows.3

P3X57 : X57X9 =4R + r : 2s,
P4I : IX57 =4R : r.

3. A pair of homothetic triangles

Let A1, B1 andC1 be the centers of the rectanglesBCAcAb, CABaBc and
ABCbCa respectively, andA2B2C2 the triangle bounded by the linesBcCb, CaAc

andAbBa. Since, for instance, segmentsB1C1 andBcCb are homothetic through

3These points are not in the current edition of [7].
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A, the trianglesA1B1C1 andA2B2C2 are homothetic. See Figure 5. Their homo-
thetic center is the point

P5 =
(−a2SA(V + W ) + U(SB + SW )(SC + SV ) : · · · : · · · ) .
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For the Pythagorean case with squares attached to triangles,i.e.,U = V = W =
1, Toshio Seimiya and Peter Woo [12] have proved the beautiful result that the areas
∆1 and∆2 of A1B1C1 andA2B2C2 have geometric mean∆. See Figure 5. We
prove a more general result by computation using two fundamental area formulae.

Proposition 1. For i = 1, 2, 3, let Pi be finite points with homogeneous barycentric
coordinates (xi : yi : zi) with respect to triangle ABC . The oriented area of the
triangle P1P2P3 is ∣∣∣∣∣∣

x1 y1 z1

x2 y2 z2

x3 y3 z3

∣∣∣∣∣∣
(x1 + y1 + z1)(x2 + y2 + z2)(x3 + y3 + z3)

· ∆.

A proof of this proposition can be found in [1, 2].

Proposition 2. For i = 1, 2, 3, let "i be a finite line with equation pix+qiy+riz =
0. The oriented area of the triangle bounded by the three lines "1, "2, "3 is∣∣∣∣∣∣

p1 q1 r1

p2 q2 r2

p3 q3 r3

∣∣∣∣∣∣
2

D1 ·D2 ·D3
· ∆,
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where

D1 =

∣∣∣∣∣∣
1 1 1
p2 q2 r2

p3 q3 r3

∣∣∣∣∣∣ , D2 =

∣∣∣∣∣∣
p1 q1 r1

1 1 1
p3 q3 r3

∣∣∣∣∣∣ , D3 =

∣∣∣∣∣∣
p1 q1 r1

p2 q2 r2

1 1 1

∣∣∣∣∣∣ .
A proof of this proposition can be found in [5].

Theorem 3. ∆1∆2

∆2 = (U+V +W−UV W )2

4(UV W )2
.

Proof. The coordinates ofA1, B1, C1 are

A1 =(−a2 : SC + SU : SB + SU),

B1 =(SC + SV : −b2 : SA + SV ),

C1 =(SB + SW : SA + SW : −c2).

By Proposition 1, the area of triangleA1B1C1 is

∆1 =
S(U + V + W + UVW ) + (a2VW + b2WU + c2UV )

4SUVW
· ∆. (6)

The linesBcCb, CaAc, AbBa have equations

(S(1 − V W ) − SA(V + W ))x + (S + SBV )y + (S + SCW )z =0,

(S + SAU)x + (S(1 −WU) − SB(W + U))y + (S + SCW )z =0,

(S + SAU)x + (S + SBV )y + (S(1 − UV ) − SC(U + V ))z =0.

By Proposition 2, the area of the triangle bounded by these lines is

∆2 =
S(U + V + W − UVW )2

UVW (S(U + V + W + UVW ) + (a2VW + b2WU + c2UV ))
·∆. (7)

From (6, 7), the result follows. �

Remarks. (1) The ratio of homothety is

−S(U + V + W − UVW )
2(S(U + V + W + UVW ) + (a2VW + b2WU + c2UV ))

.

(2) We record the coordinates ofA2 below. Those ofB2 andC2 can be written
down accordingly.

A2 =(−a2((S + SAU)(V + W ) + SU(1 − VW )) + (SB + SW )(SC + SV )U2

: (S + SAU)(SUV + SC(U + V + W ))

: (S + SAU)(SUW + SB(U + V + W ))).

From the coordinates ofA2B2C2 we see that this triangle is perspective toABC
at the point

P6 =
(

1
SA(U + V + W ) + SVW

: · · · : · · ·
)
.
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4. Examples

4.1. The similarity case. If the rectangles are similar,U = V = W = t, then

P6 =
(

1
3SA + St

:
1

3SB + St
:

1
3SC + St

)
traverses the Kiepert hyperbola. In the Pythagorean case, the homothetic centerP5
is the point

((SB−S)(SC−S)−4SBC : (SC−S)(SA−S)−4SCA : (SA−S)(SB−S)−4SAB).
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P6

P5

Figure 6

4.2. The equiareal case. For (U, V,W ) = (2a2

T , 2b2

T , 2c2

T ), we have

P6 =
(

1
T (a2 + b2 + c2)SA + 2Sb2c2

: · · · : · · ·
)
.

This traverses the Jerabek hyperbola asT varies. When the rectangles have the
same area as the triangle, the homothetic centerP5 is the point

(a2((a2 + 3b2 + 3c2)2 − 4(4b4 − b2c2 + 4c4)) : · · · : · · · ).
5. More homothetic triangles

Let CA, CB andCC be the circumcricles of rectanglesBCAcAb, CABaBc and
ABCbCa respectively. See Figure 7. Since the circleCA passes throughB andC,
its equation is of the form

a2yz + b2zx + c2xy − px(x + y + z) = 0.
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Since the same circle passes throughAb, we havep = SAU+S
U = SA + S

U . By the
same method we derive the equations of the three circles:

a2yz + b2zx + c2xy = (SA +
S

U
)x(x + y + z),

a2yz + b2zx + c2xy = (SB +
S

V
)y(x + y + z),

a2yz + b2zx + c2xy = (SC +
S

W
)z(x + y + z).

From these, the radical center of the three circles is the point

J =

(
1

SA + S
U

:
1

SB + S
V

:
1

SC + S
W

)
=
(

U

SAU + S
:

V

SBV + S
:

W

SCW + S

)
.
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Note that the isogonal conjugate ofJ is the point

J∗ =
(
a2SA + S · a

2

U
: b2SB + S · b

2

V
: c2SC + S · c

2

W

)
.

It lies on the line joiningO to P2. In fact,

P2J
∗ : J∗O = 2S : au + bv + cw = P2P1 : P1P3.
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The circlesCB andCC meet atA and a second pointA3, which is the reflection
of A in B1C1. See Figure 8. In homogeneous barycentric coordinates,

A3 =
(

V + W

SA(V + W ) − S(1 − VW )
:

V

SBV + S
:

W

SCW + S

)
.

Similarly we have pointsB3 andC3. Clearly, the radical centerJ is the perspector
of ABC andA3B3C3.
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Figure 8

Proposition 4. The triangles ABC and A2B2C2 are orthologic. The perpendicu-
lars from the vertices of one triangle to the corresponding lines of the other triangle
concur at the point J .

Proof. AsC1B1 bisectsAA3, we seeA3 lies onBcCb andAJ ⊥ BcCb. Similarly,
we haveBJ ⊥ CaAc andCJ ⊥ AbBa. The perpendiculars fromA, B, C to the
corresponding sides ofA2B2C2 concur atJ .

On the other hand, the pointsB, C3, B3, C are concyclic andB3C3 is antiparal-
lel toBC with respect to triangleJBC. The quadrilateralJB3A2C3 is cyclic, with
JA2 as a diameter. It is known that every perpendicular toJA2 is antiparallel to
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B3C3 with respect to triangleJB3C3. Hence,A2J ⊥ BC. Similarly,B2J ⊥ CA
andC2J ⊥ AB. �

It is clear that the perpendiculars fromA3, B3, C3 to the corresponding sides
of triangleA2B2C2 intersect atJ . Hence, the trianglesA2B2C2 andA3B3C3 are
orthologic.

Proposition 5. The perpendiculars from A2, B2, C2 to the corresponding sides of
A3B3C3 meet at the reflection of J in the circumcenter O3 of triangle A3B3C3.

Proof. Since triangleA3B3C3 is the pedal triangle ofJ in A2B2C2, andA2J
passes through the circumcenter of triangleA2B3C3, the perpendicular fromA2

to B3C3 passes through the orthocenter ofA2B3C3 and is isogonal toA2J in
triangleA2B2C2. This line therefore passes through the isogonal conjugate ofJ
in A2B2C2. We denote this point byJ!. Similarly, the perpendiculars fromB2, C2

to the sidesC3A3 andA3B3 pass throughJ!. The circumcircle ofA3B3C3 is the
pedal circle ofJ . Hence, its circumcenterO3 is the midpoint ofJJ!. It follows
thatJ ! is the reflection ofJ in O3. �
Remark. The pointJ and the circumcentersO and O3 of trianglesABC and
A3B3C3 are collinear. This is because|JA · JA3| = |JB · JB3| = |JC · JC3|,
say,= d2, and an inversion in the circle(J, d) transformsABC into A3B3C3 or
its reflection inJ .

Theorem 6. The perpendicular bisectors of BcCb, CaAc, AbBa are concurrent at
a point which is the reflection of J in the circumcenter O1 of triangle A1B1C1.

Proof. LetM1 andMa be the midpoints ofB1C1 andBcCb respectively. Note that
M1 is also the midpoint ofAMa. Also, letO1 be the circumcenter ofA1B1C1,
and the perpendicular bisector ofBcCb meetJO1 at N . See Figure 8. Consider
the trapeziumAMaNJ . SinceO1M1 is parallel toAJ , we conclude thatO1 is
the midpoint ofJN . Similarly the perpendicular bisectors ofCaAc, AbBa pass
throughN , which is the reflection ofJ in O1. �

We record the coordinates ofO1:

((c2U2V − a2V W (V + W ) + b2WU(W + U)

+ UVW ((SA + 3SB)UV + (SA + 3SC)UW ))S

+ c2SBU
2V 2 + b2SCU

2W 2 − a4V 2W 2

+ (S2 + SBC)U2V 2W 2 + 4S2U2VW )

: · · · : · · · )
In the Pythagorean case, the coordinates ofO1 are given in§2.1.

6. More triangles related to the attached rectangles

Write U = tanα, V = tanβ, andW = tan γ for anglesα, β, γ in the range
(−π

2 ,
π
2 ). The pointA4 for which the swing anglesCBA4 andBCA4 areβ andγ
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respectively has coordinates

(−a2 : SC + S · cot γ : SB + S · cot β) =
(
−a2 : SC +

S

W
: SB +

S

V

)
.

It is clear that this point lies on the lineAJ . See Figure 9. IfB4 andC4 are
analogously defined, the trianglesA4B4C4 andABC are perspective atJ .
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β

β

γ

γ

α
α

Figure 9

Note thatA3, B, A4, C are concyclic since∠A4BC = β = ∠ABcV =
∠A4A3C.

Let d1 = BcCb, d2 = CaAc, d3 = AbBa, d′1 = AA4, d′2 = BB4, d′3 = CC4.

Proposition 7. The ratios di
d′i

, i = 1, 2, 3, are independent of triangle ABC . More

precisely,

d1

d′1
=

1
V

+
1
W

,
d2

d′2
=

1
W

+
1
U
,

d3

d′3
=

1
U

+
1
V
.

Proof. SinceAA4 ⊥ CbBc, the circumcircle of the cyclic quadrilateralA3BA4C
meetsCbBc besidesA3 at the antipodeA5 of A4. See Figure 10. Letf , g, h
denote, for vectors, the compositions of a rotation byπ

2 , and homotheties of ratios
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1
U , 1

V , and 1
W respectively. Then

g(
−−→
AA4) = g(

−→
AC) + g(

−−→
CA4) =

−−→
CBc +

−−→
A5C =

−−−→
A5Bc,

and A5Bc
AA4

= 1
V . Similarly, h(

−−→
AA4) =

−−−→
CbA5, and CbA5

AA4
= 1

W . It follows that
d1
d′1

= 1
V + 1

W . �

The coordinates ofA5 can be seen immediately: SinceA4A5 is a diameter of
the circle(A4BC), we see that∠BCA5 = −π

2 + ∠BCA4, and

A5 = (−a2 : SC − SW : SB − SV ).

Similarly, we have the coordinates ofB5 and C5. From these, it is clear that
A5B5C5 andABC are perspective at

P7 =
(

1
SA − SU

:
1

SB − SV
:

1
SC − SW

)
=
(

1
cotA− U

:
1

cotB − V
:

1
cotC −W

)
.

For example, in the similarity case it is obvious from the above proof that
the pointsA5, B5, C5 are the midpoints ofBcCb, CaAc, AbBa. Clearly in the
Pythagorean case, the pointsA4, B4, C4 coincide withA1, B1, C1 respectively.
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In this case,J is the Vecten point and from the above proof we haved1 = 2d′1,
d2 = 2d′2, d3 = 2d′3 andP7 = X486.

7. Another interesting special case

If α + β + γ = π, thenU + V + W = UVW . From Theorem 3 we conclude
that�2 = 0, and the pointsA2, B2, C2, A3, B3, C3 coincide withJ , which now
is the common point of the circumcircles of the three rectangles. Also, the points
A4, B4, C4 lie on the circlesCA, CB , CC respectively.
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A5
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P7
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B1

C1
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Figure 11

In Figure 11 we illustrate the caseα = β = γ = π
3 . In this case,J is the Fermat

point. The trianglesBCA4, CAB4, ABC4 are the Fermat equilateral triangles,
and the angles of the linesAA4, BB4, CC4, BcCb, CaAc, AbBa aroundJ are π

6 .
The pointsA5, B5, C5 are the mid points ofBcCb, CaAc, AbBa. Also,d′1 = d′2 =
d′3, andd1 = d2 = d3 = 2

√
3

3 d′1. In this case,P7 is the second Napoleon point, the
pointX18 in [7].
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