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A Generalization of the Lemoine Point

Charles Thas

Abstract. It is known that the Lemoine poirt” of a triangle in the Euclidean
plane is the point of the plane where the sum of the squares of the distances
d»2, andds to the sides of the triangle takes its minimal value. There are several
ways to generalize the Lemoine point. First, we can consider 3 linesu,

.., un instead of three in the Euclidean plane and search for the point which
minimalizes the expressiaif + - - - 4+ d2, whered; is the distance to the line;,
i =1,...,n. Second, we can work in the EuclidearrspaceR™ and consider
n hyperplanes irR™ with n > m + 1. In this paper a combination of these two
generalizations is presented.

1. Introduction

Let us start with a trianglel; A, A3 in the Euclidean plan&? and suppose that
its sidesu; = A A3, as = A3Aq, andag = A; As have lengthy, I5, andis, respec-
tively. The easiest way to deal with the Lemoine pdinbf the triangle is to work
with trilinear coordinates with regard td A5 A3 (also called normal coordinates).
See [1, 5, 6]. These are homogeneous projective coordifiates,, z3) such that
A1, Ag, As, and the incentef of the triangle, have coordinatés, 0, 0), (0,1,0),
(0,0,1), and(1,1,1), respectively. If(a}l,a?) are the non-homogeneous coordi-
nates(x, y) of the point4; with respect to an orthonormal coordinate system in
R?,i = 1,2,3, then the relationship between homogeneous cartesian coordinates
(z,y, z) and trilinear coordinategr , x2, x3) is given by

x lal lsal l3al 1
2 2 2

y| =|lhay la5 l3a3 x2

z l1 ZQ l3 T3

This follows from the fact that the position vector of the incemtef 4 A, A3 is

given by

117 + o7y + 1373
lh+1+13

with 7; the position vector ofd;. Remark also that = 0 corresponds withy z1 +

loxo + 133 = 0, which is the equation in trilinear coordinates of the line at infinity

7= :

Publication Date: August 29, 2003. Communicating Editor: J. Chris Fisher.



162 C. Thas

of R2. If (21,2, 23) are normal coordinates of any poiRtof 2 with regard to
Aq1A5As, then the so-called absolute normal coordinate® afe

2F 2F 2F
(di,da,d3) = ( o1 2 = ) ,

Ly + loxe + I3z’ lixy + loxe + I3z’ lixy + loxe + l323

whereF is the area ofd; A5 A5. It is well known thatd; is the relative distance
from P to the sides; of the triangle {; is positive or negative, according &slies
at the same side or opposite sideaswith regard tag; ).

Next, consider the locus of the points &t for which d? + d3 + d2 = k, with k
a given value. In trilinear coordinates this locus is given by

F(.Tl, To, xg) = .T% + x% + x% - k:(llxl + loxg + l3x3)2 =0. QD

For variablek, we get a pencil of homothetic ellipses (they all have the same points
at infinity, the same asymptotes, the same center and the same axes), and the center
of these ellipses is the Lemoine poiftof the triangle4; A, As. A straightforward
calculation gives thatl, l2,[3) are trilinear coordinates ok and the minimal

4F?
B+12+103

Remark also thal is the singular point of the degenerate ellipse of the pencil
(1) corresponding witht = m (setft = §F = OE — ).

More properties and constructions of the Lemoine péintan be found in [1].

And in [3] and [7] constructions for the axes of the ellipses (1) are given, while [7]
contains a lot of generalizations.

Next, the foregoing can immediately be generalized to higher dimensions as
follows. Consider in the Euclidean-spaceR™ (m > 2), m + 1 hyperplanes not
through a point and no two parallel; this determinesnasimplex with vertices
A1, ..., Apy1. Letus denote thém — 1)-dimensional volume of the “facer;
with verticesA;, ..., A, ... yAm+1 by F, i = 1,...,m + 1. Then the position
vector of the incentef of A;As ... A,,41 (= center of the hypersphere &
inscribed inA; ... A,,41) is given by

value ofd? + d3 + d3 reached aK is

Firy + Fory + -+ + Frp 1Tt
Fi+ P+ + Fps

= ,

wherer; is the position vector ofl;, and normal coordinatgg, . . . , ,,+1) With
respecttad; . .., A,,+1 are homogeneous projective coordinates such4hat .,
Ap+1, andI, have coordinateél, 0,...,0),...,(0,...,0,1), and(1,1,...,1),
respectively. If(a},a?,...,a™) are cartesian coordinates (with respect to an or-
thonormal coordinate system) af, i = 1,...,m + 1, the coordinate transfor-
mation between homogeneous cartesian coordinates. ., z,,+1) and normal

coordinategxy, . .., x;,+1) With respect ta4; ... A,,,11 IS given by
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1 1 1
Z1 Flal F2a2 Fm+1am+1 T
2 2 2
zZ9 Flal F2a2 e Fm+1am+1 i)
Zm Fia* Feay' ... Fpiiap,, Tm,
Zm+1 Fy T Fria Tim41

In normal coordinates the hyperplane at infinity & has the equatio;x; +

-+ Fyr1zme1 = 0. Absolute normal coordinates of a poift of R™ with

mFx;
respect tad;, As, ..., A ared; = - i=1,...,m+
p 1 2 | m+1. "Rt Py .
1, whereF is them-dimensional volume of}; As ... A,,+1 andd; is the relative

distance fromP to the facey; (d; is positive or negative, according &dies at the
same side or at the opposite faceAswith regard toa;). Remark thatFid; +
-+ Fm—‘,—ldm—‘,—l =mkF.
The locus of the points aR™ for whichd? + - - - + d2,, | = k now determines
a pencil of hyperquadrics (hyperellipsoids) with equation

ai+ a4y —k(Fir 4+ Fpp1@mg1)? =0 (2)

and all these (homothethic) hyperellipsoids have the same axes, the same points at
infinity and the same centét, which we call the Lemoine point o, ... A,,+1

and which obviously has normal coordinatds, Fs, ..., F;,+1). The minimal
2F2
value ofd} + --- + d2,, |, reached af( is given by = TEL Remark

that K is the singular point of the smgular hyperquadrlc (hypercone) corresponding
in the pencil (2) with the valugé = W'
Remark. Some characterizations and constructions of the Lemoine poiaf a
triangle in the plang?? are no longer valid in higher dimensions. For instari€e,

is the perspective center of the triangleAs A3 and the triangled] A}, A, whose

sides are the tangents of the circumscribed circlg,of; A3 at A, A5, and Az (in
trilinear coordinates the circumcircle has equafjonxs + lozsx) + I3z = 0).

This construction is, in general, not correctih : a tetrahedrom; 4, A3 A4 and

its so called tangential tetrahedron, which is the tetrahedfor A; A/, consisting

of the tangent planes of the circumscribed spherehofs A3 A4 at Aq, As, As,

and Ay, are, in general, not perspective. If they are perspective, the tetrahedron is
a special one, aisodynamic tetrahedron in which the three products of the three
pairs of opposite edges are equal. The lines joining the vertices of an isodynamic
tetrahedron to the Lemoine points of the respective opposite faces have a point
in common and this common point is the perspective center of the isodynamic
tetrahedron and its tangential tetrahedron (see [2]). It is not difficult to prove that
this point of an isodynamic tetrahedron coincides with the Lemoine goiat the
tetrahedron obtained with our definition of “Lemoine point”.
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2. Themain theorem

First we give some notations. Considehyperplanes, denoted hy, ..., u,
in the Euclidean spacB™ (m > 2,n > m + 1), in general position (this means :
no two are parallel and nan + 1 are concurrent). The “figure” consisting of these
n hyperplanes is called anrthyperface (examples: fan = 2,n = 3 it determines
a triangle inRk?, for m = 2, n = 4 it is an quadrilateral in??, and form = 3,

n = 4 itis a tetrahedron iR®). The Lemoine poinfK of this n-hyperface is, by
definition, the point ofR™ for which the sum of the squares of the distances to the
n hyperplanes, ...,u, is minimal. The uniqueness & follows from the proof

of the next theorem.

Next, K is the Lemoine point of thén — 1)-hyperfaceujus ... ;. .. uy,
i=1,...,n. And K" = K*" is the Lemoine point of thén — 2)-hyperface
ULUL -« - Uy« Ug - .- Up, Withr, s =1, ..., n, 7 # s (Only defined ifn > m + 1).

Now, for an(m + 1)-hyperface om-simplex in R™ (a triangle inR?, a tetra-
hedron inRk3, ...) we know theposition (the normal coordinates) of the Lemoine
point (see§l). The following theorem gives us a construction for the Lemoine
point K of a generah-hyperface inR™ (m > 2 andn > m + 1):

Theorem 1. Worki ng with an njhyperface in ™, we have, with the notations
given abovethat K'K Nuj = K'K7* Nwuj, 4,5 =1,...,nandn > m + 1.

Proof. In this proof, we work with cartesian coordinatés, ..., x,,) or homo-
geneouszy, ..., T,+1) With respect to an orthonormal coordinate systen®inh
Suppose that the hyperplanehas equation x| +a2zo+- - -+a™z,,+a 1 =0,
with (a})? + (a2)2 +--- + (a™)? = 1,7 = 1,...,n. Then the Lemoine poink
of then-hyperfaceuus . . . u, is the center of the hyperquadrics of the pencil with
equation
n
F(x1,.. o xy) = Z(aixl +atzy+ o+ a Ty + a2 k=0, (3)
r=1

wherek is a parameter. Indeed, since the coordinatds ofinimize the expression
S (alay 4+ a;”+1)2, they are a (the) solution g~ = 52 = ... =

6:2?—7; = 0. In homogeneous coordinates, (3) becomes

n

F(x1,. s Tmy1) = Z(a}qxl 4+ a:q”“xmﬂ)Q — k:x%lﬂ =0. (4

r=1
Next, the Lemoine poink™® of uyus . .. 4; . . . uy, is the center of the hyperquadrics
of the pencil given by (we use the same notatidior the parameter)

Fw1, .o Tgr) = Z(aixl +o o ar e, 0)? — kg =0 (5)

r=1

r#i

The diameter of the hyperquadrics (5), conjugate with respect to the direction of
the ith hyperplaneu; has the equations (consider the polar hyperplanes of the
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m— 1pomtsatlnflnltyW|thcoordmateéaQ, —al,0,...,0), (a?,0,—a},0,...,0),
(a},0,0,—a},0,...,0),...,(a™0,...,0,—a}, )ofthe hyperplane:,z)
—aZa}l) =0,

2
Z
3 3,1
a; —aya;) =0,

Sormi(apz + -+ al e, ) (ara
Soi(atzy + -+ a" M apg) (ara

(6)

S _(atzy + -+ am M g0)(aka — aal) = 0.

But the first side of each of these equations becomes zero fori, and thus
(6) gives us also the conjugate diameter with respect to the hyperplafiehe
hyperquadrics of the pencil (5). It follows that (6) determines the K¢ .

Next, the Lemoine poink? is the center of the hyperquadrics of the pencil

Fl@r, o myr) = 3 (arar + -+ al M 1)? — kap, o =0, (7)

r=1
v

and K’ is the center of the hyperquadrics:
n
Flar,tmin) = Y (afwr 4+ alMapn)? —kal = 0. (8)

r=1
r#ji

The diameter of the hyperquadrics (7), conjugate with respect to the directipn of
is given by

S (k4 ) (ala? — aal) = 0
r#j

: 9)
Shei(alzy + o+ @y, i) (ala™ — amal) = 0.
rj
And this gives us also the diameter of the hyperquadrics (8) conjugate with regard
to the direction ofy; in other words, (9) determines the lid€ K"
Finally, the coordinates of the poiAf' K Nu; are the solutions of the linear system

(6)
ajl-xl + -+ CL;»nJrl.Terl = 0,
while the pointK” K7% N u; is given by

(9)
a]lxl + -+ CL;nJrl.Terl = 0.

It is obvious that this gives the same point and the proof is complete. O

3. Applications

3.1 Let us first consider the easiest example for trying out our construction: the
case wheren = 2 andn = 4, or four linesuy, us, u3, uq in general position
(they form a quadrilateral) if?. Using orthonormal coordinatés:, y, z) in R?,

the homogeneous equation af is a,z + b,y + ¢,z = 0 with a2 + b2 = 1,
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r = 1,2,3,4. Where lies the Lemoine poirk of the quadrilateraky usugus?
For instancek! is the Lemoine point of the triangle with sides (lines)us, u4;
K? of the triangle with sides, us, u4, and so on ... . We may assume that we
can construct the Lemoine point of a triangle. But which point is, for instance, the
point K2 : it is the Lemoine point of the-sideuzuy, i.e, it is the pointuz N u,.

Let us denote the six vertices of the quadrilateral as follow$tus = C, us N
ug = AyusNug = Fyuy Nug = D,us Nuy = E, andu; Nug = B, then
KRP=K?'=F K» =D ,K*=C K" =A K*=B,andK" = E. Now,
from K'K Nu; = K/ K7 N u;, we find, for instance foi = 1 and;j = 2:

K'KNuy = K2K*' Nuy = K2F Ny

andfori =2andj = 1: K?KNu; = K'K?Nwu; = K'F Ny, with K (K2,
resp.) the Lemoine point of the triangle AFE (of the triangle BFD, resp.). This
allows us to construct the poirif.

In particular, we can construct the diametéf&™, K K2, K K3, and K K* of the
ellipses of the pencli_*_, (a,z + by + ¢,2)? = k22, which are conjugate to the
directions of the linesu, uo, u3, anduy, respectively. In other words, we have
four pairs of conjugate diameters of these ellipses K, KI' ), wherel’_ is the
point at infinity of the lineu;,7 = 1,..., 4. From this, we can construct the axes of
the conics of this bundle (in fact, two pairs of conjugate diameters are sufficient):
consider any circl€ through K and project the involution of conjugate diameters
ontoC; if S is the center of this involution ofi and if the diameter of throughS
intersects at the pointsS; and.S,, then K.S; and K'S; are the axes.

In the case of a triangle iR?, constructions of the common axes of the ellipses
determined by + d3 + d2 = k with center the Lemoine point of the triangle,
are given in [3] and [7]. In [3], J. Bilo proved that the axes are the perpendicular
lines throughK on the Simson lines of the common points of the Euler line and
the circumscribed circle of the triangle. And in [7], we proved that these axes
are the orthogonal lines througki which cut the sides of the triangle in pairs of
points whose midpoints are three collinear points. Moreover [7] contains a lot of
generalizations for pencils whose conics have any pBiof the plane as common
center and whose common axes are constructed in the same way.

3.2 Inthe casen = 2 andn > 4, we can construct the diameterskK K7, ...,
KK™ of the ellipsesy""_; (a,z + b,y + ¢,2)* = k2% which are conjugate to the
directions of then linesuy, ..., u,.

3.3 The easiest example in space is the case where 3 andn = 5, or five
planes ink3. Assume that the planes have equations+ b,y + ¢,z + d,u = 0,

with a2 + b2 +c2 = 1,7 = 1,2,...,5. We look for the Lemoine poink of the
“5-plane” u ususugus in B3 and assume that we know the position of the Lemoine
point of any tetrahedron i&® (we know its normal coordinates). The poirits,

..., K? are the Lemoine points of the tetrahedsasusus, . . . , uusuzuy, respec-
tively. And, for instancei('? is the Lemoine point of the “3-planelu,us, i.e., it
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is the common point of these three plangsu,, andus. Now, for instance from
K'KNuy=K’K*Nuy and K?KnNu = K'K"? Nuq,

we can construct the lineK' K and K?K, and thus the poinf’. In fact, we

can construct the diametef§K!, ..., K K° conjugate to the plane directions of
ui, .. ., us, respectively, of the quadrics with centirof the pencil given by? +
4 d2=Fkor

5
Z(GNC + by + ez + dpu)? = ku
r=1
Finally, the construction of the poidt in the general case > m + 1, m > 2is
obvious.
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