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Circumcenters of Residual Triangles

Eckart Schmidt

Abstract. This paper is an extension of Mario Dalts work on isotomic in-
scribed triangles and their residuals [1]. Considering the circumcircles of resid-
ual triangles with respect to isotomic inscribed triangles there are two congruent
triangles of circumcenters. We show that there is a rotation mapping these tri-
angles to each other. The center and angle of rotation depend on the Miquel
points. Furthermore we give an interesting generalization of Dalcin’s definitive
example.

1. Introduction

If X,Y, Z are points on the sides of a triangleBC, there are three residual
trianglesAZY, BXZ, CY X. The circumcenters of these triangles form a trian-
gle 0,00, similar to the reference triangld BC' [2]. The circumcircles have
a common pointM by Miquel’'s theorem. The lined/ X, MY, MZ and the
corresponding side lines have the same angle of intersegtien(AY,Y M) =
(BZ,ZM) = (CX,XM). The angles are directed angles measured between 0
andr.

Figure 1

Dalcin considers isotomic inscribed trianglésY Z and X'Y'Z’. Here, X/,
Y’, Z' are the reflections of, Y, Z in the midpoints of the respective sides.
The triangle XY Z may or may not be cevian. If it is the cevian triangle of a
point P, thenX'Y’Z’ is the cevian triangle of the isotomic conjugatefaf The
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corresponding Miquel point/’ of X', Y’, Z’' has Miquel angle/ = = — u. The
circumcircles of the residual trianglesZ’Y’, BX'Z’, CY'X' give further points
of intersection. The intersection$ of the circlesAZY andAZ'Y’, B’ of BXZ
andBX'Z', andC’ of CY X andCY’ X’ form a triangleA’ B'C’ perspective to
the reference trianglel BC' with the center of perspectivity). See Figure 2. It
can be shown that the poindd, M, A’, B’, C’, Q and the circumcentead of the
reference triangle lie on a circle with the diamet&p.

Figure 2

These results can be proved by analytical calculations. We make use of ho-
mogeneous barycentric coordinates. DgtY, Z divide the sidesBC, CA, AB
respectively in the ratios

BX . XC=x:1, CY:YA=y:1, AZ . ZB=1z:1.
These points have coordinates

X=0:1:2), Y=(y:0:1), Z=(1:2:0);
X' =0:2:1), YY=(01:0:y), Z'=(2:1:0).
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The circumcenter, the Miquel points, and the center of perspectivity are the points

O =(a®>(b* + ¢ — a?) : B*(* + a® — b?) : (a® + b* — ¢?)),

M :(0295(1 +y)(1+2)— bey(l +x)(1+42) — 02(1 + )1 4gy):-en),

M =(a*z(1+y)(1+2) - b*Q+a)(1+2) —zz(l+z)(L+y) o),
B (1—2)a? (1 —y)b? . (1—2)c?

Q_( 142 = 1+y = 1+z )

The Miquel angle is given by

1-— 1-— 1-—
yz cot B + i

T (T+y)(1+2) A+2)0+a) Ar o0 1) ¢

For example, lefX, Y, Z divide the sides in the same ratigi.e., z =y =z =
k, then we have

M =(a*(—c* + a®k — b*k?) : b*(—a® + bk — k%) : (0> + Pk — a*k?)),
M’ =(a*(—b* + a®k — A2k?) : D*(— 2 + b*k — a®k?) : P (—a® + Pk — bPk?)),
Q =(a® : v* : ¢*) = X4( Lemoine point);

1+k

cot u = cotw,

wherew is the Brocard angle.

2. Two triangles of circumcenters

Considering the circumcenters of the residual trianglesXidtZ and X'Y'Z7’,
Dalcin ([1, Theorem 10]) has shown that the triangl£,O. andO;,0; 0., are
congruent. We show that there is a rotation mapgih@,0. to O;0;0... This
rotation also maps the Miquel poidt to the circumcente€, andO to the other
Miquel point M’. See Figure 3. The center of rotation is therefore the midpoint
of OQ. This center of rotation is situated with respecO®,O. andO,,0; O, as
the center of perspectivity with respect to the reference triangle ABC. The angle
of rotation is given by

p=m—2u.
The similarity ratio of triangle€), 0,0, and ABC'is
1 1

2cos £ 2sinp’

similarly for triangleO, 0, O..
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Figure 3

3. Daldn’s example

If we chooseX, Y, Z as the points of tangency of the incircle with the sides,
XY Z is the cevian triangle of the Gergonne poffitand X'Y’Z’ is the cevian
triangle of the Nagel pointV,. The Miquel point)M is the incenterl and the
Miquel point M’ is the reflection off in O, i.e,,

Xy =(a(@® -0 +(@a—b)la—c)(b+c)):--:---).

In this case”,0,0. is homothetic taABC at M, with factor%. This is also the
case wherX'Y 7 is the cevian triangle of the Nagel point, with = Xj,.

Therefore, the circle described {2, degenerates into a line. The center of
perspectivityQ(a(b — ¢) : b(c — a) : ¢(a — b)) is a point of infinity. The triangles
0,050, andO,,0; 0., are homothetic to the triangléBC at the Miquel points\/
and M’ with factor. There is a parallel translation mappi@gO,O.. to 0,0, 0.,

The fact thatd BC is homothetic toOaObOc with the factor; does not only
hold for the Gergonne and Nagel points. Here are further examples.
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Figure 4
P Homothetic center and Miquel poidt’
centroidG circumcenteiO
orthocenterd | H
X9 Xo
X189 Xg4
Xo53 X4
X329 X1490

These points”(u : v : w), whose cevian triangle is also the pedal triangle of
the point, lie on the Lucas cubit

(b +c2—a®)u(v® —w?)+ (A 4a* —b*)v(w? —u?) +(a* +b* — A)w(u? —v?) = 0.

The points)M lie on the Darboux cubié. Isotomic pointsP and P” on the Lucas
cubic have corresponding point$ and A/’ on the Darboux cubic symmetric with
respect to the circumcenter. Isogonal poilfsand M* on the Darboux cubic have

IThe Lucas cubic is invariant under the isotomic conjugation and the isotomic conjkigate
the orthocenter is the pivot point.

2The Darboux cubic is invariant under the isogonal conjugation and the pivot point is the De-
Longchamps poinso, the reflection of the orthocenter in the circumcenter. It is symmetric with
respect to the circumcenter.
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corresponding point® and P on the Lucas cubic witt? = P"*". Here,()* is
the isogonal conjugation with respect to the anticomplementary triangleBaf .
The line PM and M M* all correspond with the DeLongchamps paki) and so
the pointsP, P, M, M* and Xy are collinear. For example, f@? = N,, the

five pointsN,, X159, X40, Xs4, Xo0 are collinear.

Darboux

Darboux

y Lucas

Figure 5. The Darboux and Lucas cubics

4. Further results

Dalcin’s example can be extended. The cevian triangle of the Gergonne point
G. is the triangle of tangency of the incircle, the cevian triangle of the Nagel point
N, is the triangle of the inner points of tangency of the excircles. Consider the
points of tangency of the excircles with the sidelines:



Circumcenters of residual triangles 213

A—excircle =(—a+b—c:0:a+b+c) withCA
=(—a—b+c:a+b+c:0) with AB
=0:a—b—c:a+b+c) with BC
=(a+b+c:—a—b+c:0) with AB

=0:a+b+c:a—b—c¢) with BC
=(a+b+c:0:—a+b—c) withCA
The point pairg 4, A.), (B., B,) and(C,, C;) are symmetric with respect to

the corresponding midpoints of the sides. XY Z = A4, B.C,, thenX'Y'Z’ =

A.B,Cy. See Figure 6.

B,
c,
B—excircle A
C—excircle A
B,

Figure 6

Consider the residual triangles df B.C,, and those ofd.B,C}, with the cir-
cumcenters. The two congruent triangtesO,O. and O;,0; O., have a common
area
A N (ab + be + ca)?

4 16A
The center of perspectivity is

Q= (alb+c):blc+a):cla+b)) = Xar.
The center of rotation which mags,0,0.. to O,,0; O., is the midpoint 0of0Q. The
point X37 of a triangle is the complement of the isotomic conjugate of the incenter.
The center of rotation is the common poik; of 0,0,0. and0,0,0.. The
angle of rotation is given by

; ¢w ab+bc+ca 1 n 1 N 1
an — = = .
2 2/ sinA sinB sinC
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