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Abstract. We study the condition for concurrency of the Euler lines of the three
triangles each bounded by two sides of a reference triangle and an antiparallel to
the third side. For example, if the antiparallels are concurreRtand the three
Euler lines are concurrent &, then the loci ofP and @ are respectively the
tangent to the Jerabek hyperbola at the Lemoine point, and the line parallel to the
Brocard axis through the inverse of the deLongchamps point in the circumcircle.
We also obtain an interesting cubic as the locus of the pBifior which the

three Euler lines are concurrent when the antiparallels are constructed through
the vertices of the cevian triangle &

1. Thébault’stheorem on Euler lines

We begin with the following theorem of Victor Bbault [8] on the concurrency
of three Euler lines.

Theorem 1 (Thébault) Let A’ B’C’ betheorthictriangle of ABC'. The Euler lines
of the triangles AB'C’, BC' A, C A’ B’ are concurrent at the Jerabek center. !

Figure 1. Tiebault's theorem on the concurrency of Euler lines

We shall make use of homogeneous barycentric coordinates. With reference to
triangle ABC, the vertices of the orthic triangle are the points

A'=(0:8¢c:SB), B' = (Sc:0:54), C'=(Sp:54:0).

Publication Date: February 3, 2004. Communicating Editor: Antreas P. Hatzipolakis.
IThébault [8] gave an equivalent characterization of this common point. See also [7].
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These are the traces of the orthocerfier= (Spc : Sca : Sap).
The centroid ofAB'C" is the point

(Saa +2Sap +2Sac +3Spc : Sa(Sc+S4) : Sa(Sa+ Sg)).
The circumcenter oft’ BC', being the midpoint ofA H, has coordinates

(Sca+ Sap+2Spc : Sac : Sap)-
It is straightforward to verify that these two points lie on the line

Saa(Sp—Sc)(z+y+z) = (Sa+SB)(Sap+Sc—2Sca)y—(Sc+54)(Spc+Sca—254B)z,

@
which is therefore the Euler line of triangeB'C’. Furthermore, the line (1) also
contains the point

J = (Sa(Sp — Sc)?: Sp(Sc — Sa)?: Sc(Sa — SB)?),

which is the center of the Jerabek hyperbdl&imilar reasoning gives the equa-
tions of the Euler lines of triangleBC' A’ and A’ B'C', and shows that these contain
the same poinf/. This completes the proof of Bbault's theorem.

2. Trianglesintercepted by antiparallels

Since the sides of the orthic triangles are antiparallel to the respective sides of
triangle ABC', we consider the more general situation when the residuals of the
orthic triangle are replaced by triangles intercepted by lings, ¢3 antiparallel to
the sidelines of the reference triangle, with the following intercepts on the sidelines

| BC CA AB
gl Ba Ca
0 | Ay C,
63 Ac Bc

These lines are parallel to the sidelines of the orthic triang#&C’. We shall
assume that they are the images of the liB&s’, C’A’, A’ B’ under the homoth-
etiesh(A,1 — 1), h(B,1 — t2), andh(C, 1 — t3) respectively. The point8,, C,
etc. have homogeneous barycentric coordinates

By =(t1S4a+Sc:0:(1—1t1)Sa), Co=(t15Sa+ Sp:(1—1t1)S4:0),
Cy, = ((1 - tg)SB (oS + 5S4 O), Ay = (O (S + Sc (1 — tg)SB),
Ac=(0: (1 —t3)Sc : t3Sc + Sp), Be=((1—13)Sc : 0:t35¢c + Sa).

’The pointJ appears aX2s in [4].
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Figure 2. Triangles intercepted by antiparallels

2.1 TheEuler lines £;,i = 1,2,3. Denote byT the triangleA B, C,, intercepted
by ¢1; similarly To andT3. These are oppositely similar #oBC. We shall study
the condition of the concurrency of their Euler lines.

Proposition 2. Wth reference to triangle ABC, the barycentric equations of the
Euler linesof T;,7 =1, 2, 3, are

(1 —t1)Saa(Sg — Sc)(z +y+ 2) =c¢*(Sap + Spc — 2Sca)y — b°(Sec + Sca — 2545)z,
(1 —t2)Sr(Sc — Sa)(z +y + 2) =a*(Spc + Sca — 2Sa8)z — ¢*(Sca + Sap — 2Spc),
(1—1t3)Scc(Sa — Sp)(x +y + 2) =b*(Sca + Sap — 2Spc)x — a*(Sas + Spc — 2Sca)y.

Proof. Itis enough to establish the equation of the Euler iihef T. This is the
image of the Euler lin&Z; of triangle AB'C’ under the homothetly(A, 1 —¢). A
point (x : y : z) on £, corresponds to the poiftl — )z —t1(y + 2) : y : z) on
L. The equation of’; can now by obtained from (1). O

From the equations of these Euler lines, we easily obtain the condition for their
concurrency.

Theorem 3. Thethree Euler lines £;, i = 1, 2, 3, are concurrent if and only if
t1a%(Sp — Sc)Saa + t20*(Sc — S4)Spp + t3¢*(Sa — SB)Scc =0.  (2)

Proof. From the equations of;, i = 1,2, 3, given in Proposition 2, it is clear that
the condition for concurency is

(1—t1)a*(Sp—Sc)Saa+(1—t2)b*(Sc—Sa)Spp+(1—t3)c*(Sa—SB)Scc = 0.

This simplifies into (2) above. O
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2.2 Antiparallels with given common point of £;, i = 1,2,3 . We shall assume
triangle ABC scaleneij.e,, its angles are unequal and none of them is a right angle.
For such triangles, the Euler lines of the residuals of the orthic triangle and the
corresponding altitudes intersect at finite points.

Theorem 4. Given a point Q in the plane of a scalene triangle ABC, there is a
ungiuetriple of antiparallels 4,7 = 1, 2, 3, for whichthe Euler lines £;,i = 1,2, 3,
are concurrent at Q).

Proof. Construct the parallel through to the Euler line ofAB C’ to intersect the
line AH atO,. The circle through4 with centerO, intersectsAC andAB at B,
and C, respectively. The line3,C, is parallel toB'C’. It follows that its Euler
line is parallel to that ofAB'C’. This is the lineO,Q. Similar constructions give
the other two antiparallels with corresponding Euler lines passing thrQugh(C

We make a useful observation here. From the equations of the Euler lines given
in Proposition 2 above, the intersection of any two of them have coordinates ex-
pressible in linear functions af, to, t5. It follows that if ¢, ¢o, t3 are linear func-
tions of a parameter, and the three Euler lines are concurrent, themn eeries,
the common point traverses a straight line. In particlae: to = t3 = t, the
Euler lines are concurrent by Theorem 3. The locus of the intersection of the Euler
lines is a straight line. Since this intersection is the Jerabek center tvhe®
(Thébault’s theorem), and the orthocenter whea —1,3 this is the line

Le: Z Saa(Sp — Sc)(Sca+ Sap —2Spc)x = 0.

cyclic

We give a summary of some of the interesting loci of common points of Euler
lines£;, i = 1,2,3, when the line?;, i = 1, 2,3, are subjected to some further
conditions. In what followsT' denotes the triangle bounded by the lidgs =
1,2,3.

Line Construction  Condition Reference
L. HJ T homothetic to orthic

triangle atXss
Ly Remark below ¢;, i =1,2,3, concurrent §3.2

Ly KXy ¢; are the antiparallels  §6
of a Tucker hexagon

L X5X184 L; intersect on Euler line §7.2
of T

L, GX110 T and ABC perspective §8.3

Remark. £, can be constructed as the line parallel to the Brocard axis through the
intersection of the inverse of the deLongchamps point in the circumcircle.

SFort = 1, this intersection is the poinX’74 on the circumcircle, the isogonal conjugate of the
infinite point of the Euler line.
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3. Concurrent antiparallels

In this section we consider the case when the antiparallel&, /5 all pass
through a pointP? = (u : v : w). In this case,

((Sc+ Sa)u— (Sp— Sc)v:0:(Sa+Sp)v+ (Sc + Sa)w),
(((SA-l-SB)u-I-(SB—Sc)w:((SA-i-SB)U-i-(Sc-i-SA)w ,

:0)

((Sp+ Sc)w+ (Sa+ Sp)u: (Sa+ Sp)v— (Sc — Sa)w : 0),
=(0:(Sp+ Sc)v+ (S¢—Sa)u: (Sp+ Sc)w+ (Sa+ Sp)u),
(0:(Sc+ Sa)u+ (Sp+ Sc)v: (Sp + Sc)w — (Sa — Sp)u),
B.=((Sc+ Sa)u+ (Sp+Sc)v:0:(Sc+ Sa)w+ (Sa— Sp)v).
For example, whe® = K, these are the vertices of the second cosine circle.

B,
Ca
Cy
Ay
Ac

X110
Figure 3. Q(K) and the second Lemoine circle

Proposition 5. The Euler lines of triangles T;, i = 1, 2, 3, are concurrent if and
only if P lieson theline
Sa(Sp— Sc) n SB(Sc — SA)y N Sc(Sa— SB)Z _o.

L, x
P a? b2 c?

When P traverses £, the intersection @ of the Euler lines traverses the line

Z (b2 — 02)(a2(SAA + Spc) —4SaBc) N
5 xz = 0.

L :
d ‘ a
cyclic
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For a pointP on the line£,, we denote byQ(P) the corresponding point on
Ly.
Proposition 6. For points P, %, P3 on L, Q(P1), Q(P%), Q(P3) are points on
L satisfying
Q(P)Q(R) : Q(R)Q(P3) = PPy : P2 Ps.

3.1 Theline £,. The line L, containsK and is the tangent to the Jerabek hyper-
bola atK. See Figure 4. It also contains, among others, the following points.

Figure 4. The lineC,

(1) Xo5 = (% : % : %) which is on the Euler line oABC, and is the
homothetic center of the orthic and the tangential trianfjles,

(2) X184 = (a*S4 : b*Sp : ¢*S¢c) which is the homothetic center of the orthic
triangle and the medial tangential triangle,

4See alsg4.1.

SFor other interesting properties &fis4, see [6], where it is named the procircumcenter of trian-
gle ABC.
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(3) X1495 = (a*(Sca+Sap—2Spc) : - : - ) which lies on the parallel to
the Euler line through the antipode of the Jerabek center on the nine-point
circle.®

3.2 Theline £, . The line L, is parallel to the Brocard axis. See Figure 5. It
contains the following points.

1) QK) = (a2SA(b2C2(SBB —Spc+Sce) —QCLQSABc) teeerees).Itean
be constructed as the intersection of the lines joim©go X74, andJ to
Xi110. See Figure 3 angb below. The lineL, can therefore be constructed
as the parallel through this point to the Brocard axis.

(2) Q(X1495) = (a®Sa(a?S? — 6Sapc) : --- : ---), which is on the line
joining O to Xig4 (0N Lp).

Figure 5. The lineCq

The line L, intersects the Euler line o BC' at the point

Xoor1 = (a*(a*Saaa + Saa(Ses — 3Ssc + Scc) — Sppcc) + -+ -++),

5This is the pointX 3.



8 N. Dergiades and P. Yiu

which is the inverse of the de Longchamps point in the circumcircle. This corre-
sponds to the antiparallels through

Pyor1 = (a*((a®Saaa + Saa(Sps — 3Spc + Scc) — Sppec) = -+t -+

on the line£,. This point can be constructed by a simple application of Theorem
4 or Proposition 6. (See also Remark 2 following Theorem 12).

3.3 Theintersection of £, and £,. The linesL, and L, intersect at the point
M = (a*Sa(Sap + Sac + Spg —4Spc + Sc) 1+ 1+ ).
(1) Q(M) is the point onl, with coordinates
(a*SA(Saa(Sps +Scc)+a*Sa(Sep —3Ssc+Scc)+Spc(Sp—Sc)?) 1+ --).
(2) The pointP on £, for which@Q(P) = M has coordinates
(a®(a*(2544 — Spc) +2S4(Spp — 3Spc + Scc)) : -1 0.

4. Thetriangle T bounded by the antiparallels

We assume the ling, ¢ = 1, 2,3, nonconcurrent so that they bound a nonde-
generate triangld® = A, B1 (. Since these lines have equations

—t184(z +y + 2) =—Sax+Spy+Scz,
—toSp(x +y+2) = Sax—Spy+Scz,
—t3Sc(x +y+2) = Sax+Spy—Scz,
the vertices ofT" are the points
A1 =(=a*(t2Sp + t3Sc) : 2504 + t2bSp + t350(Sc — Sa)
12548 + t2SB(Sp — Sa) + t3¢2Sc),
By =(25pc + t35¢(Sc — Sp) + t1a?S4 : —b*(t3Sc + t154)
: 2545 + t3¢*Sc + t154(Sa — SB))
Cy =(2Spc +t16°Sa +t2Sp(Sp — Sc) : 2Sca + t1S4(Sa — Sc) + t2b*Sp
:—c2(t154 + t2SB)).
4.1 Homothety with the orthic triangle . The triangleT = 4, B is homothetic
to the orthic triangled’ B’C’. The center of homothety is the point

P(T) = toSp +1t3Sc  t3Sc + 1154 1154+ 1258
N Sa ' SB ' Sc ’

and the ratio of homothety is

3)

t1a2Saa + taob?>Spp + t3c*Sce
2SaBc '

Proposition 7. If the Euler lines £;, ¢ = 1,2, 3, are concurrent, the homothetic
center P(T) of T and the orthic triangle lies on the line £,.

1+
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Proof. If we write P(T) = (x : y : z). From (3), we obtain

4 = —xSa+ySp+ 2S¢ 4 — —ySp + 2S¢ + xS —zSc +xS4+ySp
' 254 ro T 255 r 250 '

Substitution in (2) yields the equation of the ligg. O

For example, iftl = to = t3 = t, P(T) = X25 = (% : % : %) ’ If
the ratio of homothety is 0, triangl€ degenerates into the poinbs on L,. The
intersection ofZ. and £, is the point

Q(XQE)) :(CLQSA(bLlS% + 64‘5% + (IQSAAA(SB — 50)2
— Sapc(4a®Spc 4+ 384(Sg — Sc)?) 1 -1 --1).

Remark. The lineL, is also the locus of the centroid @ for which the Euler lines
L;,i=1,2,3, concur.

4.2 Common point of £;, i = 1,2, 3, on the Brocard axis. We consider the case
when the Euler line€;, i = 1,2, 3, intersect on the Brocard axis. A typical point
on the Brocard axis, dividing the segmé&ni in the ratiot : 1 — ¢, has coordinates

(@2(Sa(Sa + S + Sc) + (Spe — Saa)t) 1+ 1),
This point lies on the Euler line§;, : = 1, 2, 3, if and only if we choose

—(Sa+ Sp + Sc)(S? — Saa) + 622 (Sp + Sc — 25a)t

L 2S44(Sa + S5 + S¢) ’

. :—(SA—i-SB—I—Sc)(SQ—SBB)—i-CQaQ(Sc—I—SA—QSB)t
? 25pB(Sa+ S+ Sc) ’
—(Sa+ S+ Sc)(SQ — Scco) —|—a2b2(5,4 + Sp —2So)t

2Scc(Sa+ Sp + Sc)

The corresponding triangl® is homothetic to the orthic triangle at the point

t3 =

(a*(—(Sa+ S+ S0) - a’Sa +t(—(254 + Sp + Sc)Spc + b°Sca + *Sap) i+ 1 +-+),

which divides the segmeri; g4 K in the ratio2t : 1 —2¢t. The ratio of homothety is

_Z;ZQBCZ . These triangles are all directly congruent to the medial tangential triangle

of ABC'. We summarize this in the following proposition.

Proposition 8. Corresponding to the family of triangles directly congruent to the
medial tangential triangle, homothetic to orthic triangle at points on the line 4,,
the common points of the Euler lines of £;,i = 1,2, 3, all lie on the Brocard axis.

’see als@3.1(1). The tangential triangle T with ¢ = 1.
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5. Perspectivity of T with ABC

Proposition 9. Thetriangles T and ABC are perspective if and only if
> (SB — Sc)(t1Saa — tatsSpe) = 0. (4)
cyclic

Proof. From the coordinates of the verticesBfit is straightforward to check that
T and ABC are perspective if and only if

t1a%25 44 + t2b%SEE + t3¢2Scc + 2540 = 0
or (4) holds. Since the area of triandleis
(t1a2S a4 + t2b?Spp + t3c2Scc + 2Sapc)?

a?b2c2S Apc
times that of triangled BC, we assume; a?S 44 +t2b?>Spp+t3¢>Scc+2Sapc #
0 and (4) is the necessary and sufficient condition for perspectivity. O

Theorem 10. If the triangle T is hondegenerate and is perspective to ABC, then
the perspector lies on the Jerabek hyperbola of ABC.

Proof. If triangles A; B1C; and ABC are perspective & = (z : y : 2), then
Ai=(u+z:y:2), Bi=(@:v+y:2), Ci=(x:y:w+2)

for someu, v, w. Since the lineB;C is parallel toB’'C’, which has infinite point
(Sp—Sc: —(Sc+S4) : Sa+ Sg), we have

Sp—Sc —(Sc+Sa) Sa+Sp
x Y+ z =0,
T Y zt+w

and similarly for the other two lines. These can be rearranged as

(Sc—I—SA){L’—(SB—Sc)y (SB—Sc)Z—i-(SA—i-SB)x

v - w :SB - SC?
(Sa+SB)y —(Sc —Sa)z  (Sc—Sa)z+ (Sp+Sc)y
" - " =S¢ — Sa,
(SB-l-Sc)Z—(SA—SB)x (SA—SB)y-I-(Sc-I-SA)Z _g g
_ =94 — OB-
U v

Multiplying these equations respectively by
SA(SB +Sc)yz, SB(Sc-I-SA)Zx, Sc(SA-I-SB)xy
and adding up, we obtain

x Yy z)
14247242 SA(Spp — S —0.
(+“+”+wcyzd;c A(Sps — Scc)yz

Since the area of triangI€ is

uvw(l—l—f—i—g—l—i)
U v w
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times that of triangleA BC, we must have + £ + £ 4 2 =£ (. It follows that
> SalSps — Sce)yz =0.

cyclic

This means thaP lies on the Jerabek hyperbola. a

We shall identify the locus of the common points of Euler line§8t8 below.
In the meantime, we give a construction for the pdifrom the perspector on the
Jerabek hypebola.

Construction. Given a pointP on the Jerabek hyperbola, construct parallels to
A'B" and A'C’ through an arbitrary pointl; on the line AP. Let M; be the
intersection of the Euler lines of the triangles formed by these antiparallels and
the sidelines ofABC. With another point4/ obtain a point)M, by the same
construction. Similarly, working with two point8; and By on BP, we construct
another lineM;M,. The intersection ol; M and M3 M, is the common poing)

of the Euler lines corresponding the antiparallels that bound a triangle perspective
to ABC atP.

6. The Tucker hexagons and theline £

It is well known that if the antiparallels, together with the sidelines of triangle
ABC, bound a Tucker hexagon, the vertices lie on a circle whose center is on the
Brocard axis. If this center divides the segménk in the ratiot : 1 — ¢, the
antiparallels pass through the points dividing the symmedians in the same ratio.
The vertices of the Tucker hexagon are

By = (Sc+ (1 —t)c?:0:tc?), C, = (Sp+ (1 —t)b% : tb? : 0),
Cy= (ta?: Sa+ (1 —t)a®:0), Ap=(0:Sc+ (1 —t)c? : tc?),
Ae=(0:tb%: Sp+ (1 —t)b?), Be=(ta? :0: Sa+ (1 —t)a?).
In this case,
2 2 2 2 212
1t = t-b°c 1ty = t-cca 1ty = t-a“b

Sa(Sa+Ss+Sc)’ SB(Sa+ S+ Sc)’ Sc(Sa+ S+ Sc)’
It is clear that the Euler lineg;, i = 1,2,3, are concurrent. As varies, this
common point traverses a straight lide We show that this is the line joining’
to Q(K).
(1) Fort = 1, this Tucker circle is the second Lemoine circle with certer
the triangleT degenerates into the poii€. The common point of the
Euler lines is therefore the poif}(K). See§3.2 and Figure 3.
(2) Fort = % the vertices of the Tucker hexagon are

By = (a®> + % —2¢? : 0 : 3¢?), Cy = (2 +a%—2b%:3b%:0),
Cyp = (3a? : b* + c? — 242 : 0), Ap = (0:a®+ % —2¢%: 3c?),
Ae=(0:3b%: 2 4 a® —20%), B. = (3a%:0: 0%+ 2 — 2a?).
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The trianglesT;, i = 1,2,3, have a common centroi&’, which is
therefore the common point of their Euler lines. The corresponding Tucker
center is the poinks7g (which dividesOK in the ratio3 : —1).

From these, we obtain the equation of the line
Ly > b2?Sa(Sp — Sc)(Sca + Sap — 2Spc)x = 0.
cyclic

Remarks. (1) The triangleT is perspective tod BC at K. See, for example, [5].
(2) The line £; also containsX;, which we may regard as corresponding to
t = 0.

For more about Tucker hexagons, §8e2.

7. Concurrency of four or more Euler lines

7.1 Common point of £;, 7 = 1,2, 3, on the Euler line of ABC. We consider the
case when the Euler ling§;, i = 1,2, 3, intersect on the Euler line cABC. A
typical point on the Euler line axis divides the segmé@# in the ratiot : 1 — ¢,
has coordinates

(a%S4 — (Sca + Sap —2Spo)t) t -+ 1 --+).
This lies on the Euler lines;, ¢ = 1,2, 3, if and only if we choose
(8% — Saa) + (S —3Saa)t

= 2544 ’

t :—(52 — Spp) +(S% - 3SBB)t,

s :—(52 — Scco) + (52 — 3Scc)t.
2Scc

Independently of, the corresponding triangl® is always homothetic to the
medial tangential triangle at the poifffy;; on the lineL,, for which Q(Po71) =
Xoo71, the intersection of, with the Euler line. See the end §3.2 above. The
ratio of homothety id + ¢ — iﬁggg t. We summarize this in the following propo-
sition.

Proposition 11. Let Py7; be the point on £, such that Q(FPo71) = Xao71. The
Euler lines £;, 1 = 1,2, 3, corresponding to the sidelines of triangles homothetic
at P71 to the medial tangential triangle intersect on the Euler line of ABC.

7.2 Theline L¢. The Euler line of triangl€r is the line
(@+y+2) > ta*Saa(Sp — Sc)(S® + Spc)(S® - Saa)

cyclic

=254pc Y (S?+50a)(S® + Sap)z. (5)

cyclic
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Theorem 12. The Euler lines of the four triangles T and T;, ¢ = 1,2,3, are
concurrent if and only if

_ 1652 . Sapc + t(a2b4c4 — 4SABC(3S2 —S44))

t pu—

! 4SAA(a2b2C2 + 4SABC) ’

fy = 1652 . Sapc + t(a4b204 — 4SABc(3SQ — SBB))
4SBB(a2b202 + 4SABC) ’

fy = — 1652 . Sapc + t(a4b402 — 4SABc(3SQ —Sce))
4SCc(a2b262 + 4SABC) ’

; —24a?b%c*S i
with ¢t # (a2b2c2—8SABc)(§(5A0+Sgi%c) ST 5a50)" The locus of the common point

of the four Euler linesisthe line £; joining the nine-point center of ABC' to Xjg4,
with the intersection with £, deleted.

Proof. The equation of the Euler ling;, ¢ = 1, 2, 3, can be rewritten as

t154(SB — Sc)(x+y+ 2z) + Saa(Sp — Sc)x

+(SaB(Se — Sc) — (Saa — SB)Sc)y + (Sac(Se — Sc) + (Saa — Scc)Ss)z =0, (6)
t2Sa(Sp — Sc)(x+y+ z)+ See(Sc — Sa)y

+(SBa(Sc —Sa) + (S — Saa)Sc)x + (Sc(Sc — Sa) — (S — Scc)Sa)z =0, (7)
t3Sc(Sa — SB)(x +y + 2) + Scc(Sa — SB)z

+(Sca(Sa—SB) — (Scc — Saa)Se)z + (Scs(Sa — SB) + (Scc — Ser)Sa)y =0. (8)

Multiplying (4), (5), (6) respectively by
a®Sa(S%4+Spc)(S?—San), b*Sp(S*+Sca)(S*—Spp), *Sc(S*+Sap)(S*—Scc),

and adding, we obtain by Theorem 10 the equation of the line
L : 3" (S5 — Sc)(5%(2544 — Spe) + Sapc - Sa)z =0
cyclic

which contains the common point of the Euler linesof i = 1,2, 3, if it also
lies on the Euler line of T. The line £; contains the nine-point centéf; and
Xig4 = (a*S4 : b*Sp : ¢1S¢c). Let Q; be the point which divides the segment
X1g84X5 in the ratiot : 1 — ¢t. It has coordinates

(1 —)45% - a*S4 + t(a*v?c? + 4Sapc)(Sca + Sap + 2SBc)
(11— t)4S2 b*Sp + t(a2b2c2 +4S4pc)(25ca + Sap + Spo)
(1 —1)4S? - c*Sc + t(a?b?c® + 4Sapc)(Sca + 2Sap + Spe)).

The pointQ; lies on the Euler lineg;, i = 1,2, 3, respectively if we choosg, to,
t3 given above.
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If Q lies onLy, then@; = Q(P) for some pointP on L. 8 In this case, the
triangle T degenerates into the poiit # @ and its Euler line is not defined.
It should be excluded fronf;. The corresponding value @fis as given in the
statement above. O

Here are some interesting points 6n

(1) Fort =0, T is perspective witth BC' at X74, and the common point of the
four Euler lines isX;g4. The antiparallels are drawn through the intercepts

of the trilinear polars ofX g5 = (Wgwm R ) the inversive
image of the orthocenter in the circumcircle.

(2) Fort = 1, this common point is the nine-point of triangkeBC. The
triangle T is homothetic to the orthic triangle &; and to the medial
tangential triangle at the poiy7; in §3.2.

) t= —Z;iifz gives X156, the nine-point center of the tangential triangle.

In these two cases, we have the concurrency of five Euler lines.

(4) The lineL; intersects the Brocard axis Akgg. This corresponds to =
2 2b2 2
3a2b2((:12+4CSABC '
Proposition 13. Thetriangle T is perspective with ABC' and its Euler line con-
tains the common point of the Euler lines of T;, i = 1,2, 3 precisaly in the follow-
ing three cases.

(1) t = 0, with perspector X7, and common point of Euler line Xig4.

_ —12a2b%c2SaBc .
2 t= T T2 28 1 s 2168 aB0)E with perspector K.

Remarks. (1) In the first case,

t1 = K to = K ts = K
VR °" Spp’ ° 7 Sce
for k = — ,2525apc__ The antiparallels pass through the intercepts of the trilin-

 a?b2c2 4454 pg - . ) )
ear polar ofX g4, the inversive image off in the circumcircle.

(2) In the second case, the antiparallels bound a Tucker hexagon. The center of
the Tucker circle divide®) K in the ratiot : 1 — ¢, where
. 52(5,4 + S+ Sc)(a2b2c2 —16Sapc)
~atbict — 12a2b2c2Sapo — 16(Sapc)?
It follows that the common point of the Euler lines is the intersection of the lines
Ef = X5X184 andﬁt.

8. Common pointsof £;,7 = 1,2,3, when T is perspective

If the Euler liness;, i = 1,2, 3, are concurrent, then, according to (2) we may
put
E(A+Sa4) E(A+ SB) k(A + So)

== =P gy =

a?544 b2Spp 2Scc

8This point is the intersection of, with the line joining the Jerabek centdrto Xs»3, the
reflection inX10 of the inversive image of the centroid in the circumcircle.
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for some\ andk. If, also, theT is perspective, (4) gives
kE(kX 4 Sapc)(A+ Sa+ Sp+ Sc)(k(3A + Sa+ S + Sc) +2Sac) = 0.
If £ =0, T is the orthic triangle. We consider the remaining three cases below.

8.1 Thecase k(S4 + S + Sc + 3A) + 254pc = 0. In this case,

_ 2S8apc +k(Sp + Sc — 254)

= 3a2544 ’
fy = — 2Sapc + k(Sc + Sa — 2SpB)
3b2SpR ’

B 2SaBc + k(Sa + Sp —2S¢)
T 3c¢2Scco '

The antiparallels are concurrent.

8.2 Thecase kA + Sapc = 0. In this case,
= k=S _k—Sca k= Sap
a2S, b2Sg 2S¢
In this case, the perspector is the Lemoine p@intThe antiparallels bound a

Tucker hexagon. The locus of the common point of Euler lines is thedindere
are some more interesting points on this line.

(1) Fork =0, we have
Spe Sca Sap

t1 =

—_— tg= — t3 = — o
Sa(Sp + Sc) 27 Sp(Sc + Sa) ° 7 Sc(Sa+ Sp)
This gives the Tucker hexagon with vertices

By = (Scc:0:5%), C,=(Spp:5%:0),
Cp=(S?:544:0), A,=(0:Scc:5?),
A.=(0:5%:8pp), Be=(5%:0:8544).

These are the pedals df, B/, C’ on the sidelines. The Tucker circle is the
Taylor circle. The triangl€rl’ is the medial triangle of the orthic triangle.
The corresponding Euler lines intersectXat,, which is the intersection
of ﬁt = KX74 with X5X125. See [2]

(2) Fork = 52482, we have

SBC SCA SAB

t1 = — 9 to = — 9 t3 = — .
YT T 5A(Sa+ SB + So) 27 T 95(Sa + S5 + S0) ® T T 50(Sa+ Sp + So)

The Tucker circle is the second Lemoine circle, considerg@in
(3) The lineL; intersects the Euler line at

2/Q2

Xurg — (M . )
Sa

The corresponding Tucker circle has center
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(S%(Sp+Sc)(Sc—8S4)(Sa—Sp)+3(Sa+Sp)(Sp+Sc)(Sc+Sa)Spc =~ ---)

which is the intersection of the Brocard axis and the line joining the ortho-
center toXy1g.

Figure 6. Intersection of 4 Euler lines &k-s

8.3 Thecase A = —(S4 + S + S¢). In this case, we have
ook kK
1 — SAA’ 2 — SBB’ 3 —

In this case, the perspector is the point

Soo

1
<25ABC.SA_k<bacz_szC> . >

on the Jerabek hyperbola. If the point on the Jerabek hyperbola is the isogonal
conjugate of the point which divide3H in the ratiot : 1 — ¢, then

_ 452 . SABC

N a?b?c2(1+t) + 4t - Sapc

The locus of the intersection of the Euler lingsi = 1,2, 3, is clearly a line.

Since this intersection is the Jerabek centekfer 0 (Thébault's theorem) and the
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centroid fork = 2-, this is the line

S2
3
L, > (SB - Sc)(Sse — Saa)r = 0.

cyclic
This line also contains, among other poini§,;, and X;g4. We summarize the
general situation in the following theorem.

Theorem 14. Let P be a point on the Euler line other than the centroid G. The
antiparallels through the intercepts of the trilinear polar of P bound a triangle
perspective with ABC' (at a point on the Jerabek hyperbola). The Euler lines of
thetriangles T, ¢« = 1,2, 3, are concurrent (at a point ¢ on theline L, joining the
centroid G to X11¢).

Here are some interesting examples witkeasily constructed on the Euler line.

| P | Perspector | Q |

H H X195
O Xes = X3 X110
X30 X§071 G

Xise | X74 X184

Xy03 | Xogs = X186™ | X199
Xog | Xiirr = Xgsg | Xig2
Xgs8 X1352
X1316 Xog

Remarks. (1) X is the inversive image off in the circumcircle.

(2) X403 is the midpoint betwee®l and X;sg.

(3) Xo3 is the inversive image af in the circumcircle.

(4) Xgs5g is the inferior of Xo3.

(5) X1s2 is the midpoint ofO K, the center of the Brocard circle.

(6) X352 is the reflection of{ in the nine-point center.

(7) X316 is the intersection of the Euler line and the Brocard circle apart {tbm

9. Two loci: alineand a cubic
We conclude this paper with a brief discussion on two locus problems.

9.1 Antiparallels through the vertices of a pedal triangle. Suppose the antiparal-
lels ¢;, i = 1,2,3, are constructed through the vertices of the pedal triangle of a
finite point P. Then the Euler lineg;, ¢ = 1,2, 3, are concurrent if and only iP
lies on the line

> Sa(Sp — Sc)(Saa — Spe)r = 0.

cyclic
This is the line containing? and the Tarry pointXps. For P = H, the common
point of the Euler line is

Xigs = (a2S4(Sa(Spp + Scc) +a?Spc) = - -+ -).
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9.2 Antiparallels through the vertices of a cevian triangle. If, instead, the antipar-
allels¢;, 1 = 1,2, 3, are constructed through the vertices of the cevian triangle of
P, then the locus of? for which the Euler lines;, ¢ = 1,2, 3, are concurrent is
the cubic

Sa+ S+ Sc x <5A+SB 9 Sc+8a 2>
K. 2= T ayr+ g - 22) =0.
Sapc Y Sa(Sp — Sc) Sc Y Sp

cyclic
This can also be written in the form
(D) (Sp+Sc)yz)( Y SalSs—Sc)(Sp + S¢ — Sa)z)

cyclic cyclic
=(Y_ 8a(Sp—Sc)x)( > SalSs+ Sc)yz).
cyclic cyclic

From this, we obtain the following points d&:

e the orthocenteH (as the intersection of the Euler line and the line
D eyelic S4(SB — Sc)(Sp + Sc — Sa)z) = 0),

o the Euler reflection poinkig (as the “fourth” intersection of the circum-
circle and the circumconi®_ . ;. Sa(Sg + Sc)yz = 0 with centerk),

¢ the intersections of the Euler line with the circumcircle, the poiits s
and Xq114.

Corresponding taP = Xji9, the Euler lines’;, i = 1,2, 3, intersect at the
circumcenteiO. On the other handX;13 and X114 are the points
(a®Sa+ MSca+ Sap —25pc) - :--+)

for \ = ———2%¢ ____ and\ = ———%<_ respectively. The antiparallels
v a2b2c2—8Sapc vV a2b2c2—8Sapco

through the traces of each of these points correspond to

A—1
t o=ty =t3 = .

This means that the corresponding intersections of Euler lines lie on thé line
HJin§2.2.

9.3 Thecubic K. The infinite points of the cubif can be found by rewriting the
equation offC in the form

() Sa(Sp = Se)(SB + Sc)yz)( Y (Sp + Sc)x)

cyclic cyclic

=(z+y+2)(D_ (Sp+50)(Sp — Sc)(54(Sa + Sp + 5¢) — Spc)yz)

cyclic
They are the infinite points of the Jerabek hyperbola and the(bpe+ S¢)z +

(SC + Sa)y + (SA + Sp)z = 0. The latter isX593 = (Sp — Sc : Sc— Sa :
Sa — Sp). The asymptotes df are
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¢ the parallels to the asymptotes of Jerabek hyperbola through the antipode

.)’

the Jerabek center on the nine-point circle,

X113 = ((Sca+ Sap —2Spc) (b Spp +*Scc —a*Saa—2Sapc) « -
¢ the perpendicular to the Euler line (dfBC) at the circumcente®, inter-

sectingkC again at
Sca+ Sap —2SBc >

Z = :
(bQSBB +c2Scc —a?Saa — 2SaBC
which also lies on the line joiningl to X;19. See Figure 7

," ! Jerabek
‘ hyperbola

\
\
[

Figure 7. The cubidC

9We thank Bernard Gibert for providing the sketchk®fn Figure 7.
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Remark. The asymptotes of and the Jerabek hyperbola bound a rectangle in-
scribed in the nine-point circle. Two of the vertices ahe: Xjo5 and its antipode
X113. The other two are the poinfs;312 and X;313 on the Euler line.
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