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Steiner’s Theorems on the Complete Quadrilateral

Jean-Pierre Ehrmann

Abstract. We give a translation of Jacob Steiner's 1828 note on the complete
quadrilateral, with complete proofs and annotations in barycentric coordinates.

1. Steiner’snote on the complete quadrilateral

In 1828, Jakob Steiner published in Gergonn&fmalesa very short note [9]
listing ten interesting and important theorems on the complete quadrilateral. The
purpose of this paper is to provide atranslation of the note, to prove these theorems,
along with annotations in barycentric coordinates. We begin with a translation of
Steiner’s note.

Suppose four lines intersect two by two at six points.

(1) These four lines, taken three by three, form four triangles whose circum-
circles pass through the same paifit

(2) The centers of the four circles (and the padifjtlie on the same circle.

(3) The perpendicular feet frorf to the four lines lie on the same lirfe, and
F is the only point with this property.

(4) The orthocenters of the four triangles lie on the same7ihe

(5) Thelinesk andR’ are parallel, and the linR passes through the midpoint
of the segment joining" to its perpendicular foot oRY.

(6) The midpoints of the diagonals of the complete quadrilateral formed by the
four given lines lie on the same i@’ (Newton).

(7) ThelineR” is a common perpendicular to the linRsandR..

(8) Each of the four triangles in (1) has an incircle and three excircles. The
centers of these 16 circles lie, four by four, on eight new circles.

(9) These eight new circles form two sets of four, each circle of one set being
orthogonal to each circle of the other set. The centers of the circles of each
set lie on a same line. These two lines are perpendicular.

(10) Finally, these last two lines intersect at the pdintentioned above.

The configuration formed by four lines is called a complete quadrilateral. Figure
1illustrates the first 7 theorems on the complete quadrilateral bounded by the four
linesUVW,UBC, AVC, andABW . The diagonals of the quadrilateral are the
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segmentsAU, BV, CW. The four trianglesABC, AVW, BWU, andCUV are
called the associated triangles of the complete quadrilateral. We denote by
e H, H,, Hy, H.their orthocenters,
e I''T",, Iy, ', their circumcircles, and
e 0,0y, Oy, O, the corresponding circumcenters.

R”

Figure 1.

2. Geometric preliminaries

2.1 Directed angles.We shall make use of the notion directedangles. Given
two lines¢ and?, the directed anglé¢/, ¢') is the angle through whichmust be
rotated in the positive direction in order to become parallel to, or to coincide with,
the line/'. See [35§16-19]. It is defined modula.

Lemma 1. Q) (6, 0"y =, 0+ (¢, e").
(2) Four noncollinear points?, @, R, S are concyclic ifand only ifPR, PS) =
(QR,QS).
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2.2. Simson-Wallace linesThe pedalg of a pointM on the linesBC, CA, AB
are collinear if and only if\f lies on the circumcircld” of ABC. In this case,
the Simson-Wallace line passes through the midpoint of the segment jdifitg
the orthocented of triangle ABC. The point)M is the isogonal conjugate (with
respect to trianglel BC') of the infinite point of the direction orthogonal to its own
Simson-Wallace line.

Figure 2 Figure 3

2.3 The polar circle of a triangle.There exists one and only one circle with re-
spect to which a given triangld BC is self polar. The center of this circle is the
orthocenter ofA BC' and the square of its radius is

—4R? cos Acos B cos C.

Thispolar circle is real if and only ifA BC' is obtuse-angled. It is orthogonal to any
circle with diameter a segment joining a vertexABC' to a point of the opposite
sideline. The inversion with respect the polar circle maps a vertek#(t' to its

pedal on the opposite side. Consequently, this inversion swaps the circumcircle
and the nine-point circle.

2.4. Center of a direct similitudeSuppose that a direct similitude with cenfer
mapsM to M’ andN to N/, and that the lined/ M’ and N N’ intersect afS. If
does not lie on the lind/ N, thenM, N, ), S are concyclic; so ard/, N/, Q, S.
Moreover, it M N 1L M'N’, the circlesM NQ.S and M’ N’'Q.S are orthogonal.

Lin this paper we use the word pedal in the sense of orthogonal projection.
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3. Steiner’s Theorems 1-7

3.1 Steiner's Theorem 1 and the Miguel poittet F* be the second common point
(apart fromA) of the circlesl” andT,. Since
(FB,FW) = (FB,FA)+(FA,FW) = (CB,CA)+(VA, VW)= (UB,UW),

we havel’ € I'y, by Lemma 1(2). Similarly” € I'.. This proves (1).
We call F' the Miguel pointof the complete quadrilateral.

Figure 4.

3.2 Steiner’'s Theorem 3 and the pedal linEhe pointF' has the same Simson-
Wallace line with respect to the four triangles of the complete quadrilateral. See
Figure 5. Conversely, if the pedals of a point on the four sidelines of the com-
plete quadrilateral lie on a same ling, must lie on each of the four circumcircles.
Hence,M = F. This proves (3).

We call the lineR the pedal lineof the quadrilateral.

3.3 Steiner’'s Theorems 4, 5 and the orthocentric lies the midpoints of the
segments joining to the four orthocenters lie R, the four orthocenters lie on a
line R’, which is the image oR under the homothetlg(F, 2). This proves (4) and
(5). See Figure 5.

We call the lineR’ the orthocentric lineof the quadrilateral.

Remarks.(1) AsU, V, W are the reflections of" with respect to the sidelines of
the triangleO, 0, 0., the orthocenter of this triangle lies @h

(2) We have(BC,FU) = (CA,FV) = (AB, FW) because, for instance,
(BC,FU) = (UB,UF) = (WB,WF) = (AB,FW).
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Figure 5.

(3) Let P,, P, P. be the projections of" upon the linesBC, C A, AB. As
P,, P, C, F are concyclic, it follows tha¥ is the center of the direct similitude
mappingFP, to U and F, to V. Moreover, by (2) above, this similitude mapgsto
W.

3.4. Steiner’'s Theorem 2 and the Miquel circlBy Remark (3) above, if;, F;, F,
are the reflections aof" with respect to the line®C, C A, AB, a direct similitude
o with centerF mapsF, to U, F, to V, F. to W. As A is the circumcenter of
FF,F,, it follows thato (A) = O,; similarly, o (B) = O, ando (C) = O.. As A,
B, C, F are concyclic, so aré,, Oy, O., F'. HenceF' and the circumcenters of
three associated triangles are concyclic. It follows thaf),, Oy, O, F lie on the
same circle, say.,,,,. This prove (2).

We calll’,,, the Miquel circle of the complete quadrilateral. See Figure 6.

3.5. The Miquel perspectorNow, by§2.4, the second common pointlbfandT;,,
lies on the three lined O, BO,, CO,.. Hence,
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Figure 6.

Proposition 2. The triangleO, 0,0, is directly similar and perspective withBC'.
The center of similitude is the Miquel poift and the perspector is the second
common point” of the Miquel circle and the circumcirclE of triangle ABC.

We call F’ the Miquel perspectoof the triangleABC.

3.6. Steiner’'s Theorems 6, 7 and the Newton lik¢e call diagonal trianglethe
triangle A’ B'C’ with sidelinesAU, BV, CW.

Lemma 3. The polar circles of the triangled BC', AVW, BWU, CUV and the
circumcircle of the diagonal triangle are coaxal. The three circles with diameter
AU, BV, CW are coaxal. The corresponding pencils of circles are orthogonal.

Proof. By §2.3, each of the four polar circles is orthogonal to the three circles with
diameterAU, BV, CW. More over, as each of the quadruples, U, B, C"),
(B,V,C’",A") and(C, W, A’, B') is harmonic, the circled’ B'C’ is orthogonal to

the three circles with diametetU, BV andCW . O
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Figure 7.

As the line of centers of the first pencil of circles is the orthocentric Rhet
follows that the midpoints ofir, BV andCW lie on a same liné?’ perpendic-
ular toR’. This proves (6) and (7).

4. Some further results

4.1 The circumcenter of the diagonal triangle.

Proposition 4. The circumcenter of the diagonal triangle lies on the orthocentric
line.

This follows from Lemma 3 an§2.3.
We call the lineR” theNewton lineof the quadrilateral. As the Simson-Wallace
line R of F is perpendicular t&k”, we have

Proposition 5. The Miquel point is the isogonal conjugate of the infinite point of
the Newton line with respect to each of the four triangleBC, AVIW, BWU,
cUV.
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4.2 The orthopoles.Recall that the three lines perpendicular to the sidelines of a
triangle and going through the projection of the opposite vertex on a given line go
through a same point : th@thopoleof the line with respect to the triangle.

Figure 8

Proposition 6 (Goormaghtigh) The orthopole of a sideline of the complete quadri-
lateral with respect to the triangle bounded by the three other sidelines lies on the
orthocentric line.

Proof. See [1, pp.241-242]. O

5. Some barycentric coor dinates and equations

5.1 Notations. Given a complete quadrilateral, we consider the triangle bounded
by three of the four given lines as a reference triangheC, and construe the fourth
line as the trilinear polar with respect #BC' of a point@ with homogeneous
barycentric coordinate@: : v : w), i.e, the line
C: L )
u v w
The intercepts of. with the sidelines of trianglel BC' are the points

U=(0:v:—-w), V=(-u:0:w), W= (u:—v:0).
The linesAU, BV, CW bound the diagonal triangle with vertices
A= (~u:v:w), B =(u:—v:w), C'=(u:v:—w).

TrianglesABC and A’ B'C’ are perspective a).
We adopt the following notations. i, b, ¢ stand for the lengths of the sides
BC,CA, AB, then

1 1 1
&:§W+8—fyA%:§@+J—VyA%:§M+#—8y
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We shall also denote by twice of the signed area of trianglé BC', so that
Spa=S5-cotA, Sp=85-cotB, Sc=5":cotC,
and
Spc + Sca+ Sap = S2.
Lemma?. (1) The infinite point of the lin& is the point
(u(v —w) : v(w —u) : wlu —v)).
(2) Lines perpendicular t& have infinite point{, : A, : A.), where

A = Spv(w—u)— Scw(u —v),

X = Scw(u—v)—Sau(v—w),

Ae = Sau(v—w)— Spv(w —u).
Proof. (1) is trivial. (2) follows from (1) and the fact that two lines with infinite
points(p : ¢ : v) and(p : ¢ : r") are perpendicular if and only if

Sapp’ + Spqq + Scrr’ = 0.

Consequently, given a line with infinite poif : ¢ : ), lines perpendicular to it
all have the infinite pointSgq — Scr : Sor — Sap : Sap — SBq). O

5.2 Coordinates and equationd/e give the barycentric coordinates of points and
equations of lines and circles in Steiner’s theorems.

(1) The Miquel point:

(2) The pedal line:

v—w w—u u—v

=0.
Scv + Spw — a2ux+ Saiw + Scu — b2vy+ Spu + Sav — 2w’

(38) The orthocentric line:

R : (v —w)Sax + (w—u)Spy + (u — v)Scz = 0.
(4) The Newton line:
R : w+w—uwzr+(w+u—v)y+ (u+v—w)z=0.

(5) The equation of the Miquel circle:

2R*(x 4y + 2)

a’yz + bzz + Cay + W= w)(w—wu—v

) (U;Qw)\ax—&— wb;u)\by—&— uc—2v>\cz> =0.

(6) The Miquel perspector, being the isogonal conjugate of the infinite point
of the direction orthogonal tg, is

o (P8
N Xa N A/

The Simson-Wallace line of” is parallel to/.
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(7) The orthopole ofZ with respect taABC' is the point
()‘a(_SBSC’Uw + bQSBwu + CQSCuv) e )

5.3. Some metric formulas Here, we adopt more symmetric notations. Ket
1=1,2,,3,4, be four given lines.
e For distinct; andyj, 4; j = ¢; N ¢;,
¢ 7, the triangle bounded by the three lines other thaf); its circumcenter,
R; its circumradius.
o I = OjAr; N OpA;; N OA; its Miquel perspectori.e., the second
intersection (apart fron#’) of its circumcircle with the Miquel circleR,,
is the radius of the Miquel circle.

Let d be the distance from’ to the pedal linéR andd, = (R, ¢;). Up to a direct
congruence, the complete quadrilateral is characterizet] #y0-, 65, andf,.

. . d
(1) The distance front" to ¢; is ———.
| cos 0]
d

| cos 6; cos 0]

sin(0; — 6;)
3) |ApAp | = d ’ :
( ) | ki k7-7| Cosgi COSHj Cosek

(4) The directed angleF' Ay, ;, F Ay ;) = (4;,£;) = 0; — ; mod .

d R; _
®) fon = 4|cos 01 cos B cos B3 cos 04| 2 |cos b;] fori=1,2,3,4
(6) |[FAi 2| |FAs4| = |FAi3|-|FAys| = |FAi4| - |FAy3| = 4dR,,.
(7) |FF;| = 2R;|sin 6;).
(8) Theorientedangle between the vecto&F andO;F; = —26; mod 2.
(9) The distance front” to R” is

(2) |FA; ;| =

d
B [tan 01 + tan fs + tan @5 + tan 04] .

6. Steiner’'s Theorems 8 — 10

At each vertex) of the complete quadrilateral, we associate the pair of angle
bisectorsm andm’. These lines are perpendicular to each othév/atWe denote
the intersection of two bisectors andn by m N n.

e T(m,n,p) denotes the triangle bounded by a bisectav/atone atV, and
one atP.
e I'(m, n, p) denotes the circumcircle @f(m,n,p).

Consider three bisectors b, c intersecting at a poinf, the incenter or one of
the excenters oA BC'. Suppose two bisectoksandw intersect ora. Then so do
v/ andw’. Now, the line joiningb N w andc N v is aU-bisector. If we denote this
line by u, thenu’ the line joiningb "w andc N v'.

The trianglesT(a’,b’,¢’), T(u,v,w), and T(u,v/,w’) are perspective af.
Hence, by Desargues’ theorem, the pouits u, b’ N v, andc’ N w are collinear;
so area’ Nu’, b’ NV, andc’ N w’. Moreover, as the corresponding sidelines of
trianglesT(u,v,w), andT(v,v/,w’) are perpendicular, it follows fror§2.4 that
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their circumcircled(u, v, w), andI'(J/, v/, w’) are orthogonal and pass through
See Figure &

Figure 9

As a intersects the circl€ (v, v/, w’) atJ andv'Nw’ and v’ intersects the circle
I'(,v,w') atu’Nv andu’ Nw/, it follows that the polar line of N v’ with respect
to I'(u’, v/, w") passes through NV andc Nw'. Hencel'(v,Vv/,w’) is the polar
circle of the triangle with vertices N v/, bN v/, cNw'. Similarly, I'(u, v, w) is the
polar circle of the triangle with verticesn u, bNv, cNw.

By the same reasoning, we obtain the following.

(a) As the triangled'(a’, b, c), T(u,Vv/,w’), andT(u’,v,w) are perspective at
Ja =anb' nd, it follows that

e the circlesl’(u,V/,w’) andT’(uv’, v, w) are orthogonal and pass through,
e the pointsa’ Nu, b N v/, andc Nw’ are collinear; so ar& Nu’, bNv, and
cNw,

2In Figures 9 and 10, at each of the poiats B, C, U, V, W are two bisectors, one shown in
solid line and the other in dotted line. The bisectors in solid lines are laheledc, u, v, w, and
those in dotted line labeled, b’, ¢, u’, v/, w’. Other points are identified as intersections of two of
these bisectors. Thus, for example=anb,andJs =b' Nc'.
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e the circlel'(u,Vv/,w’) is the polar circle of the triangle with verticas u,
b’Nv/, 'nw/, andl’(u’, v, w) is the polar circle of the triangle with vertices
anud,b’'Nv,d Nw.

(b) As the trianglesT'(a, b, c), T(v’,v,w'), andT(u, V', w) are perspective at
Jg =a' Nnbnd, it follows that

e the circlesl'(u/, v,w’) andT’(u, V', w) are orthogonal and pass throud#,

e the pointsa N v/, b’ Nv, andc Nw’ are collinear; so areNu, b’ N/, and
cNw,

e the circlel’(v, v,w’) is the polar circle of the triangle with verticesu’,
bNv, ' Nw/, andl(u, v/, w) is the polar circle of the triangle with vertices
aNu,bNv,dNw.

(c) As the trianglesT'(a, b, ), T(u',Vv/,w), andT(u,v,w’) are perspective at
Jo = a' Nb' N, it follows that

e the circles'(v/, v/, w) andT’(u, v, w’) are orthogonal and pass through,

e the pointsan v/, bN v/, andc’ N w are collinear; so are N u, b N v, and
d Nw,

e the circleI'(J, v/, w) is the polar circle of the triangle with vertices v/,
b’Nv/, cNw, andl'(u, v, w’) is the polar circle of the triangle with vertices
aNu,b'Nv,enw’.

Therefore, we obtain two new complete quadrilaterals:
(1) 9 with sidelines those containing the triples of points

(a'Nu, b'nv, 'nw), (a’Nu, brv/, cnw’), (anu’, b'Nv, cnw’), (and’, brv/, 'nNw),
(2) Qs with sidelines those containing the triples of points
(@'nd’; b'nv/, 'nw’), (a'nu’, bv, enw), (anu, b'Nv/; cnw), (anu, bnv, c'Nw’).
The polar circles of the triangles associated v@hare
r(,v,w), T(W,v,w), T'(u,v,w), T'(u,v,w).
These circles pass through J4, Jg, Jo respectively.
The polar circles of the triangles associated withare
I'(u,v,w), T(u,v',w'), T'(u,v,w), T(u,v,w).

These circles pass through Ja, Jp, Jo respectively. Moreover, by2.4, the
circles in the first group are orthogonal to those in the second group. For example,
asu andu’ are perpendicular to each other, the cirdiés, v,w) andT'(d, v, w)

are orthogonal. Now it follows from Lemma 3 applied@ and O, that

Proposition 8 (Mention [4]). (1) The following seven circles are members of a
pencil ®:

['(u,v,w), T(u,v,w'), T, v,w'), T(u,V,w),
and those with diameters

(and)@ Nu), (bNV)(b' Nv), (cnw)(d Nw).
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(2) The following seven circles are members of a pedcil
L', v,w), T(W,v,w), T'(u,v,w), T'(u,v,w),
and those with diameters
(anu)@ nd), (bnv)(b'NV), (cnw)(d Nw).
(3) The circles in the two pencitB and ¥ are orthogonal.

This clearly gives Steiner's Theorems 8 and 9.

Figure 10
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Let P be the midpoint of the segment joiningN  anda’ N u, and P’ the
midpoint of the segment joining N u andd N u’. The nine-point circle of the
orthocentric system

anu, a'nd, and, a'Nnu

is the circle with diameteP . This circle passes through andU. See Figure
11. FurthermoreP and P’ are the midpoints of the two arc8lJ of this circle. As
P is the center of the circle passing throudhU, a N v anda’ N u, we have

Figure 11.

(PA, PU) =2((anu')A, (anu)U)
—2((anu)A, AB) +2(AB, UV) +2(UV, (anu)U)
—(AC, AB) +2(AB, UV) + (UV, BC)

—=(CA, CB) + (AB, UV)
—=(CA, CB) + (WB, WU)
—(FA, FB) + (FB, FU)
—(FA, FU).

Hence, F' lies on the circle with diameteP P, and the linesF' P, F'P' bisect
the angles between the linésd and F'U .

As the central lines of the pencifs and® are perpendicular and pass respec-
tively through P and P, their common point lies on the circlEAU. Similarly,
this common point must lie on the circldsBYV and FCW. Hence, this com-
mon point isF'. This proves Steiner’'s Theorem 10 and the following more general
result.

Proposition 9 (Clawson) The central lines of the pencilsandd are the common
bisectors of the three pairs of liné$'A, FU), (FB, FV),and(FC, FWV).
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Note that, af F'A, FB) = (FV, FU) = (CA, CB), itis clear that the
three pairs of line§F'A, FU), (FB, FV), (FC, FW) have a common pair
of bisectors(f,f’). These bisectors are called timeentric linesof the complete
quadrilateral. With the notations §5.3, we have

2(R, f) = 2(R, f/) =01+ 02 + 63+ 04 mod .

7. Inscribed conics

7.1 Centers and foci of inscribed conic8Ve give some classical properties of the
conics tangent to the four sidelines of the complete quadrilateral.

Proposition 10. The locus of the centers of the conics inscribed in the complete
quadrilateral is the Newton lin&”.

Proposition 11. The locus of the foci of these conics is a circular focal cylean
Rees focal)

This cubicy passes througH, B, C, U, V, W, F, the circular points at infinity
I+, Jo and the feet of the altitudes of the diagonal triangle.

The real asymptote is the image of the Newton line under the homdilty),
and the imaginary asymptotes are the lides, and F'J,,. In other words F is
the singular focus of. As F' lies on they, v is said to bdocal. The cubicy is self
isogonal with respect to each of the four triangkeBC, AVW, BWU,CUV. It
has barycentric equation

uz (Py? +6%2%) + vy (a?2% + P2?) + wz (0*2® + a®y?)
+2 (Sau+ Spv + Scw) xyz = 0.

If we denote byPQ RS the van Rees focal aP, @, R, S, i.e,, the locus ofM
suchagMP,MQ) = (MR, MS), then

v=ABVU = BCWV = CAUW = AVBU = BWCV = CUAW.

Here is a construction of the cubic

Construction. Consider a variable circle through the pair of isogonal conjugate
points on the Newton lin€. Draw the lines through tangent to the circle. The
locus of the points of tangency is the cubicSee Figure 12

7.2 Orthoptic circles. Recall that the Monge (or orthoptic) circle of a conic is the
locus of M from which the tangents to the conic are perpendicular.

Proposition 12 (Oppermann) The circles of the pencil generated by the three cir-
cles with diameters AU, BV, CW are the Monge circle’s of the conics inscribed in
the complete quadrilateral.

Proof. See [5, pp.60-61]. O

3These points are not necessarily real.
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Figure 12.

7.3. Coordinates and equation$kecall that the perspector (or Brianchon point) of
a conic inscribed in the triangld BC' is the perspector ol BC' and the contact

triangle. Suppose the perspector is the pgintq : r).
(1) The center of the conic is the point

(p(g+7):q(r+p):r(p+q).

(2) The equation of the conic is

2 2 2

(3) ThelineZ £+ = — (s tangent to the conic if and onlylngr g +3=0.
(4) The equation of the Monge circle of the conic is
1 1 1 S S S,
(— + - —I——) (aPyz + b2z + Pay) = (v +y + 2) (—Ax—i- —By—l-—cz) .
p q T p q r
The locus of the perspectors of the conics inscribed in the complete quadrilateral
is the circumconic
u v w
—+-+—=0,
r vy z

i.e., the circumconic with perspectqy.
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7.4. Inscribed parabola.

Proposition 13. The only parabola inscribed in the quadrilateral is the parabola
with focusE and directrix the orthocentric lin&?.

Figure 13

The perspector of the parabola has barycentric coordinates

I T
v—w w—u u—v)

This point is the isotomic conjugate of the infinite point of the Newton line. It is
also the second common point (apart from the Steiner goofttriangle ABC) of
the line SF and the Steiner circum-ellipse.

If aline ¢’ tangent to the parabola intersects the lib&s, C A, AB respectively
atU’, V!, W', we have

(FU, FU') = (FV, FV') = (FW, FW') = (¢, {').

If four points P, Q, R, S lie respectively on the sideline8C, CA, AB, ¢ and
verify

(FP, BC) = (FQ, CA) = (FR, AB) = (FS, 0),

then these four points lie on the same line tangent to the parabola. This is a gener-
alization of the pedal line.
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