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Steiner’s Theorems on the Complete Quadrilateral

Jean-Pierre Ehrmann

Abstract. We give a translation of Jacob Steiner’s 1828 note on the complete
quadrilateral, with complete proofs and annotations in barycentric coordinates.

1. Steiner’s note on the complete quadrilateral

In 1828, Jakob Steiner published in Gergonne’sAnnalesa very short note [9]
listing ten interesting and important theorems on the complete quadrilateral. The
purpose of this paper is to provide a translation of the note, to prove these theorems,
along with annotations in barycentric coordinates. We begin with a translation of
Steiner’s note.

Suppose four lines intersect two by two at six points.

(1) These four lines, taken three by three, form four triangles whose circum-
circles pass through the same pointF .

(2) The centers of the four circles (and the pointF ) lie on the same circle.
(3) The perpendicular feet fromF to the four lines lie on the same lineR, and

F is the only point with this property.
(4) The orthocenters of the four triangles lie on the same lineR′.
(5) The linesR andR′ are parallel, and the lineR passes through the midpoint

of the segment joiningF to its perpendicular foot onR′.
(6) The midpoints of the diagonals of the complete quadrilateral formed by the

four given lines lie on the same lineR′′ (Newton).
(7) The lineR′′ is a common perpendicular to the linesR andR′.
(8) Each of the four triangles in (1) has an incircle and three excircles. The

centers of these 16 circles lie, four by four, on eight new circles.
(9) These eight new circles form two sets of four, each circle of one set being

orthogonal to each circle of the other set. The centers of the circles of each
set lie on a same line. These two lines are perpendicular.

(10) Finally, these last two lines intersect at the pointF mentioned above.

The configuration formed by four lines is called a complete quadrilateral. Figure
1 illustrates the first 7 theorems on the complete quadrilateral bounded by the four
linesUVW , UBC, AV C, andABW . The diagonals of the quadrilateral are the

Publication Date: March 17, 2004. Communicating Editor: Paul Yiu.



36 J.-P. Ehrmann

segmentsAU , BV , CW . The four trianglesABC, AVW , BWU , andCUV are
called the associated triangles of the complete quadrilateral. We denote by

• H, Ha, Hb, Hc their orthocenters,
• Γ, Γa, Γb, Γc their circumcircles, and
• O, Oa, Ob, Oc the corresponding circumcenters.
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Figure 1.

2. Geometric preliminaries

2.1. Directed angles.We shall make use of the notion ofdirectedangles. Given
two lines
 and
′, the directed angle(
, 
′) is the angle through which
 must be
rotated in the positive direction in order to become parallel to, or to coincide with,
the line
′. See [3,§§16–19]. It is defined moduloπ.

Lemma 1. (1) (
, 
′′) = (
, 
′) + (
′, 
′′).
(2) Four noncollinear pointsP ,Q,R,S are concyclic if and only if(PR,PS) =

(QR,QS).
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2.2. Simson-Wallace lines.The pedals1 of a pointM on the linesBC, CA, AB
are collinear if and only ifM lies on the circumcircleΓ of ABC. In this case,
the Simson-Wallace line passes through the midpoint of the segment joiningM to
the orthocenterH of triangleABC. The pointM is the isogonal conjugate (with
respect to triangleABC) of the infinite point of the direction orthogonal to its own
Simson-Wallace line.
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2.3. The polar circle of a triangle.There exists one and only one circle with re-
spect to which a given triangleABC is self polar. The center of this circle is the
orthocenter ofABC and the square of its radius is

−4R2 cosA cosB cosC.

Thispolar circle is real if and only ifABC is obtuse-angled. It is orthogonal to any
circle with diameter a segment joining a vertex ofABC to a point of the opposite
sideline. The inversion with respect the polar circle maps a vertex ofABC to its
pedal on the opposite side. Consequently, this inversion swaps the circumcircle
and the nine-point circle.

2.4. Center of a direct similitude.Suppose that a direct similitude with centerΩ
mapsM to M ′ andN to N ′, and that the linesMM′ andNN ′ intersect atS. If Ω
does not lie on the lineMN , thenM , N , Ω, S are concyclic; so areM′, N ′, Ω, S.
Moreover, ifMN⊥M ′N ′, the circlesMNΩS andM′N ′ΩS are orthogonal.

1In this paper we use the word pedal in the sense of orthogonal projection.
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3. Steiner’s Theorems 1–7

3.1. Steiner’s Theorem 1 and the Miquel point.LetF be the second common point
(apart fromA) of the circlesΓ andΓa. Since

(FB,FW ) = (FB,FA)+(FA,FW ) = (CB,CA)+(V A, V W ) = (UB,UW ),

we haveF ∈ Γb by Lemma 1(2). SimilarlyF ∈ Γc. This proves (1).
We callF theMiquel pointof the complete quadrilateral.
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Figure 4.

3.2. Steiner’s Theorem 3 and the pedal line.The pointF has the same Simson-
Wallace line with respect to the four triangles of the complete quadrilateral. See
Figure 5. Conversely, if the pedals of a pointM on the four sidelines of the com-
plete quadrilateral lie on a same line,M must lie on each of the four circumcircles.
Hence,M = F . This proves (3).

We call the lineR thepedal lineof the quadrilateral.

3.3. Steiner’s Theorems 4, 5 and the orthocentric line.As the midpoints of the
segments joiningF to the four orthocenters lie onR, the four orthocenters lie on a
lineR′, which is the image ofR under the homothetyh(F, 2). This proves (4) and
(5). See Figure 5.

We call the lineR′ theorthocentric lineof the quadrilateral.

Remarks.(1) AsU , V , W are the reflections ofF with respect to the sidelines of
the triangleOaObOc, the orthocenter of this triangle lies onL.

(2) We have(BC,FU) = (CA,FV ) = (AB,FW ) because, for instance,
(BC,FU) = (UB,UF ) = (WB,WF ) = (AB,FW ).



Steiner’s theorems on the complete quadrilateral 39

C

B

A

U

V

W

H

Ha

Hb

Hc

O

Oa

Ob

Oc

F

R

R′

Figure 5.

(3) Let Pa, Pb, Pc be the projections ofF upon the linesBC, CA, AB. As
Pa, Pb, C, F are concyclic, it follows thatF is the center of the direct similitude
mappingPa to U andPb to V . Moreover, by (2) above, this similitude mapsPc to
W .

3.4. Steiner’s Theorem 2 and the Miquel circle.By Remark (3) above, ifFa,Fb,Fc

are the reflections ofF with respect to the linesBC, CA, AB, a direct similitude
σ with centerF mapsFa to U , Fb to V , Fc to W . As A is the circumcenter of
FFbFc, it follows thatσ (A) = Oa; similarly, σ (B) = Ob andσ (C) = Oc. AsA,
B, C, F are concyclic, so areOa, Ob, Oc, F . HenceF and the circumcenters of
three associated triangles are concyclic. It follows thatO, Oa, Ob, Oc, F lie on the
same circle, say,Γm. This prove (2).

We callΓm theMiquel circleof the complete quadrilateral. See Figure 6.

3.5. The Miquel perspector.Now, by§2.4, the second common point ofΓ andΓm

lies on the three linesAOa, BOb, COc. Hence,
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Proposition 2. The triangleOaObOc is directly similar and perspective withABC.
The center of similitude is the Miquel pointF and the perspector is the second
common pointF ′ of the Miquel circle and the circumcircleΓ of triangleABC.

We callF ′ theMiquel perspectorof the triangleABC.

3.6. Steiner’s Theorems 6, 7 and the Newton line.We call diagonal trianglethe
triangleA′B′C ′ with sidelinesAU , BV , CW .

Lemma 3. The polar circles of the trianglesABC, AV W , BWU , CUV and the
circumcircle of the diagonal triangle are coaxal. The three circles with diameter
AU , BV , CW are coaxal. The corresponding pencils of circles are orthogonal.

Proof. By §2.3, each of the four polar circles is orthogonal to the three circles with
diameterAU , BV , CW . More over, as each of the quadruples(A,U,B′, C ′),
(B,V,C ′, A′) and(C,W,A′, B′) is harmonic, the circleA′B′C ′ is orthogonal to
the three circles with diameterAU , BV andCW . �
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As the line of centers of the first pencil of circles is the orthocentric lineR′, it
follows that the midpoints ofAU , BV andCW lie on a same lineR′′ perpendic-
ular toR′. This proves (6) and (7).

4. Some further results

4.1. The circumcenter of the diagonal triangle.

Proposition 4. The circumcenter of the diagonal triangle lies on the orthocentric
line.

This follows from Lemma 3 and§2.3.
We call the lineR′′ theNewton lineof the quadrilateral. As the Simson-Wallace

line R of F is perpendicular toR′′, we have

Proposition 5. The Miquel point is the isogonal conjugate of the infinite point of
the Newton line with respect to each of the four trianglesABC, AVW , BWU ,
CUV .
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4.2. The orthopoles.Recall that the three lines perpendicular to the sidelines of a
triangle and going through the projection of the opposite vertex on a given line go
through a same point : theorthopoleof the line with respect to the triangle.

CB

A

P

Figure 8

Proposition 6 (Goormaghtigh). The orthopole of a sideline of the complete quadri-
lateral with respect to the triangle bounded by the three other sidelines lies on the
orthocentric line.

Proof. See [1, pp.241–242]. �

5. Some barycentric coordinates and equations

5.1. Notations.Given a complete quadrilateral, we consider the triangle bounded
by three of the four given lines as a reference triangleABC, and construe the fourth
line as the trilinear polar with respect toABC of a pointQ with homogeneous
barycentric coordinates(u : v : w), i.e., the line

L :
x

u
+

y

v
+

z

w
= 0.

The intercepts ofL with the sidelines of triangleABC are the points

U = (0 : v : −w), V = (−u : 0 : w), W = (u : −v : 0).

The linesAU , BV , CW bound the diagonal triangle with vertices

A′ = (−u : v : w), B′ = (u : −v : w), C ′ = (u : v : −w).

TrianglesABC andA′B′C ′ are perspective atQ.
We adopt the following notations. Ifa, b, c stand for the lengths of the sides

BC, CA, AB, then

SA =
1
2
(b2 + c2 − a2), SB =

1
2
(c2 + a2 − b2), SC =

1
2
(a2 + b2 − c2).
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We shall also denote byS twiceof the signed area of triangleABC, so that

SA = S · cotA, SB = S · cotB, SC = S · cotC,

and
SBC + SCA + SAB = S2.

Lemma 7. (1) The infinite point of the lineL is the point

(u(v − w) : v(w − u) : w(u − v)).

(2) Lines perpendicular toL have infinite point(λa : λb : λc), where

λa = SBv(w − u) − SCw(u− v),
λb = SCw(u− v) − SAu(v −w),
λc = SAu(v − w) − SBv(w − u).

Proof. (1) is trivial. (2) follows from (1) and the fact that two lines with infinite
points(p : q : r) and(p′ : q′ : r′) are perpendicular if and only if

SApp′ + SBqq′ + SCrr′ = 0.

Consequently, given a line with infinite point(p : q : r), lines perpendicular to it
all have the infinite point(SBq − SCr : SCr − SAp : SAp− SBq). �

5.2. Coordinates and equations.We give the barycentric coordinates of points and
equations of lines and circles in Steiner’s theorems.

(1) The Miquel point:

F =
(

a2

v − w
:

b2

w − u
:

c2

u− v

)
.

(2) The pedal line:

R :
v − w

SCv + SBw − a2u
x +

w − u

SAw + SCu− b2v
y +

u− v

SBu + SAv − c2w
z = 0.

(3) The orthocentric line:

R′ : (v − w)SAx + (w − u)SBy + (u− v)SCz = 0.

(4) The Newton line:

R′′ : (v + w − u)x + (w + u− v)y + (u + v − w)z = 0.

(5) The equation of the Miquel circle:

a2yz + b2zx + c2xy +
2R2(x + y + z)

(v − w)(w − u)(u − v)

( v − w

a2
λax +

w − u

b2
λby +

u − v

c2
λcz

)
= 0.

(6) The Miquel perspector, being the isogonal conjugate of the infinite point
of the direction orthogonal toL, is

F ′ =
(
a2

λa
:
b2

λb
:
c2

λc

)
.

The Simson-Wallace line ofF ′ is parallel to
.
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(7) The orthopole ofL with respect toABC is the point

(λa(−SBSCvw + b2SBwu + c2SCuv) : · · · : · · · ).

5.3. Some metric formulas .Here, we adopt more symmetric notations. Let
i,
i = 1, 2, , 3, 4, be four given lines.

• For distincti andj, Ai,j = 
i ∩ 
j,
• Ti the triangle bounded by the three lines other than
i, Oi its circumcenter,

Ri its circumradius.
• Fi = OjAk,l ∩ OkAl,j ∩ OlAj,k its Miquel perspector,i.e., the second

intersection (apart fromF ) of its circumcircle with the Miquel circle;Rm

is the radius of the Miquel circle.

Let d be the distance fromF to the pedal lineR andθi = (R, 
i). Up to a direct
congruence, the complete quadrilateral is characterized byd, θ1, θ2, θ3, andθ4.

(1) The distance fromF to 
i is
d

| cos θi|
.

(2) |FAi,j | =
d

| cos θi cos θj |
.

(3) |Ak,iAk,j| = d

∣∣∣∣ sin(θj − θi)
cos θi cos θj cos θk

∣∣∣∣.
(4) The directed angle(FAk,i, FAk,j) = (
i, 
j) = θj − θi mod π.

(5) Rm =
d

4 |cos θ1 cos θ2 cos θ3 cos θ4|
=

Ri

2 |cos θi|
for i = 1, 2, 3, 4.

(6) |FA1,2| · |FA3,4| = |FA1,3| · |FA2,4| = |FA1,4| · |FA2.3| = 4dRm.
(7) |FFi| = 2Ri| sin θi|.
(8) Theorientedangle between the vectorsOiF andOiFi = −2θi mod 2π.
(9) The distance fromF to R′′ is

d

2
|tan θ1 + tan θ2 + tan θ3 + tan θ4| .

6. Steiner’s Theorems 8 – 10

At each vertexM of the complete quadrilateral, we associate the pair of angle
bisectorsm andm′. These lines are perpendicular to each other atM . We denote
the intersection of two bisectorsm andn by m ∩ n.

• T(m, n, p) denotes the triangle bounded by a bisector atM , one atN , and
one atP .

• Γ(m, n, p) denotes the circumcircle ofT(m, n, p).
Consider three bisectorsa, b, c intersecting at a pointJ , the incenter or one of

the excenters ofABC. Suppose two bisectorsv andw intersect ona. Then so do
v′ andw′. Now, the line joiningb ∩ w andc ∩ v is aU -bisector. If we denote this
line byu, thenu′ the line joiningb ∩ w′ andc ∩ v′.

The trianglesT(a′, b′, c′), T(u, v,w), and T(u′, v′,w′) are perspective atJ .
Hence, by Desargues’ theorem, the pointsa′ ∩ u, b′ ∩ v, andc′ ∩ w are collinear;
so area′ ∩ u′, b′ ∩ v′, andc′ ∩ w′. Moreover, as the corresponding sidelines of
trianglesT(u, v,w), andT(u′, v′,w′) are perpendicular, it follows from§2.4 that



Steiner’s theorems on the complete quadrilateral 45

their circumcirclesΓ(u, v,w), andΓ(u′, v′,w′) are orthogonal and pass throughJ .
See Figure 9.2
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As a intersects the circleΓ(u′, v′,w′) atJ andv′∩w′ and u′ intersects the circle
Γ(u′, v′,w′) atu′∩v′ andu′∩w′, it follows that the polar line ofa∩u′ with respect
to Γ(u′, v′,w′) passes throughb ∩ v′ andc ∩ w′. HenceΓ(u′, v′,w′) is the polar
circle of the triangle with verticesa ∩ u′, b ∩ v′, c ∩w′. Similarly, Γ(u, v,w) is the
polar circle of the triangle with verticesa ∩ u, b ∩ v, c ∩ w.

By the same reasoning, we obtain the following.
(a) As the trianglesT(a′, b, c), T(u, v′,w′), andT(u′, v,w) are perspective at

JA = a ∩ b′ ∩ c′, it follows that

• the circlesΓ(u, v′,w′) andΓ(u′, v,w) are orthogonal and pass throughJA,
• the pointsa′ ∩ u, b ∩ v′, andc ∩ w′ are collinear; so area′ ∩ u′, b ∩ v, and

c ∩ w,

2In Figures 9 and 10, at each of the pointsA, B, C, U , V , W are two bisectors, one shown in
solid line and the other in dotted line. The bisectors in solid lines are labeleda, b, c, u, v, w, and
those in dotted line labeleda′, b′, c′, u′, v′, w′. Other points are identified as intersections of two of
these bisectors. Thus, for example,J = a ∩ b, andJA = b′ ∩ c′.
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• the circleΓ(u, v′,w′) is the polar circle of the triangle with verticesa ∩ u,
b′∩v′, c′∩w′, andΓ(u′, v,w) is the polar circle of the triangle with vertices
a ∩ u′, b′ ∩ v, c′ ∩ w.

(b) As the trianglesT(a, b′, c), T(u′, v,w′), andT(u, v′,w) are perspective at
JB = a′ ∩ b ∩ c′, it follows that

• the circlesΓ(u′, v,w′) andΓ(u, v′,w) are orthogonal and pass throughJB ,
• the pointsa ∩ u′, b′ ∩ v, andc ∩ w′ are collinear; so area ∩ u, b′ ∩ v′, and

c ∩ w,
• the circleΓ(u′, v,w′) is the polar circle of the triangle with verticesa′ ∩ u′,

b∩ v, c′∩w′, andΓ(u, v′,w) is the polar circle of the triangle with vertices
a′ ∩ u, b ∩ v′, c′ ∩ w.

(c) As the trianglesT(a, b, c′), T(u′, v′,w), andT(u, v,w′) are perspective at
JC = a′ ∩ b′ ∩ c, it follows that

• the circlesΓ(u′, v′,w) andΓ(u, v,w′) are orthogonal and pass throughJC ,
• the pointsa ∩ u′, b ∩ v′, andc′ ∩ w are collinear; so area ∩ u, b ∩ v, and

c′ ∩ w′,
• the circleΓ(u′, v′,w) is the polar circle of the triangle with verticesa′ ∩ u′,

b′∩ v′, c∩w, andΓ(u, v,w′) is the polar circle of the triangle with vertices
a′ ∩ u, b′ ∩ v, c ∩ w′.

Therefore, we obtain two new complete quadrilaterals:

(1) Q1 with sidelines those containing the triples of points

(a′∩u, b′∩v, c′∩w), (a′∩u, b∩v′, c∩w′), (a∩u′, b′∩v, c∩w′), (a∩u′, b∩v′, c′∩w),

(2) Q2 with sidelines those containing the triples of points

(a′∩u′, b′∩v′, c′∩w′), (a′∩u′, b∩v, c∩w), (a∩u, b′∩v′, c∩w), (a∩u, b∩v, c′∩w′).

The polar circles of the triangles associated withQ1 are

Γ(u′, v′,w′), Γ(u′, v,w), Γ(u, v′,w), Γ(u, v,w′).

These circles pass throughJ , JA, JB , JC respectively.
The polar circles of the triangles associated withQ2 are

Γ(u, v,w), Γ(u, v′,w′), Γ(u′, v,w′), Γ(u′, v′,w).

These circles pass throughJ , JA, JB , JC respectively. Moreover, by§2.4, the
circles in the first group are orthogonal to those in the second group. For example,
asu andu′ are perpendicular to each other, the circlesΓ(u, v,w) andΓ(u′, v,w)
are orthogonal. Now it follows from Lemma 3 applied toQ1 andQ2 that

Proposition 8 (Mention [4]). (1) The following seven circles are members of a
pencilΦ:

Γ(u, v,w), Γ(u, v′,w′), Γ(u′, v,w′), Γ(u′, v′,w),

and those with diameters

(a ∩ u′)(a′ ∩ u), (b ∩ v′)(b′ ∩ v), (c ∩ w′)(c′ ∩ w).
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(2) The following seven circles are members of a pencilΦ′:

Γ(u′, v′,w′), Γ(u′, v,w), Γ(u, v′,w), Γ(u, v,w′),

and those with diameters

(a ∩ u)(a′ ∩ u′), (b ∩ v)(b′ ∩ v′), (c ∩ w)(c′ ∩ w′).

(3) The circles in the two pencilsΦ andΦ′ are orthogonal.

This clearly gives Steiner’s Theorems 8 and 9.
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Figure 10
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Let P be the midpoint of the segment joininga ∩ u′ and a′ ∩ u, andP ′ the
midpoint of the segment joininga ∩ u anda′ ∩ u′. The nine-point circle of the
orthocentric system

a ∩ u, a′ ∩ u′, a ∩ u′, a′ ∩ u

is the circle with diameterPP ′. This circle passes throughA andU . See Figure
11. Furthermore,P andP ′ are the midpoints of the two arcsAU of this circle. As
P is the center of the circle passing throughA, U , a ∩ u′ anda′ ∩ u, we have

a
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u′ u
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CU
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W
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a′ ∩ u′

a ∩ u

a′ ∩ u

F

Figure 11.

(PA, PU) =2((a ∩ u′)A, (a ∩ u′)U)

=2((a ∩ u′)A, AB) + 2(AB, UV ) + 2(UV, (a ∩ u′)U)

=(AC, AB) + 2(AB, UV ) + (UV,BC)

=(CA, CB) + (AB, UV )

=(CA, CB) + (WB, WU)

=(FA, FB) + (FB, FU)

=(FA, FU).

Hence,F lies on the circle with diameterPP′, and the linesFP , FP ′ bisect
the angles between the linesFA andFU .

As the central lines of the pencilsΦ andΦ′ are perpendicular and pass respec-
tively throughP andP ′, their common point lies on the circleFAU . Similarly,
this common point must lie on the circlesFBV andFCW . Hence, this com-
mon point isF . This proves Steiner’s Theorem 10 and the following more general
result.

Proposition 9 (Clawson). The central lines of the pencilsΦ andΦ′ are the common
bisectors of the three pairs of lines(FA, FU), (FB, FV ), and(FC, FW ).
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Note that, as(FA, FB) = (FV, FU) = (CA, CB), it is clear that the
three pairs of lines(FA, FU), (FB, FV ), (FC, FW ) have a common pair
of bisectors(f, f′). These bisectors are called theincentric linesof the complete
quadrilateral. With the notations of§5.3, we have

2(R, f) = 2(R, f ′) = θ1 + θ2 + θ3 + θ4 mod π.

7. Inscribed conics

7.1. Centers and foci of inscribed conics.We give some classical properties of the
conics tangent to the four sidelines of the complete quadrilateral.

Proposition 10. The locus of the centers of the conics inscribed in the complete
quadrilateral is the Newton lineR′′.

Proposition 11. The locus of the foci of these conics is a circular focal cubic(van
Rees focal).

This cubicγ passes throughA, B, C, U , V , W , F , the circular points at infinity
I∞, J∞ and the feet of the altitudes of the diagonal triangle.

The real asymptote is the image of the Newton line under the homothetyh(F, 2),
and the imaginary asymptotes are the linesFI∞ andFJ∞. In other words,F is
the singular focus ofγ. AsF lies on theγ, γ is said to befocal. The cubicγ is self
isogonal with respect to each of the four trianglesABC, AV W , BWU , CUV . It
has barycentric equation

ux
(
c2y2 + b2z2

)
+ vy

(
a2z2 + c2x2

)
+ wz

(
b2x2 + a2y2

)
+2 (SAu + SBv + SCw) xyz = 0.

If we denote byPQRS the van Rees focal ofP , Q, R, S, i.e., the locus ofM
such as(MP,MQ) = (MR,MS), then

γ = ABV U = BCWV = CAUW = AV BU = BWCV = CUAW.

Here is a construction of the cubicγ.

Construction. Consider a variable circle through the pair of isogonal conjugate
points on the Newton line.3 Draw the lines throughF tangent to the circle. The
locus of the points of tangency is the cubicγ. See Figure 12

7.2. Orthoptic circles.Recall that the Monge (or orthoptic) circle of a conic is the
locus ofM from which the tangents to the conic are perpendicular.

Proposition 12 (Oppermann). The circles of the pencil generated by the three cir-
cles with diameters AU, BV, CW are the Monge circle’s of the conics inscribed in
the complete quadrilateral.

Proof. See [5, pp.60–61]. �

3These points are not necessarily real.
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A

B C

W

V

U

F

Figure 12.

7.3. Coordinates and equations.Recall that the perspector (or Brianchon point) of
a conic inscribed in the triangleABC is the perspector ofABC and the contact
triangle. Suppose the perspector is the point(p : q : r).

(1) The center of the conic is the point

(p(q + r) : q(r + p) : r(p + q)).

(2) The equation of the conic is

x2

p2
+

y2

q2
+

z2

r2
− 2

xy

pq
− 2

yz

qr
− 2

zx

rp
= 0.

(3) The linex
u + y

v + z
w = 0 is tangent to the conic if and only ifu

p + v
q + w

r = 0.
(4) The equation of the Monge circle of the conic is(

1
p

+
1
q

+
1
r

)
(a2yz + b2zx + c2xy) = (x + y + z)

(
SA

p
x +

SB

q
y +

SC

r
z

)
.

The locus of the perspectors of the conics inscribed in the complete quadrilateral
is the circumconic

u

x
+

v

y
+

w

z
= 0,

i.e., the circumconic with perspectorQ.
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7.4. Inscribed parabola.

Proposition 13. The only parabola inscribed in the quadrilateral is the parabola
with focusF and directrix the orthocentric lineR′.

A

B

C

W

V

U

F

S

P

H

Figure 13

The perspector of the parabola has barycentric coordinates(
1

v − w
:

1
w − u

:
1

u− v

)
.

This point is the isotomic conjugate of the infinite point of the Newton line. It is
also the second common point (apart from the Steiner pointS of triangleABC) of
the lineSF and the Steiner circum-ellipse.

If a line 
′ tangent to the parabola intersects the linesBC, CA, AB respectively
atU ′, V ′, W ′, we have

(FU, FU ′) = (FV, FV ′) = (FW, FW ′) = (
, 
′).

If four pointsP , Q, R, S lie respectively on the sidelinesBC, CA, AB, 
 and
verify

(FP, BC) = (FQ, CA) = (FR, AB) = (FS, 
),

then these four points lie on the same line tangent to the parabola. This is a gener-
alization of the pedal line.
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