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Signed Distances and the Erdős-Mordell Inequality

Nikolaos Dergiades

Abstract. Using signed distances from the sides of a triangle we prove an in-
equality from which we get the Erd˝os-Mordell inequality as a simple conse-
quence.

Let P be an arbitrary point in the plane of triangleABC. Denote byx1, x2, x3

the distances ofP from the verticesA, B, C, andd1, d2, d3 thesigned distances of
P from the sidelinesBC, CA, AB respectively. Leta, b, c be the lengths of these
sides. We establish an inequality from which the famous Erd˝os-Mordell inequality
easily follows.

Theorem.
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equality holds if and only ifP is the circumcenter ofABC.
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Proof. Let h1 be the length of the altitude fromA to BC, and∆ the area ofABC.
Clearly,

2∆ = ah1 = ad1 + bd2 + cd3.

Note thatx1 + d1 ≥ h1. This is true even ifd1 < 0, i.e., whenP is not an interior
point of the triangle. Also, equality holds if and only ifP lies on the line containing
theA-altitude. We haveax1 + ad1 ≥ ah1 = ad1 + bd2 + cd3, or

ax1 ≥ bd2 + cd3. (2)

If we apply inequality (2) to triangleAB′C ′ symmetric toABC with respect to
theA-bisector ofABC we get

ax1 ≥ cd2 + bd3
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or

x1 ≥ c

a
d2 +

b

a
d3. (3)

Equality holds only whenP lies on theA-altitude ofAB′C ′, i.e., the line passing
throughA and the circumcenter ofABC.
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Similarly we get

x2 ≥a

b
d3 +

c

b
d1, (4)

x3 ≥b

c
d1 +

a

c
d2, (5)

and by addition of (3), (4), (5), we get the inequality (1). Equality holds only when
P is the circumcenter ofABC. �

If P is an internal point ofABC, d1, d2, d3 > 0. Sinceb
c + c

b ≥ 2, c
a + a

c ≥ 2,
a
b + b

a ≥ 2, we have

x1 + x2 + x3 ≥ 2(d1 + d2 + d3).

This is the famous Erd˝os-Mordell inequality. The equality holds only whena =
b = c, i.e., ABC is equilateral, andP is the circumcenter ofABC.

There are numerous proofs of the Erd˝os-Mordell inequality. See, for example,
[3] and the bibliography therin. In Mordell’s original proof [2], the inequality (1)
was established assumingd1, d2, d3 > 0. See also [1,§12.13]. Our proof of (1) is
more transparent and covers all positions ofP .
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