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A Simple Construction of the Congruent | soscelizer s Point

Eric Dannedls

Abstract. Wegiveavery simple construction of the congruent isoscelizers point
as an application of the cevian nest theorem.

1. Construction of the congruent isoscelizers point

Given atriangle, an isoscelizer isasegment intercepted in the interior of the tri-
angle by aline perpendicular to an angle bisector. There is a unique point through
which the three isoscelizers have equal lengths. This is the congruent isosceliz-
ers points X753 of [4]. In this note we present a very simple construction of this
triangle center.

Theorem 1. Let A’B’C’ be the intouch triangle of ABC, and A”B"C" the in-
touch triangle of A’ B’C’. Thetriangles A” B”"C" and ABC are perspective at the
congruent isoscelizers point of ABC'.

Figurel

The proof isasimple application of the following cevian nest theorem.*

Theorem 2. Let A’B’C" be the cevian triangle of P in triangle ABC with homo-
geneous barycentric coordinates (u : v : w) with respect to ABC, and A'B"C"
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Theorem 2 appears in [1, p.165, Supplementary Exercise 7] as follows: The triangle (Q) =
DEF isinscribed in the triangle (P) = ABC, and the triangle (K') = K LM isinscribed in (Q).
Show that if any two of these triangles are perspective to the third, they are perspective to each other.
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the cevian triangle of @ in triangle A’ B’C’, with homogeneous barycentric coor-
dinates (= : y : z) with respect totriangle A’ B'C’. Triangle A” B”C" isthe cevian
triangle of

ar) = ( ®

with respect to triangle ABC.
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Figure 2

The concurrency of the lines AA”, BB”, CC" follows from the fact every ce-
vian triangle and every anticevian triangle with respect to A B'C” are perspective.
See, for example, [3, §2.12]. The cevian and anticevian triangles in question are
A"B"C" and ABC respectively.

Proof. We compute the absolute barycentric coordinates explicitly.
_yB 420y A uan
Y+ =z y+z
(y(u+v) + 2(w + w)ud + zv(w + u)B + yw(u + v)C
(v + 2)(w +u)(u+v) '

Itisclear that the line AA” intersects BC'at the point with homogeneous barycen-
tric coordinates

A//

(0 z0(w + 1) : yw(u+v)) = (o:”(w”) : "”(“’*"’)).

y oz
Similarly, the intersections of BB” with C' A, CC" with AB are the points
<u(v—|—w) 0 w(u—l—v)) and <u(v+w) : v(w + u) :0>
T z T Y

respectively. It is clear that the lines AA”, BB”, CC” intersect at the point given
by (1) above. O
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2. Proof of Theorem 1

Let P be the Gergonne point, and A’ B'C’ the intouch triangle. The sidelengths
are in the proportions of
A B
B'C':C'A': AB' = cos 3 1C0s i cos %

If Q isthe Gergonne point of A’ B’C’, then we have

Q(P) = <a(—cos§+cos§+cos%> )

Thisisthe point X773, the congruent isoscelizers point.

3. Another example

Let P betheincenter of triangle ABC, with cevian triangle A B’C’, and Q the
centroid of A’B’C’. Then

Q(P) = (a(b+c):b(c+a):cla+Db)).

Thisisthetriangle center X357 of [4].
A
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