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On the Schiffler center

Charles Thas

Abstract. Suppose thatl BC is a triangle in the Euclidean plane andts in-
center. Then the Euler lines afBC, IBC, IC A, andI AB concur at a poinf,

the Schiffler center aA BC'. In the main theorem of this paper we give a projec-
tive generalization of this result and in the final part, we construct Schiffler-like
points and a lot of other related centers. Other results in connection with the
Schiffler center can be found in the articles [1] and [3].

1. Introduction

We recall some formulas and tools of projective geometry, which will be used
in §2. Although we focus our attention on the real projective plane, it will be
convenient to work in the complex projective plahe

1.1 Suppose thatr, x2) are projective coordinates on a complex projective line
and that two pairs of points are given as follows; and P, by the quadratic
equation

ax? + 2bxize + ca3 = 0 (1)
and@; and@; by
a'x? + 2 @0 + 2k = 0. 2
Then the cross-ratioP, Q1 Q-) equals—1 iff
ac —2bb +d'c = 0. 3)

Proof. Putt = i—; and assume that,t, (¢}, t, respectively) are the solutions
of (1) ((2) respectively), divided by3. Then(t; tot) th) = —1 is equivalent to
tity + thth) = (t1 + ta2)(t) + th) or 2(¢ + &) = (—2)(—2), which gives

a/

3). O

1.2.1 Consider a triangleA BC' in the complex projective plan® and assume
that 7 is a line inP, not throughA, B, or C. PutABN{¢ = M, BCN/{ =
My, andCA N ¢ = M'g and determine the pointd/-, M,, and Mg by
(ABM'cM¢e) = (BCM'sMy) = (CAM'gMp) = —1, thenAM,, BMp, and
C M¢ concur at a poin¥, the so-called trilinear pole dfwith regard toABC.
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Proof. If A = (1,0,0), B = (0,1,0) C = (0,0,1), and/ is the unit linex; +

x9 + x3 = 0, thenM'c = (1,-1,0), M'4 = (0,1,-1), M'p = (1,0,-1),
and M¢c = (1,1,0), My = (0,1,1) = (1,0,1), and Z is the unit point
(1,1,1). O

1.2.2 The trilinear poleZq of the unit-line/ with regard toABQ, whereA =
(1,0,0),B = (0,1,0), and@ = (A, B,C), has coordinate§2A + B + C, A +
2B +C,0).

Proof. The pointZ¢ is the intersection of the lin@ Mc and BMg 4, with M¢ =
(1,1,0), and Mg 4 the point of QA, such that(@ A Mga M'ga) = —1, with
M'ga = QAN L. We find for Mg the coordinateg2A + B + C,B,C), and a
straightforward calculation completes the proof. O

1.3 Consider a non-degenerate codiin the complex projective plan®, and
two pointsA, @, not onC, whose polar lines with respect@pintersecC at1;, Ts,
and [y, I, respectively. Ther) lies on one of the line§, ¢, through A which are
determined b}(ATl AT 0y 62) = (AIl Al fq 62) = —

Proof. This follows immediately from the fact that the pole of the line AQ with
respect ta is the pointli T, N I 1. O

1.4 For any triangleABC of P and line/ not through a vertex, the Desargues-
Sturm involution theorem ([7, p.341], [8, p.63]) provides a one-to-one correspon-
dence between the involutions érand the pointg® in P that lie neither orf nor

on a side of the triangle. Specifically, the conics of the peci, B, C, P) inter-
sect/ in pairs of points that are interchanged by an involution with fixed paints
andJ. Conversely,P is the fourth intersection point of the conics throughB,
andC that are tangent tbat I and.J. The pointP can easily be constructed from
A,B,C,I, andJ as the point of intersection of the lines4, and BB’, where

A’ is the harmonic conjugate d8C N ¢ with respect tol and.J, and B is the
harmonic conjugate ofiC N ¢ with respect ta andJ.

1.5 Denote the pencil of conics through the four poidis As, A3, and A4 by
B(A1, Ay, A3, Ay), and assume thdtis a line not through4;, i = 1,...,4. Put
M'19 = A1As N4, and letM; 5 be the harmonic conjugate @f’, with respect
to A; and A,, and define the pointdfgs, M3y, M3, M14, and Moy likewise. Let
X, Y, andZ be the pointsd; As N A3Ay4, AsA3 N A1Ay, and A1 As N As Ay
respectively. Finally, lef and.J be the tangent points withof the two conics of
the pencil which are tangent &t Then the eleven pointd4,, M3, M4, Mss,
Moy, M3y, X, Y, Z, I, andJ belong to a conic ([8, p.109]).

Proof. We prove that this conic is the loc@sof the poles of the liné with regard

to the conics of the penclB(A;, A,, A3, A4). But first, let us prove that this locus

is indeed a conic: if we represent the pencil By+ tF, = 0, whereF; = 0

and F, = 0 are two conics of the pencil, the equation of the locus is obtained
by eliminatingt from two linear equations which represent the polar lines of two
points of¢, which gives a quadratic equation. Then, c&} the point which is the
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harmonic conjugate ofi; with respect toM 5, A3 N £ and M;,, and consider the
conic of the pencil through!'s: the pole of¢ with respect to this conic clearly is
M2, which means that/», and thus alsd/;;, is a point of the locus. Nexf, Y’

andZ are points of the locus, since they are singular points of the three degenerate
conics of the pencil. And finally] and.J belong to the locus, because they are the
poles of¢ with regard to the two conics of the pencil which are tangert to [

1.6. Consider again a triangld BC' in P, and a pointP not on a side o4 BC.
TheCevatriangle of P is the triangle with verticed PN BC, BPNC A, andC PN
AB. Example: with the notation df1.2.1 the Ceva triangle of is My MpMc.

Next, assume thatand.J are any two (different) points, not on a side4BC,
on a line/, not through a vertex, and th&t is the point which corresponds (ac-
cording to 1.4) to the involution o# with fixed points/ andJ. Let H,HH,
be the Ceva triangle aP, let A’ (B’, andC’ respectively) be the harmonic conju-
gate of PAN ¢ (PB N ¢, and PC N ¢ respectively) with respect td and P (B
and P, andC and P, respectively), and lebiy M M- be the Ceva triangle of
the trilinear poleZ of ¢ with regard toABC'. Then there is a conic through J,
and the triplesH’, Hp H(,, A'B'C’, and M4 MpM¢c. This conic is known as the
eleven-point conic of ABC with regard tol andJ ([7, pp.342—-343)).

Proof. Apply 1.5 to the penciB(A, B, C, P). O

2. Themain theorem

Theorem. Let ABC be a triangle in the complex projective plane P, ¢ be a line
not through a vertex, and I and J be any two (different) points of ¢ not on a side of
thetriangle. Choose C to be one of the four conicsthrough 7 and J that are tangent
to the sides of triangle ABC', and define () to be the pole of ¢ with respect to C. If
Z,Za, Zp,and Zq arethetrilinear poles of ¢ with respect to the triangles ABC,
QBC, QCA, and QAB respectively, while P, P4, Pg, and Po respectively, are
the points determined by these triangles and the involution on £ whose fixed points
are I and J (see 1.4), then the lines PZ, PsZ 4, PgZp, and PoZ concur at a
point Sp.

Proof. We choose our projective coordinate systenPiras follows : A(1,0,0),
B(0,1,0), C(0,0,1), and/ is the unit line with equation; + = + x3 = 0. The
point P has coordinate&y, 3, ).

Two degenerate conics of the penil4, B, C, P) are(CP, AB)and(BP,CA),
which intersect at the point§ —a, — 3, + ), (1,—1,0) and(—a, o + 7y, —7),
(1,0,—1)) respectively. Joining these points 4o we find the linega + §)x +
Bxs = 0, z3 = 0 andvyzs + (o + v)zs = 0, 2 = 0, or as quadratic equations
(a + B)xozs + B3 = 0 andyx3 + (a + v)xez3 = 0 respectively. Therefore, the
lines AI and AJ are given byka3 + 2lxex3 + mz3 = 0 wherebyk, [, andm are
solution of (see 1.1):

Bk —(a+B)=0
—(a+y)l+~ym =0,
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and thus(k,l,m) = (v(a + B), 87, B(a + 7v)). Next, the lines throug which
form together withAI, AJ and with AB, AC an harmonic quadruple, are deter-
mined bypz2 + 2qzex3 + r22 = 0 with p, ¢, 7 solutions of (see again 1.1)

{ Bla+)p — 2Bvq + v(a+ B)r =0
q:()a

and thus these lines are given by + 8)23 — B(a + v)z3 = 0. In the same
way, we find the quadratic equation of the two lines throd§)KC, respectively)
which form together withBI, BJ and with BC, BA (with CI, C'J and with

C A, CB respectively) an harmonic quadruplex(3 + )23 — v(8 + a)z} = 0
(B(y+a)z? —a(y+B)x3 = 0 respectively). The intersection points of these three
pairs of lines throug, B, andC are the poleg), 2, Q3, Q4 of £ with respect

to the four conics througli and J that are tangent to the sides of triangl&3C
(see 1.3) and their coordinates &g.A, B,C), Q2(—A, B,C), Q3(A, —B,C), and
Q4(A,B,—C), where

A:\/a(ﬁ"i_’Y)v B:mv C:\/’w

For now, let us choose fap the point@; (A, B,C).

The coordinates of the points, Z4, Zp, andZ- are(1,1,1), (A, A+ 2B +
C,A+B+2C), 2A+B+C,B,A+B+2C),and(2A+B+C, A+2B+C,C)
(see 1.2.2).

Now, in connection with the poink., remark tha{ AP N4 (QBNYE) I J) =
=1 But(@Q2QsN e (@Q1Q3N{) I J) = —-1andQ2Q4 = Q2B, Q1Q3 = Q1 B,
so thatAPo N ¢ = Q2B N £, and sincel)» B has equatiofz; + Ax3 = 0, the
point AP- N ¢ has coordinate$A,C — A, —C) and the lineA has equation
Cxga + (C — A)zs = 0. In the same way, we find the equation of the liBé&.:
Cx1 + (C — B)xz = 0, and the common point of these two lines is the pdt
with coordinatesB — C, A — C,C).

Finally, the linePzZ¢ has equation :

C(B+C)xy — C(A+C)ag + (A? — Bz =0,
and cyclic permutation gives us the equation$2pf 4 and Pg Z .
Now, P4 Z 4, PpZp, and P Z are concurrent if the determinant
B2 -2 AC+A) —AB+ A)
-B(C+B) (C*- A2 B(A+ B)

C(B+C) —CA+C) A*-B?
is zero, which is obviously the case, since the sum of the rows gives us three times
zero. Then, the liné’Z has equatiori —v)x; + (v — a)z2 + (o — B)x3 = 0. But
A? = a(B +7), B2 = B(y + a), andC? = v(a + 3), so that(B? — C?)(— A2 +
B? 4 C?) = 2a8v(B — ), andPZ has also the following equation

(B2 = C?)(— A2 + B2 +C%)xy + (C* — A?)(A? — B> + C?)xy
+(A? — B*)(A* + B? - C*)x3 = 0.

ForPZ, P47 4, and Pg Z g to be concurrent, the following determinant must van-
ish :
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(BQ_CQ)(_A2+B2 +C2) (C2_A2)(A2_B2 +C2) (A2_62)(A2 —|—62—C2)
B?-c? A(C + A) —A(B+ A)
~B(C + B) C? — A B(A+ B)
=(B+C)(C+ A)(A+B)(AB—C)(—A> + B> +C*)(~A+ B +C)
+B(C—A)(A* B> +CHA-B+C)+C(A-B)(A*+ B> -C*)(A+B-0))
=0.

We may conclude thaPZ, P4Z4, PgZp, and PcZc are concurrent. This
completes the proof. O

Remarks. (1) If @ is chosen as the poir, (Qs3, or Q4, respectively), thend
(B, or C respectively) must be replaced byA (—B, or —C respectively) in the
foregoing proof.

(2) The coordinates of the common poiﬁﬁs of the linesPZ, PysZ4, PpZp,
andPpZ¢ are(A=4EH€E, B4 B;\LC, cALEC

(3) Of course, when we work in the real (compIeX|f|ed) projective piBneith
areal triangleA BC, a real linef and a real poinf?, the points) and Sp, are not
always real. That depends on the values:gf, and~ and thus on the position of
the pointP in the plane. For instance, in example 5.56f the points) and Sp
will be imaginary.

(4) The conic throug, B, C, and through the pointg, J on ¢ has equation

a(fB + v)xexs + B(y + a)xszy +y(a + B)rize =0

or
A2x2x3 + BQ.Tg.Tl + CQ$1.T2 =0.

Indeed, eliminatinge; from this equation and fromy + x5 + z3 = 0, gives us
(e + B)x3 + 2yBraxs + B(y + a)z3 = 0, which determines the lined! and
AJ (see the proof of the theorem).
The pole of the lin¢ with respect to this conic is the poilt(5 + v, v+ o, a+ 3),
which clearly is a point of the liné’Z. We denote this conic b{}").

(5) The locus of the poles of the linewith respect to the conics of the pencil
B(A, B, C, P) is the conic with equation

Byat 4+ yaxs + afal — aly + B)zaxs — Bla + y)wszr — (B8 + a)zize = 0.

It is the eleven-point conic of trianglé BC' with regard tol and.J (see 1.6): it is
the conic through the points/4 (0,1, 1), Mp(1,0,1), Mc(1,1,0), APN BC =
H',(0,83,v), BPNCA = Hy(a,0,7), CPNAB = H/,(, 5,0), A’ (2 + 5 +
v, 63,7), B (e, a+28+~,7),C'(a, B,a+ f+27), I, andJ. The pole of the line
¢ with regard to this conic is the poinf (2a + 5+ v, a + 28+ v, a + 5 + 27),
which is also a point of the lin®Z. We denote this conic bf}”).

Here is an alternative formulation of the main theorem.

Theorem. Let ABC be a triangle in the complex projective plane P, ¢ be a line
not through a vertex, and I and J be any two (different) points of ¢ not on a side
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of the triangle. Denote by () the pole of ¢ with respect to one of the four conics
through I and J that are tangent to the sides of the triangle. If Y, Y, Y5, and
Yo arethe poles of £ with respect to the conics determined by 7, J, and the triples
ABC, QBC, QCA, and QAB respectively, while Y’, Y}, Y/, and Y/, are the
respective poles with respect to their eleven-point conics with regard to 7 and J,
then YY’, YY), YRY}, and YoY/. concur at a point S.

3. The Euclidean case

In this section we give applications of the main theorem in the Euclidean plane
II. Throughout the following sections, we only consider a general real triangle
ABC'inTI, i.e., the side-lengths, b, andc are distinct and the triangle has no right
angle.

Corollary 1. Let ABC beatriangle in IT and assume that ¢ is the line at infinity
of TI. Suppose that P coincides with the orthocenter H of ABC'; then the conics
of the pencil B(A, B,C, H) are rectangular hyperbolas and the involution on ¢,
determined by H (see 1.4), becomes the absolute (or orthogonal) involution with
fixed points the cyclic points (or circle points) J and .J of II. The four conics
through J, J and tangent to the sidelines of ABC' are now the incircle and the
excirclesof ABC, and the points @ = @1, Q2, Q3, @4 become theincenter 7, and
the excenters 14 (theline 114 contains A), Ig, and I, respectively.

Next, the points Z, Z4, Zp, and Z¢, are the centroids of ABC, IBC, IC A,
and of 1 AB respectively. Finally, P4, Pp, Pc are the orthocenters Hu, Hg, He
of IBC, ICA, and I AB respectively. Then thelines HZ, HxZ 4, HgZp, and
H¢Ze concur at a point Sgy.

Remarkthat{ Z, HxZ o, Hg Zg, andHx Z - are the Euler lines of the triangles
ABC,IBC,ICA, andl AB, respectively. The point of concurrence of these Euler
lines is known as the Schiffler poist([9]), but we prefer in this paper the notation
Sy, since it results from setting = H.

In connection with Remarks 4 and 5 of the foregoing section, and again working
with ¢ as the line at infinity and’, J' the cyclic points, the conifY") becomes the
circumcircle(O) of ABC, (Y’) becomes its nine-point circl€ ), andOO’ is the
Euler line.

In connection with Remark 5, we recall that the locus of the centers of the rect-
angular hyperbolas through, B, C (and H) is the nine-point circlé¢0) of ABC
and that, for each poirlf’ of the circumcircle(O), the midpoint of HU is a point
of (0’) (andO' is the midpoint ofH O on the Euler line).

The main theorem allows us to generalize the foregoing corollary as follows:

Corollary 2. Let ABC be atriangle and let ¢ be the line at infinity in I1. Choose
a general point P (i.e., not on a sideline of ABC, not on ¢ and different from the
centroid of ABC) and call J, J' the tangent points on ¢ of the two conics of the
pencil B(A, B, C, P) which are tangent to ¢ (these are the centers of the parabolas
through A, B, C and P). Denote by () the center of one of the four conics through
J and J’, which are tangent at the sidelines of ABC. Next, Z is the centroid
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of ABC and Z4, Zp, Z¢ are the centroids of the triangles QBC, QC A, QAB
respectively. Finally, P4 (Pg, and Pc respectively) is the fourth common point
of the two parabolas through @, B, C (through @, C, A, and through @, A, B
respectively) and tangent to ¢ at .7 and .J'. Thenthelines PZ, P47 4, PgZg, and
PcZ¢ concur at a point Sp.

4, Theuseof trilinear coordinates

From now on, we work with trilinear coordinatés; , x2, x3) with respect to
the real triangled BC in the Euclidean plan# ([2, 5]): A, B, C, and the incenter
I of ABC, have coordinateél, 0,0), (0,1,0), (0,0,1), and(1, 1, 1) respectively.
The line at infinity/ has equatiox; + bxy + cxs = 0, wherea, b, ¢ are the side-
lengths ofABC'. The orthocentefd, the centroid?Z, the circumcente®, and the
center of the nine-point circlé/, have trilinear coordinate§—1—, 15, —1-),
(1,3, 1), (cos A, cos B,cos C), and (be(a®b? + a*c? — (b — ¢)?), ca(b?c® +
b2a? — (2 —a?)?), ab(c?a® + % — (a® — b?)?)) respectively. The equations of the
circumcircle(O) and the nine-point circle)') areazors+brsxi +crize = 0 and
x% sin 24+ 23 sin 2B + 23 sin 2C — 21223 sin A — 22371 sin B— 27129 sin C = 0.

The Schiffler pointS = Sy (the common point of the Euler lines ofBC,

i i o—atbtc a—btc atb—
IBC, ICA, andI AB) has trilinear coordinates “bJrc C,“Hac,“a%c .

If T is a point ofIl, not on a sideline ofABC, reflect the lineAT about the
line AI, and reflectBT and C'T" about the corresponding bisectasd and C'1.
The three reflections concur in the isogonal conjugété of 7', and 7! has

trilinear coordinatestyts, tsty,tits) Or (1 L 1) if T has trilinear coordinates

t17 12 t3
(t1,t2,t3). Examples: the circumcentér is the isogonal conjugate of the ortho-
centerH, and the centroid is the isogonal conjugate of the Lemoine point (or
symmedian pointX (a, b, c).

Let us now interpret the main theorem (or Corollary 2) in the Euclidean case
using trilinear coordinates, with: ax; + bxs + cx3 = 0 as line at infinity and with
P(a, B,7) a general point ofl. In fact, the only thing that we have to do, is to re-
place in the proof of the main theorem the equatiof zo +x3 = 0 of £, by ax1 +
brs+cxs = 0, and a straightforward calculation gives us the following trilinear co-
ordinates for the poir®: (v/bca(bB + ), \/caB(cy + aa), /aby(aa + bB)) =
(A, B,C). Next, the pointsZ, Z4, Zp, andZ are the centroids el BC, QBC,
QCAandQAB with trilinear coordinate$’, ¢, 1), (beA, c(aA+2bB+cC), b(aA+
bB+2cC)), (¢(2a.A+bB+cC), caBB, a(aA+bB+2cC)), (b(2aA+bB+cC), a(a A+
2bB + ¢C),baC), respectively. Now, for the point®,, Pg, P, again after a
straightforward calculation, we find the coordinaté{bcA, c¢(cC — a.A), b(bB —
aA)), Pg(c(cC — bB), calB,a(aA — bB)) and Po(b(bB — ¢C),a(aA — C), abC).

And finally, we find the trilinear coordinates of the poijt, corresponding to

Q:

A(—aA+ B+ cC) B(aA—bB+cC) ClaA+bB — cC)
bB + C ’ C+aAd aA+bB
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Remark that we find for the cas®(a, 3,7) = H(—=+, —=, —=):

cos A’ cos B’ cos C'
_ / _ bc b ¢ \ _  /be(bcosC+ccos B)
A = bCCt(bﬂ—i—C’)/) - \/COSA(COSB + cosC) - \/ cos Acos BcosC
_ abc _ _
— \ cosAcosBcosC — B=¢C

andQ(A,B,C) = I(1,1,1), while sinced = B = C, we get forSy the coordi-

—a+b+c a—b+c at+b—c ; ; ; ;
nates( e ),WhICh gives us the Schiffler poirst.

Let us also calculate the trilinear coordinates of the pointandY’, defined
above as the centers of the coi€) through 4, B, C, J and.J, and of the conic
(Y") through the midpoints of the sides dfBC' and through/, .J (or the eleven-
point conic of ABC with regard toJ and.J’; remark that/ and.J’ are the cyclic
points only whenP = H):

(Y) has equatiomy (b3 + cy)xozs + B(cy + aa)xzx; + y(ao + bB)x120 = 0
and centel (be(bf + ), ca(cy + awr), ab(aa + b)),

(Y') has equatiom3yz? + byazx3 + cafr3 — alye + bB)wars — Blaa +
cy)zszr — (b + aa)zize = 0 and centelt” (be(2ac+ b3 + ), calaa + 2b5 +
cy),ab(o + b3 + 2¢y)).

Remark thatQ) = P xY, with the notation\/(z1, za, z3) * (Y1, Y2, y3) =
(VZ1Y1, /T2Y2, /T3Y3)-

Recall that the coordinate transformation between trilinear coordinates
(21, z2,z3) With regard toAABC' and trilinear coordinate&y}, x4, z5) with re-
gard to the medial triangléf4 Mg M, is given by ([5, p.207]):

/
arq 0 b c T
/
bra | =|a 0 ¢ Ty
/
cr3 a b 0 T3

Now, this gives for(x;, z2, x3) the coordinates of the poii, if (2}, z},x%) are
the coordinatesa, 3,~) of P and it gives for(z, xo, 23) the coordinates of” if
(«), xh, 2%) are the coordinates 6f. Moreover,A ABC and its medial triangle are
homothetic. As a corollary, we have thatff (Y, respectively) igriangle center
X (k) for AABC (for the definition of triangle center, see [5, p.46]), tHén(Y’
respectively) is centeK (k) for AMaMpMec.

5. Applications

In this section we choosB(«, 3, ) as a triangle center of the triangleBC and
calculate the coordinates of the corresponding pdint®’, @ and.Sp (sometimes
Y’ andSp are not given).

Remark thatP must be different from the centroid of ABC. The triangle
centers are taken from Kimberling’s listX (1), X (2), ..., X(2445) (list until
29 March 2004, see [6]). When we found the poilitsY’, Q or Sp in this list,
we give the numbeX (- - - ) and if possible, the name of the center. But, without
doubt, we overlooked some centers and more pdint¥’, ), Sp than indicated
will occur in Kimberling's list. Several times, only the first trilinear coordinate is
given: the second and the third are obtained by cyclic permutations.
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5.1 The first example is of course:
P(a,B,7) = H(2, =25, =) = X (4) (orthocenter),
Y = O(cos A, cos B, cos C') = X(3) (circumcenter),

Y = O'(be(a®b? + a®c® — (b? — 2)?),--- ,---) = X(5) (nine-point center),
Q=1(1,1,1) = X(1) (incenter), and
Sy =S (% S ) — X(21) (Schiffler point).

5.2 P(O‘a/Ba’Y) - I(L L, 1) - X(l)a
Y = (ke cta athy — X(10) (Spieker point = incenter of the medial triangle

MaMpMc),

Y/ = (2etbte ... ...) = X (1125) (Spieker point of the medial triangle),
Q = (y/be(b+¢),---,---),and

B —ay/be(btc)+by/ca(c+a)+cy/ab(a+b) e e
S; = ( bc(b + C) b\/ca(c+a)+0\/ab(a+b) 7 ’ )

53 P(a,p,7v) = K(a,b,c) = X(6) (Lemoine point),

Y = (%, -++,-++) = X(141) = Lemoine point of medial triangle,
Y= (2a2be? L
Q: (,/b2_|_02’... ,...),and
—a 2 c2 02 a2 c (12 2
Sk = (Vb? + 2 ‘/bbf/CQiZ‘Q/Jri/a;rb\Q/ ).
54 P(a,B,7) = ((1(—(17-11-11—}—0)’ -o+ ) = X(7) (Gergonne point),

Y=(-a+b+c,a—b+c,a+b—c) = X(9) (Mittenpunkt = Lemoine point of
the excentral trianglés Iz I~ = Gergonne point of medial triangle),

Y’ = (be(a(b+c)—(b—c)?),--- ,---) = X (142) (Mittenpunkt of medial triangle),
Q = (= & 1) = X(366), and
S = (L —Vat+vbtye )

X(7) — Va \/g+\/5 ) )

55 P(a,f,7) = (550 ma» ap) = X(100),

Y = (be(b—c)?(—a+b+c), - ,---) = X(11) (Feuerbach point X (100) of
medial triangle),

Y' = (be((a —b)*(a+b—c)+ (c—a)*(a—b+c)), - ,---) (Feuerbach point
of medial triangle), and) = (\/bc(b — c)(—a+b+c), -+, --).

In the foregoing examples, the coordinates of the p6jntare mostly rather
complicated. Another method is to start with the coordinates of the gginf
(k,1,m) are the trilinear coordinates @f, then a short calculation shows that it cor-

responds with the poirﬂ’(a(_a2k2+b1212+02m2) ,+-+,--+)andSp becomes the point
(k=4qztian ... ...). Finally, the coordinates df andY’ are (ak?(—a?k? +

VA2 4+ c2m?), - -0, and(be(a?k? (b1 + 2m?) — (b1 — 2m?)?),- -+ ,--),
respectively. Here are some examples.
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56. Q(k,l,m)= K(a,b,c) = X(6)(Lemoine point),

P — (a(ia4ib4+c4)7 ceyee) = X(66) = X(22)71 (X(22) is the Exeter
point),
Y = (a3 (—a* +b* +c),--- ,---) = X(206) (X (66) of medial triangle),
Y = (be(a (b 4 ¢*) — (b — ¢*)?),--- ,---) (X(206) of medial triangle), and

a 7(12 2 62
Sx(66) = (%’ ) = (lf;i??"” ,-0) = X(1176).
5.7. Q(k,l,m) = H(=+, =5, =) = X (4) (orthocenter),
P = ( 22 1,,2 2 y ot );

a(_COSQA COSQB COSQC)
2 2

Y = (COSQA( COSQA + cosgB + cosQC) o ’“')’ and
SP:(COSA cosBcosC | | )

cos? A ) ) :
58 Qk,l,m)= (bzc, -+ ,---) = X(10) (Spieker point),
P = (Ggrep +(c+a) ey ) = X(596),

2
Y = (@(—(b +o)? 4 (cta)?+(at+b)?), -, ) (X (596) of medial tri-
angle), and

b+c ct+a a+b
SP (2a+b+c’ a+2b+c’ a+b+20)

We also can start with the coordinates of the pailtp, ¢, ), then

P pu— (77ap+bq+c,rl ... .. ')
a 5 ) )
Y'(be(bg + cr),---,---), and
— VP xY = (y/peptbater) ) Here are some examples.

59 Y(p,qr) = I(1,1,1) = X(1), P = (=tbte azbic athoc) — X (g)
(Nagel point)

V= (b = X(10) (Spieker point = incenter of medial triangle),
= < —“+b+c X(188), and
Sp= (A%fﬁ;%, -+, ) with Q(A, B, C).

510 Y = K(a,b,c) = X(6) (Lemoine point),
p:(w... ):(cosA... ) = X(69),

a )

Y/ = (M, <+« -++) = X(141) (Lemoine point of medial triangle), and

a

0= (VETETE ),

511 Y = (2"%‘!”“, <, --o) = X(1125) (Spieker point of medial triangle),
P = (b ... ...) = X(10) (Spieker point),
Y/ = (Zek8bise ..y (X(1125) of medial triangle), and

Q= (ber/b+c)2a+b+c), - ,-0).
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