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Three Pairs of Congruent Circlesin aCircle

Li C. Tien

Abstract. Consider a closed chain of three pairs of congruent circles of radii
a, b, c. The circle tangent internally to each of the 6 circles has raélius

a + b+ c if and only if there is a pair of congruent circles whose centers are
on a diameter of the enclosing circle. Non-neighboring circles in the chain may
overlap. Conditions for nonoverlapping are established. There can be a “central
circle” tangent to four of the circles in the chain.

1. Introduction

Consider a closed chain of three pairs of congruent circles of wadii ¢, as
shown in Figure 1. Each of the circles is tangent internally to the enclosing circle
(O) of radiusR and tangent externally to its two neighboring circles.

Figure 1A:(abcach) Figure 1B:(abcabc)

The essentially distinct arrangements, depending on the number of pairs of con-
gruent neighboring circles, are

(A): (aabcbe) (B): (aacbbc)
(C): (aabbec) (D): (aaaabd)
(E): (abcabe), (abeach) (F): (aabaab), (aaabab)

(G): (aaaaaa)

Figures 1A and 1B illustrate the pattern (E). Patterns (D) and (F) have. In
pattern (G)p = c = a.
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According to [1, 3], in 1877 Sakuma provddl = a + b + ¢ for patterns (E).
Hiroshi Okumura [1] published a much simpler proof. Unaware of this, Tien [4]
rediscovered the theorem in 1995 and published a similar, simple proof. It is easy
to see by symmetry that in each of the patterns (E), (F), (G), there is a pair of
congruent circles with centers on a diameter of the enclosing circle. Let us call
such a pair aliametral pair. Here is a stronger theorem:

Theorem 1. In a closed chain of three pairs of congruent circles of radii a, b, ¢
tangent internally to a circle of radius R, R = a + b + c if and only if the closed
chain contains a diametral pair of circles.

In Figure 1, two non-neighboring circles intersect. The proof Bor= a +
b + ¢ does not forbid such an intersection. Sections 4 and 5 are about avoiding
intersecting circles and about adding a “central” circle.

2. Preliminaries

In Figure 1, the enclosing circlg)) of radius R centers aD and the circles
(A), (B), (C) of radii a, b, ¢, center atd, B, C, respectively. The circleg4),
(B'), (C") are also of radiu, b, c respectively.

Suppose two circle$A) and (B) of radii « andb are tangent externally each
other, and each tangent internally to a cir€léR). We denote the magnitude of
angleAOB by 6,,. See Figure 2A. This clearly depends Bnlf a < %, then we
can also speak @f,,. Note that the centeD is outside each circle of radius

Lemma2. (a)lfa < &, sin %2 = 2. (See Figure 2A)

(b) cos Oy = (beg(;g;(c])%:gbﬂ){ (See Figure 2B)

> VS

Figure 2A Figure 2B

Proof. These are clear from Figures 2A and 2B. g

Lemma 3. If ¢ and b are unequal and each < %, then O, + Oy > 260,p.
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Proof. In Figure 1A, consider angldO P, whereP is a point on the circlé A).
The angleAOP is maximum when line) P is tangent to the circl¢ A). This
maximum iseaTa > LAOQ, whereQ is the point of tangency ofA) and (B).
Similarly, % > ZBOQ, and the result follows. O

Corollary 4. If a, b, c are not the same, then 6., + Oy, + O > Oap + Ope + Oca.
Proof. Write

Haa + ebb ‘9bb + Gcc Hcc + Gaa
2 + 2 + 2
and apply Lemma 3. O

Gaa + be + Hcc =

3. Proof of Theorem 1

Sakuma, Okumura [1] and Tien [4] have proved the sufficiency part of the the-
orem. We need only the necessity part. This means showing that for digfinct
b, c in patterns (A) through (D) which do not have a diametral pair of circles, the
assumption ol = a 4 b + ¢ causes contradictions. In patterns (E) with a pair of
diametral circles an® = a + b + ¢, the sum of the angles around the cerideof
the enclosing circle i8(0,p + Oy + 0cq) = 2, that is,

Oap + Ope + Ocq = .
Pattern (A): (aabcbe). The sum of the angles arouiddlis
Haa + Hab + Hbc + ch + Hbc + Hca :Hab + Hbc + Hca + (Haa + 2Hbc)

=7 4+ (faa + 26p).

This is 27 if and only if (6, + 20,.) = 7, or & — %2 = g, The cosines of

these angles, Lemma 2 and the assumpiioa a + b + ¢ lead to

a a’® + ab + ac — be

b+c  (a+b)(atc) ’

which gives
(a—=b)(a—c)la+b+c)=0,
an impossibility, ifa, b, ¢ are distinct.

Pattern (B): (aacbbe). If a > % orb > %, then the neighboring tangent circles
of radii a or b, respectively, cannot fit inside the enclosing circle of radiis=
a+ b+ c. For this equation to hold, it must be that< £ andb < £. Then,O is
outsideA(a) and B(b). The sum of the angles arourd2lexceed2r, by Lemma

3:

Haa + Hac + ch + be + Hbc + Hca
:(eaa + be) + 2(Hbc + Hca)
>2(9ab + Hbc + Hca)

=2m.



120 L. C. Tien

Patterns (C) and (D): (aabbce) and (aaaabb). For R = a + b+ c to hold, O must
be outsideA(a), B(b), C(c). Again, the sum of the angles arou@dexceed27.
For pattern (C),

Haa + Hab + be + Hbc + Hcc + Hca
:(Haa + be + HCC) + (Hab + Hbc + Hca)
>(9ab + Hbc + Hca) + (Hab + Hbc + Hca)

=27.

Here, the inequality follows from Corollary 4 fat, b, ¢, not all the same.
For pattern (D) withc = a, the inequality remains true. This completes the
proof of Theorem 1.

Remark. A narrower version of Theorem 1 treaisb, c as variables, instead of

any particular lengths. The proof for this version is simple. We see that when no
pair of the enclosed circles is diametral, at least one pair has its two circles next to
each other. Let these two be point circles and let the other four circles be of the
same radius. Then the six circles become three equal tangent circles tangentially
enclosed in a circle. In this special caBe=a+ b+ c =0+ a + ais false. Then,

a, b, c cannot be variables.

4. Nonoverlapping arrangements

Patterns (A) through (G) are adaptable to hands-on activities of trying to fit
chains of three pairs of congruent circles into an enclosing circle of a fixed radius
R. Most of the essential patterns have inessential variations. Assuming < c,
patterns (E) have four variations:

E;: (abcabe)
Eo: (cabcba)
Es: (abcach)

E4:  (beabac)
For hands-on activities, it is desirable to find the conditions for the enclosed

circles in patterns (E) not to overlap. We find the bounds of the faiio these
patterns.

4.1 Patterns E; and E;. The largest circlegC) and C’) are diametral. For a
nonoverlapping arrangement, Cleary< : R andc < 1R.

In Figure 3, a circle of radiug is tangent externally to the two diametral circles
of radii ¢, and internally to the enclosing circle of radifts From

V' +e)=(R-V)*+(R-c)?,

we havet' = R(RR—J:CC). It follows that in a nonoverlapping patterns &d E, with

iR < ¢ < 3R, we have

2, 2
R—FcS

5
—R.
R+c 6

b+c<bV +c=
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Figure 3 Figure 4

From this,a > %R. Figure 4 shows a nonoverlapping arrangement with %R,
b= iR, c = iR. Itis clear that for every satisfyingi R < a < iR, there are
nonoverlapping patterns Bnd & (with a < b < ¢).

4.2 Patterns Es and E,. In these cases the largest circlgs) and (C') are not
diametral.

Lemmab. If threecircles of radii z, z, z are tangent externally to each other, and
are each tangent internally to a circle of radius R, then

_ 4Rx(R — x)
T T Rya?

-
[©
Figure 5

Proof. By the Descartes circle theorem [2], we have

oL L 2y (L 12y
R2 2 2] R =z z)°

from which the result follows. O
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Theorem 6. For a given R, a honoverlapping arrangement of pattern E;(abcacb)
or E4(bcabac) witha <b<canda+b+c= RexistsifyR <a < %R, where

L Lt V19 + 1287 + v/19 — 12/87
B 6

~ 0.25805587 - - - .

Proof. Forb = a and the largest = R — 2a for a nonoverlapping arrangement
Es(abcacdb), Lemma 5 gives
4Ra(R — a) f(§)R?
——— _ _(R-21) =B =9
Riap B2 =(Frp =0

wheref(r) = 22® — 22 + 42 — 1. It has a unique real roet given above.

Figure 6

Figure 6 shows a nonoverlapping arrangemenwih ¢« = b = R, and
¢c=(1-2y)R. ForyR < a < %R, from the figure we see thdt') and (")
and the other circles cannot overlap in arrangements of pattgfakcb) and
E4(bcabac). O

Corollary 7. The sufficient condition YR < a < %R also applies to patterns E;
and E,.

Outside the rangeR < a < %, patterns E(abcacb) and E(bcabac) still
can have nonoverlapping circles. Both of the patterns involve Figure 5 aad

%’Withzzc,xzaorb,andagbgC_

The equation gives the smallest= a = (3 — 2y/2)R ~ 0.1715--- R cor-
responding to the largest = ¢ = (V2 — 1)R ~ 0.4142--- R and the largest
r=0b= § corresponding to the largest= %. Thus, the nonoverlapping condi-

tions are(3 — 2v/2)R < z < £ andc < ARz(R—z)

R+1)?
Forz > £, circles(Z) and (Z') overlap with(X’), which is diametral with
(X). Now Figure 3 and the associat&éd= R(RR—;) are relevant. With' replaced
. R(R—b)

by c andc by b, the equation becomes= == By this equation, whehvaries
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from £ to (vV2—1)R, ¢ > bvaries from4 to (v/2—1)R. Thus, the nonoverlapping

conditions areff < b < (v2—1)R andc < Rgi_bb). The case ob > (v2 — 1)R

makesh > ¢ and the largest pair of circles diametral, already coveréd ih.

5. Thecentral circle and avoiding inter secting circles

Obviously, pattern (Glaaaaaa) admits a “central” circle tangent to all 6 circles
of radii a. In patterns (F)aabaab), (aaabab), we can add a central circle tangent
to the four circles of radiua. Figure 7 shows the less obvious central circle for

(abcacd) of pattern (E).
@)

&

Figure 7 Figure 8

Theorem 8. Consider a closed chain of pattern (abcacb). Thereis a “ central”
circle of radius a tangent to the four circles of radii b and c. This circle does not
overlap with the circle A(a) if

b(b+c)

a <
— 20 )

whereb < c.

Proof. In Figure 7, the pattern of the chain tells tHat= a + b + ¢. The central
circle centered atl” has radius: is tangent taB(b), B'(b), C(c), C'(c) because
trianglesA” BC andOBC are mirror images of each other. Wher< ¢, A”(a)

is closer toA(a) than A'(a). If A”(a) and A(a) are tangent to each other, then
AB%2—a?2=0B%— (OA—a)z. Now, AB =a-+bandOB =a+c, OA=b+c.
This simplifies intoa = 229 |f ¢ < Y29 the circlesA(a) and A”(a) are

2c 2c !
separate. O

Figure 8 shows an arrangeménbcach) with a central circle touching 5 inner
circles except4’).
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