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The Intouch Triangle and the OI-line

Eric Danneels

Abstract. We prove some interesting results relating the intouch triangle and
theOI line of a triangle. We also give some interesting properties of the triangle
centerXs7, the homothetic center of the intouch and excentral triangles.

1. Introduction

L. Emelyanov [4] has recently given an interesting relation betwee®hkne
and the triangle of reflections of the intouch triangle. Hérendr are respectively
the circumcenter and incenter of the triangle. Given triangleC' with intouch
triangle XY 7, let X,, Y5, Z5 be the reflections o, Y, Z in their respective
opposite side¥ 7, ZX, XY. Then the linesA X, BY;, CZ; intersectBC, C A,
AB at the intercepts of th@I-line.

Figure 1.

Emelyanov [3] also noted that the intercepts of the paltsN BC, IY,NC A,
175N AB form a triangle perspective witA BC'. See Figure 1. According to [7],
this perspector is the point

a(b? +bc+c? —a?) b(2+ca+a®—b*) c(a®+ab+b*—c?)
s—a ' s—b ' s—c

X442 = (
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on the Soddy line joining the incenter and the Gergonne point.
In this paper we generalize these results. We work with barycentric coordinates
with reference to trianglel BC.

2. The triangle center X5z

Let a, b, ¢ be the lengths of the sidd3C', C A, AB of triangle ABC, ands =
(a+b+c) the semiperimeter. The intouch triangte” Z and the excentral trian-
gle (with the excenters as vertices) are clearly homothetic, since their correspond-
ing sides are perpendicular to the same angle bisector of triahi§lé. These tri-

angles are respectively the cevian triangle of the Gergonne(@éi@t: L L

and the anticevian triangle of the incenter: b : ¢), their homothetic center has
coordinates

(a(—a(s—a)+b(s—=b)+c(s—c)):--:--+)
=2a(s—=b)(s—c): - ")

This is the triangle centeXs; in [6], defined as the isogonal conjugate of the
Mittenpunkt Xo = (a(s — a) : b(s — b) : ¢(s — ¢)). This is a point on th&I-line
since the two triangles in question have circumcenieaad Xy (the reflection of
Iin0),t

We give some interesting properties of the triangle.

SinceABC is the orthic triangle of the excentral triangle, it is homothetic to the
orthic triangleX; Y7 Z; of XY Z with the same homothetic cent&g;. See Figure
2.

Figure 2.

IThe circumcircle ofABC is the nine-point circle of the excentral triangle.
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Let DEF be the circumcevian triangle of the incenfeand D, £/, F’ the an-
tipodes ofD, E, F in the circumcircle. In other word€) and D' are the midpoints
of the two arcsBC, D' on the arc containing the vertek similarly for the other
two pairs. Clearly,

2 2 2
D= (ﬁ : % : %) = (—a®:b(b+c):c(b+c)).
Similarly,

E=(a(c+a): —b*:c(c+a)) and F = (a(a+0b):b(a+b):—c?).
To compute the coordinates 6f, £/, F’, we make use of the following formula.

Lemma 1. Let P = (a?vw : b?>wu : c2uv) be a point on the circumcircle (so that
u+v+w =0). Forapoint@ = (x : y : z) different from P and not lying
on the circumcircle, the line PQ intersects the circumcircle again at the point
(a®vw + tx : b*wu + ty : Puv + tz), where

L b c?ulx + 2a*viy + a’b*w?z 1)

N a?yz + b2zx + xy ’
Proof. Entering the coordinates
(X,Y,Z) = (a*vw + tz : b*wu + ty : uv + t2)

into the equation of the circumcircle

a*YZ + b*ZX + XY = 0,

we obtain
(a*yz + b*zx + ay)t?
+(0*u(v + w)z + a’v(w + u)y + a*b*w(u 4 v)2)t
+a*b*Fuvw(u + v + w) = 0.
Sinceu + v + w = 0, this givest = 0 or the value given in (1) above. O

Let M = (0: 1: 1) be the midpoint ofBC. Applying Lemma 1 toD and M,
we obtain
D' = (—a®:b(b—c):c(c—b)).
Similarly,
E'=(ala—c):=b*:clc—a) and F' = (a(a—0b):b(b—a):—c?).
Applying Lemma 1toD’andX = (0:a+b—c:c+a—0), (likewise toF’
andY’, and toF” and Z), we obtain the points

Y a? ) b ) c
“\alb+e)—(b—¢c)? ct+ta—b atb—c)’

v’ a ) —b? ) c
\b+c—a blcta)—(c—a)? at+b—-c)’

pa a ) b ) —c?
“\b+c—a ct+a—>b cla+b)—(a—b)2)"
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These are clearly the vertices of the circumcevian triangl&ef We summarize
this in the following proposition.

Proposition 2. If X’ (respectively Y’, Z’) are the second intersections of D'X
(respectively E'Y, F'Z) and the circumcircle, then X’Y’Z’ is the circumcevian
triangle of X5x7.

Figure 3.

Remark. The linesD'X, E'Y, F'Z intersect atX5s, the internal center of simili-
tude of the circumcircle and the incircle.

Proposition 3. Let X", Y, Z” be the second intersections of the circumcircle
withthelines DX, EY, F'Z respectively. The lines AX”, BY”, CZ" bound the
anticevian triangle of Xs7.

Proof. By Lemma 1, these are the points
7 a? ‘ b(b — . c(c—10)
s—a s—b @ s—c

¢)
Y,,:(a(a—c)‘ P clc—a)

s—a s—b s—c

Z,,_(a(a—b) bb—a)

s—a  s—b ~s—

)
)

)
)

The linesAX"”, BY"”, CZ" have equations

S+ St =0,
s—a sS—cC _
T , Tt ez =0
s—a S— _
=Tt = 0.

They clearly bound the anticevian triangle Xf;. See Figure 4. O
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Figure 4.

Remark. The linesDX, EY, F Z intersect atXs4, the external center of similitude
of the circumcircle and incircle.

Proposition 4. X57 is the perspector of the triangle bounded by the polars of A,
B, C with respect to the circle through the excenters.

Proof. As is easily verified, the equation of the circumcircle of the excentral trian-
gleis

a*yz + b’zx + *zy + (x +y + 2)(bew + cay + abz) = 0.

The polars are the lines

§+§+§_0,
%4‘54—;:0,
S+ 5 + 2 =0

They bound a triangle with vertices
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<_s(g(—82b)_(sbc—)c) : sib : sic>’
a 5?2 —ca c
(s—a:_s(j(—c)(s—)a) : s—c)’

a s c(s% — ab)
s—a s—b  s(s—a)(s—0b))"
This clearly has perspectofs;. O

Proposition 5. X57 isthe perspector of the reflections of the Gergonne point in the
intouch triangle.

Figure 5.

More generally, the reflection triangle &f = (u : v : w) in the cevian triangle
of P is perspective with BC' at

a2  b? 2 b2 + 2 —a?
u __2_1__2_1__2_1_7 St .
U v w vw

See [2]. For example, iP is the incenter, this perspector is the point
X35 = (a®(b? + be+ % —a®) V(A +ca+a® = V) : Pa® +ab+ b - 2))

which divides the segmeidd! in the ratioO X35 : X351 = R : 2r.
Finally, we also mention from [5] thaks; is the orthocorrespondent of the
incenter. This means that the trilinear polar’@f, namely, the line
s—a s—b s—c

T+ y+ z2=0
b c

a
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intersects the sidelineBC, CA, AB at X, Y, Z respectively such thdtX | 1A,
1Y 1 IB,andIZ 1 IC.

3. Alocus of perspectors

As an extension of the result of [4], we consider, for a real numldée triangle
XY Zy with X, Y;, Z; dividing the segmentX X, YY1, ZZ; in the ratio

XXy XeXn=YYVe VWY1 =22 Z4Zy =1:1—1¢.

Proposition 6. The triangle X;Y;Z; is perspective with ABC'. The locus of the
perspector is the Soddy line joining the incenter to the Gergonne point.

Proof. We compute the coordinates af, Y;, Z;. It is well known thatBX =
s—b, XC = s — ¢, €tc., so that, in absolute barycentric coordinates,
X:(S—C)B—:(S—b)c’ Y:(s—a)C’—bF(s—c)A’ Z:(s—b)A—Z(s—a)B.
Since the intouch triangl&’Y Z has (acute) anglegt<, <4 and 452 at X,
Y, Z respectively, the pedal; of X onY Z divides the segment in the ratio

A A+ B

C; : cot ; :tani :tanazs—c:s—b.
Similarly, Y; and Z; divide ZX and XY in the ratios

ZY1: Y1 X=s—a:s5—¢ XZ1:Z21Y =s—b:s—a.
In absolute barycentric coordinates,
(s=b0)Y +(s—c)Z

a
b+c)(s—b)(s—c)A+b(s—c)(s—a)B+c(s—a)(s—b)C
abc '

YX1 : XlZ = cot

Xy =

It follows that
tb+e)(s=b)(s—c)A+b(s—c)(c—t(s—b)B+c(s—b)(b—1t(s—c)C
N abe ’
In homogeneous barycentric coordinates, this is

Xe=(@tb+c)(s—b)(s—c):b(s—c)lc—1t(s—0b)):c(s—b)(b—t(s—c)).

The linel X; has equation
be(b—c)(s —a)r +c(s —b)(ab—2s(s —c)t)y —b(s — ¢)(ca — 2s(s — b)t)z = 0.
The linel X; intersectsBC at the point
X{=(0:b(s —c)(ca —2s(s —b)t) : c(s — b)(ab — 2s(s — c)t)
_ <0 : b(ca —2s(s —b)t) c(ab—2s(s — c)t)) .

s—b ' s—c
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Similarly, the linesl'Y; andZ; intersectC' A and AB respectively at
y! (a(bc —2s(s — a)t) 0. c(ab — 2s(s — c)t))

7l = <a(bc —828_(2— a)t) : b(ca —SQi(Z —b)t) : O> .

The triangleX}Y} Z/ is perspective wittd BC at the point
(a(bc —2s(s —a)t) b(ca—2s(s—b)t) clab—2s(s— c)t))

s—a ' s—b ' s—c

As t varies, this perspector traverses a straight line. Since the perspector is the
Gergonne point for = 0 and the incenter fof = oo, this line is the Soddy line

joining these two points.
The Soddy line has equation
(b—c)(s—a)z+ (c—a)(s —b)*y+ (a —b)(s — c)?z = 0.

Here are some triangle centers on the Soddy line, with the corresponding values of

t. The symbol-, stands for the radius of th&-excircle.

| t | perspector | first barycentric coordinate |
1 X771 bt e ;Li_az)
2 X442 —a(bz+icj;z_az)
3 Xog9 ﬁ
% X481 27“a —a
—~ X480 2r, +a
2 X Tq — @
73R X176 Te ta
% X1372 47”(1 —3a
7239R X371 4r, + 3a
2| Xism drg —a
2| Xigrs dra +a

The infinite point of the Soddy point is the point

X516 = (2a®—(b+c)(a*+(b—c)?) : 2b° —(c+a)(b*+(c—a)?) : 2¢*—(a+b)(c*+(a—Db)?)).

It corresponds tad = R(4§+T). The deLongchamps pointy also lies on the
Soddy line. It corresponds to= 2222+r).

4. Emelyanov’s first problem
From the coordinates of;, we easily find the intersections

A, = AX,NBC, B;,=BX,NCA, C,=CX;NnAB.



The intouch triangle and th@-line 133
These are

A =(0:b(s—c)(c—(s—=Db)t) : c(s —b)(b— (s — o)),

By =(a(s —¢c)(c—(s—a)t): 0:¢c(s —a)(a— (s — o)),

Cy=(a(s —b)(b— (s —a)t) : b(s —a)(a—(s—0b)t): 0). (2)

They are collinear if and only if

(a—(s=b)t)(b— (s —o)t)(c — (s —a)t)
+(a—(s—c)t)(b— (s —a)t)(c—(s—b)t) =0. (3)
Since this is a cubic equation inthere are three values ofor which 4, B,
C; are collinear. One of these is= 2 according to [4]. The other two roots are
given by
abe — abet +2(s — a)(s — b)(s — ¢)t? = 0. 4)

Sinceabc = 4Rrs and(s —a)(s —b)(s —c) = r%s, whereR andr are respectively
the circumradius and inradius, this becomes

2R — 2Rt + rt* = 0. (5)

From this,

,_ REVEZ-2Rr _Rd
r r

whered is the distance betweean and /.
We identify the lines corresponding to these two values of

Proposition 7. Corresponding to the two roots of (4), the lines containing 4, By,
C, are the tangents to theincircle perpendicular to the OI-line.

Lemma 8. Consider a triangle ABC' with intouch triangle XY 7, and a line £
intersecting thesides BC, C A, AB at A, B, C' respectively. Theline £ istangent
to theincircle if and only if one of the following conditions holds.

(1) Theintersection BB’ N CC' liesonthelineY Z.
(2) Theintersection CC’' N AA’ liesontheline Z X .
(3) Theintersection AA’' N BB’ lieson theline XY'.

Proof. Let A’B’ be a tangent to the incircle. By Brianchon’s theorem applied to
the circumscribed hexagaofly” B’ A’ X B it immediately follows thatd A, Y X and
B'B are concurrent.

Now supposed A’, Y X and B’ B are concurrent. Consider the tangent through
A’ (different from BC') to the incircle. LetB” be the intersection of this tangent
with AC. It follows from the preceeding that 4, Y X and B” B are concurrent.
Therefore B” must coincide withB’. This means thatl’ B’ is a tangent to the
incircle. O
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5. Proof of Proposition 7

The linesB B; andC'C; intersect at the point

A”_< C (b—(s—a)t)(c— (s —a)t)

s—a

: sfb(c— (s — a)t)(a — (s — b)Y)

P _C(a— (s—=o)t)(b—(s— a)t)) .

This point liesonthe lin& Z : —(s —a)x + (s — b)y + (s — ¢)z = 0 if and only
if

C

—ab—(s—a)t)(c— (s —a)t)
+b(c— (s —a)t)(a— (s —Db)t)
+cla—(s—o)t)(b—(s—a)t) =0.

This reduces to equation (4) above. By Lemma 8, these two lines are tangent to the
incircle. We claim that these are the tangents perpendicular to th&lind-rom
the coordinates given in (2), the equation of the IR€); is

(s—a)(a—(s=b)t)(a—(s—))

L s=b)la—(s —g)t)(b —-ap),

(s—)(a—(s—b(c—(s—a))
C
According to [6], lines perpendicular 01 have infinite point

X513 = (a(b—c¢) : b(c—a) : c(a —b)).
The line B;C; contains the infinite poinks;3 if and only if the same equation

(4) holds. This shows that the two lines in question are indeed the tangents to the
incircle perpendicular to th@1I-line.

+ z=0.
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