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Garfunke’snequality

Nguyen Minh Ha and Nikolaos Dergiades

Abstract. LetI be the incenter of triangld BC' andU, V', W the intersections
of the segmentg A, I B, IC with the incircle. If the centroid~ is inside the
incircle, andD, E, F the intersections of the segmeidisi, GB, GC' with the
incircle. Jack Garfunkel [1] asked for a proof that the perimetdy BfiV is not
greater than that D E'F'. This problem is hitherto unsolved. We give a proof
in this note.

Consider a triangleA BC' with centroidG lying inside its incircle(l). Let the
segmentsAG, BG, CG, Al, BI, CI intersect the incircle ab, E, F, U, V, W
respectively. Garfunkel posed the inequalityyU’ VW) < 9(DEF') as Problem
648(b) of Crux Mathematicorum [1, 2].* Here, d(-) denotes the perimeter of a
triangle. The problem is hitherto unresolved. In this note we give a proof of this
inequality. We adopt standard notations; b, ¢, are the sidelengths of triangle
ABC, s the semiperimeter andthe inradius.

Lemma 1. If the centroid G of thetriangle ABC isinside theincircle (1), then
a? < 4dbe, b? <dca, * < 4ab.
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Proof. BecauseG is inside(I), we havel G < r?, (AG — AI)? < r?, AG +

—»2 e _
Al —2AG - AI < r2. This inequality is equivalent to the following
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AG + (AT —r2)—§(£+1@)-ﬂg0
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2(b +S) a +(5—a)2—2(b+cg(8 Q)SO

8(b? +c*) —4a®>+90b+c—a)* —12(b+c)b+c—a) <0
3(b+c—a)? +2(b—c)? < 2(4bc — a?)
which impliesa? < 4bc and similarlyb? < 4ac, ¢* < 4ab. O

Let the external bisectors of trianglel’ W bound the trianglé?Q R, and inter-
sect the incircle oABC atU’, V', W' respectively.
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Iproblem 648(a) asked for a proof @ XY Z) < 9(UVW), XY Z being the intouch triangle.
See Figure 1. A proof by Garfunkel was given in [1].
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Lemma 2. If the centroid G of ABC' isinside the incircle, then the points D, F,
F areontheminor arcsUU’, VV', WW' respectively.

Figure 1

Proof. If b = ¢ then obviouslyl/, D andU’ are the same point.
Assume without loss of generality> c. We set for brevityy = 4, 0 = 7€,
Note thatU’ is the midpoint of the ar&’ UTW. We have

1 1 B
LUIU = i(éUIW—AUIV) =3 (9004—5 —90° — %) =40.

Let X’ be the antipode of the touch poiit of the incircle with BC. Since
LUIV = ZX'IW, the pointU’ is the mid point of the ar€/ X’. We have
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Sinceb > ¢, the centroidG lies inside the angle’TAC. To prove thatD lies
on the minor ard/U’ it is sufficient to prove that the coefficient 4" is greater

than that ofAB in the above expression dflU/’. We need, therefore, to prove the
inequality

1 sinp — 1\ ¢ 1 5—b> 1 sinp—1\ b 1 s—c
2cosf )2s 2cosf a 2cosf )2s 2cosf a

Factoring and grouping common terms, the inequality is equivalent to

1 b—c sinpg—1\b—c
. — (1=
2cosf a ( 2cos ) 2s >0

b— b
€ +C—2cos@—|—sin<p >0
4scos 6 a
(b4 ¢+ asinp)? > 4a? cos® 6. (1)

Using the well-known identityos? § = £ (1+cos 26), anda cos 20 = (b+c) sin ¢
by the law of sines, inequality (1) can be written in the form

(b4 c+asinp)? > 2a® + 2a(b+ ¢) sin ¢
(b+¢)* —a? > a® — a®sin’ ¢
2bc + 2bccos A > a? cos®
4bc cos?(A)2) > a? cos® o
4bc > a®.

This inequality holds by Lemma 1 sin&& is inside the incircle. This shows that
D is on the minor ar&/U’. The same reasoning also shows thaand F' are on
the minor arcd/ V', WW' respectively. O

Theorem (Garfunkel’s inequality) If the centroid G liesinside the incircle, then
O(UVW) < O(DEF).

Proof. By Lemma 2, the point®, E, F lie on the minor arc&/U’, VV', WW’
respectively. LetX” be the intersection point dDF andQR, Y” be the intersec-
tion point of EF and RP, andZ” be the intersection point af D and PQ. Note
thatX”,Y"”, Z" belong to the segmenf3F, E'F, F'D respectively. See Figure 2.
It follows that

(DEF) = DE + EF + FD
—DX"+ X"E+EY"+Y"F+FZ"+ Z"D
_ (EX”—I—EY”) + (FY”—i—FZ”) + (DZ”—I—DX”)
>X'Y"+Y"7" + 7" X"
_ 8(X”Y”Z”).
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Figure 2

Therefore)(DEF) > 9(X"Y"Z"). On the other hand, triangleQ R is acute
and triangleUV W is its orthic triangle. See Figure 1. By Fagnano’s theorem,
we haved(X"Y"Z") > o(UVW). It follows thatd(DEF) > o(UVW). The
equality holds if and only if trianglel BC' is equilateral. O

References

[1] J. Garfunkel, Problem 64&rux Math., 7 (1981) 178; solution, 8 (1982) 180-182.
[2] S. Rabinowitz, Index to Mathematical Problems 1980-1984, MathPro Press, Westford, Mas-
sachusetts USA 1992, p. 469.

Nguyen Minh Ha: Faculty of Mathematics, Hanoi University of Education, Xuan Thuy, Hanoi,
Vietnam
E-mail address: m nhha27255@ahoo. com

Nikolaos Dergiades: . Zanna 27, Thessaloniki 54643, Greece
E-mail address: nder gi ades@ahoo. gr



