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Abstract. We extend the recent generalization of the famous&idordell in-
equality by Dar and Gueron in thigmerican Mathematical Monthly.

1. Introduction

In the recent note [1] the following generalization of the famousErdVlordell
inequality has been established. (For a proof of the original inequality see for in-
stance [2]). For a triangld; As A3, we denote by, the length of the side opposite
to A;,i = 1,2,3. Let P be an interior point. Denote the distancesibfrom the
verticesA; by R; and from the sides opposit& by r;. For positive real numbers
A1, A2, Az,

T1 4 (] 4 T3 )
VAV VA3

This inequality appears in [3, p.318, Theorem 15] without proof and with an
incorrect characterization for equality. In [3, Chapter XI] and [4, Chapter 12], there
are quoted very many extensions and variations of the originadsErdvordell
inequality. It is the goal of this note to prove a further generalization containing
the results of [1] and to apply it to specific points in a triangle, resulting in new
inequalities for several elements of triangles.

AR+ ARy + A3R3 > 24/ A1 A2)3 < (1)

2. Theinequalities
Let A1, A2, A3 andt denote positive real numbers, with< ¢ < 1.

Theorem 1.

t t t
ARt+ARt+ARt>2tAAA<T1+T2+T3). 2
1417 21419 33_ 123\/)\—1 \/)\—2 \/)\—3 ()

Equality holdsif and onlyif Ay : Ao : A3 = a3® : a3t : a3! and P isthe circumcenter
of triangle A; A3 As.
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Proof. As for instance in [1] we have

as as ap as as ap
Ry > —ro+ —r3, Ry > —r3 + —rq, R3 > —=ri + —ra.
ap ap as as as as

Using the power means inequality we obtain (o ¢ < 1)

t t

a t a t

R >2t(%r2+%r3>t>2t. (£> rt <ﬁ> "3
- 2 - 2

and two similar inequalities. Applying several times the elementary estimation
z+ 1 >2forz > 0 we obtain

MERL + X RE + A3 R

t t
a2 as
>0t 5 rt 5

(8) s+ (@) 0, (8) nr(8)n

Ty + 5 T3

ZQt (\/ )\2)\37{ + )\3)\1?”5 + )\1)\2T§>

as claimed. The conditions of equality are derived as in [1].
O

In view of the obvious inequalityz + y)t > x! + 4 for x,y > 0, we have the
following theorem.

Theorem 2. Fort > 1,

t t t
ALR! + AoRL + A\sR, > 2 )\)\)\(T1+T2+T3>. 3
14y 249 343 = 1A2A3 \/)\—1 \/)\—2 \/)\—3 ( )
As a consequence of Theorem 1 we get
Theorem 3.
Y 3 2 2V T (4)
A 26/ A1 A2 A 3 (Riry)*
R 2 (RleR;)tQZS?zl 2=t )
Sy Ni(Riri)t = 20/ A g Xs(rirars)t 300 ﬁ (6)
S0 At > 28X oA (rirars)E 300 m (7)

3 i 28/ A1 A2 3 Rl

i (Riri)t = (R1R12RQB)§ i VA (8)

The proofs of these inequalities follow from Theorem 1 upon application of
transformations such as
(i) inversion with respect to the circlé&( P,«/R1 Ry R3) resulting inR; +— %333
andr; — R;r; fori =1,2,3,
(ii) reciprocation ofA; A; A3 yielding R; — ”:—”3 andr; — % fori=1,2,3,
and
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(iii) isogonal conjugation.
For the details consult [3, pp. 293 - 295].

Remarks. (1) From (5) and (6) the following inequality is easily derived.
3

Ai
(RiRyR3)" > w24 PV A A3 (ryrars)f 9)
i=1 "t i=1
whereas (7) and (8) lead to the “converse” of {3,
4 \/)\1)\2/\3 '
AT VAR 10
(ryrars) t Z B R1R2R3 Z (10)

(2) We leave it as an exercise to the reader to derlve an analogue of Theorem 2.
It should be noted that the above inequalities include very many results of [3, 4] as
special cases.

3. Applicationsto special triangle points

In this section we show that the theorems above, when specialized to suitably
chosen interior point®, imply an abundance of new interesting triangle inequali-
ties.

3.1 Let P bethe incentef of A1 A3 As. Thenr; = ro = r3 = r, the inradius of
A1AsAs, andR; = AT = rcsc’g , 1 =1,2,3. Thus, from (8), we obtain, upon

recalling that
A1 AQ Ag T

SIDESIH781H7 = E,

the following inequality forl0 <t < 1:

Z)\ sin % > /A ohs (2R) \/_ A (11)

3.2 Let P be the centroidy of A;A3A3. ThenR;, = A;G = gmi, andr; =

% where, fori = 1,2, 3, m; and h; denote respectively the median and altitude
emanating from vertex;. Therefore, as an example (4) becomespfert < 1,

3
Z Z )\1)\2)\32\/— P (12)

=1
If we put); = hl,i =1,2,3, then

(20 (5 (8

m1 ma m3

(13)

This inequality should be compared with the following one by Klamkin and
Meir in [3, p. 215]:
hi  ha  hs
R L )
mq ma ms3

where(hy, ho, h3) is any permutation ofhy , ho, h3).
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Via the median - duality transforming an arbitrary trianglgd, A3 into one
formed by its medians ([3, pp.109 - 111]), inequality (13) becomes

() + () + () =5 oo
moms m3mq mimsa
Finally, in (12), we put\; = a—lt for i = 1,2, 3. A short calculation gives
s(5) =y () (15)
F - P m;
Here, we make use of the identityasas = 4RF', whereF' denotes the area of

A1As As.
The median - dual of this inequality in turn reads

3 t t
vauz A/ 111213
2 (T) =3 (T) ‘ (16)

i=1
Of course, if in (12) had we put; = g—t with p; > 0,47 =1, 2,3, we would obtain
an even more general but less elegént inequality.

Remarks. (1) Clearly, many further inequalities could be deduced by the methods
of this section. We leave this as an exercise to the reader.

(2) As the right hand side of inequality (1) indeed rea@g\o A3r1++v/ A3\ 1o+
VA1 A\ors), itis enough to assumi, A2, Ao nonnegative throughout this note.
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