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The Twin Circles of Archimedesin a Skewed Arbelos

Hiroshi Okumura and Masayuki Watanabe

Abstract. Any area surrounded by three mutually touching circles is called a
skewed arbelos. The twin circles of Archimedes in the ordinary arbelos can be
generalized to the skewed arbelos. The existence of several pairs of twin circles,
under certain conditions, is demonstrated.

1. Introduction

Let O be an arbitrary point on the segmetB in the plane andy, 3 and~ the
semicircles on the same side of the diametéfs BO and AB, respectively. The
area surrounded by the three semicircles is called an arbelos or a shoemaker’s knife
(see Figure 1). The common internal tangenticdnd 3 divides the arbelos into
two curvilinear triangles and the incircles of these triangles are congruent. They
are called the twin circles of Archimedes or Archimedean twin circles. The authors
of [3] pose the following question: Is it possible to find any interesting properties
of a “skewed arbelos”, in which the centers of the three cirdle® and~ are
not collinear (see Figure 2), without resorting to trigonometry? In this article, we
show several interesting properties of the skewed arbelos, one of them being the
existence, in certain situations, of up to four pairs of twin circles. This property is
a generalization of the existence of the twin circles of Archimedes in the ordinary
arbelos.
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Figure 1. Figure 2.
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2. The skewed arbelos

Throughout this papery and 5 are circles with centergz, 0) and (0, —b) for
positive real numberg andb, touching externally at the origi®, and~ is another
circle touchinga and g at points different fromO. We do not exclude the case,
when ~ touchesa and 3 externally or wheny is one of the common external
tangents ofv and 3. There are always two different areas surrounded. by and
~ (if v touchesn and 5 externally, we still consider the exterior infinite area to be
surrounded by these three circles). We select one of these areas in the following
way (see Figure 3). Ify touchesa and 3 externally from above, we choose the
finite area, ify touchesa and 3 internally, we choose the upper area, and if
touchesa and 8 externally from below, we choose the infinite area. We call this
area theskewed arbelos formed by the circlesy, 5 and-.
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Figure 3.

Now we define four sets of tangent circles (or four chains of circles). If we
include the lines parallel to the-axis (circles of infinite radius) among the circles
touching they-axis, there are always two different circles touchingx and the
y-axis, which do not pass through the tangency point ahd~. We label the one
inside of the skewed arbelos a§ and the other one as, . The circles3,” and
B, touching~, 8 and they-axis are defined similarly (see Figure 4). There are
also two circles touchingy, of and they-axis, one intersecting and the other
not. We label the former ag", and the latter as; . The circlesay, a4, -+ can
be defined inductively in the following way: Assuming the circlzg‘[s1 andozl.+ are
defined o, | is the circles touching, o and they-axis and different fromy;" ;.

The circIeSan, afg, --- are defined similarly. Now the entire chain of circles
{""aiQ’O‘il’O‘giaf’a;"'}

is defined. The other three chains of circles
{ alyaly 09,0709, 00}
{"'1ﬁi_gaﬁj11ﬁa_!ﬁi’—!ﬁ;_1"'}:
{022,870, By By By -}
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wherea—,, 8, and3_, intersecty, are defined similarly. 1&", o, 3;" and3;”
are proper circles, there radii are denotedapya; , b andb; , respectively. If,

for exampleo' is a line parallel to the-axis, we consider the reciprocal value of
its radius to be zero, even though we cannot define the raﬁihself.
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Figure 4. Figure 5.

If o is a proper circle and the centers@f andc;" lie on the same side of
the z-axis for all proper circlesy” (i > k), we defines (o)) = 1, otherwise we
definec(a;) = —1. If o} is a line parallel to thg-axis, we definer(o;) = 1.
The numbersr(a;, ), o(8;), o(3; ) are defined similarly. Ify touchesa and 3
internally, o(af ) = o(ag) = 1 and consequentlyr(a;”) = o(a; ) = 1 for all
non-negative integers Lets; andt; be they-coordinates of the tangency points
of the circlesa;” anda; with the y-axis. If o] (or o) is a line, we consider
si = 0 (ort; = 0). We defines(o;, ;) = 1, whens;t; > 0 ands; < t;, or
whens;t; < 0 ands; > t;, otherwiseo (o;", a; ) = —1. The numbew (3], ;")
is defined similarly. If the centers of the three circtes3 and~ are collinear, we
get an ordinary arbelos. In this case, the radii of the twin circles, which we denote
asra, are equal tab/(a + b).
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Theorem 1. For any integers p and ¢,

U(a$)+0(a;) 2 Pty

Jab B VN

and for given circles « and 3, the value on the right side does not depend on the
circle~.

oo, o)

Proof. Let p and ¢ be arbitrary integers. We invert the figure in the circle with
centerO and radiust = 2v/ab, and label the images of all circles with a prime
(see Figure 5). The circles}’ and 3" always lie above the circles;” and3;”
respectivelya(a;) = 1 (resp.o(ay ) = 1) is equivalent to the fact that the center
of ait’ (resp. o) lies in the regiony > 0 (resp. y < 0) ando(ajf,a;) = 1

is equivalent to the fact that thecoordinate of the center oip*' is greater than
or equal to they-coordinate of the center @g'. Sincec’ is a line parallel to the
y-axis, the circlesa;f/ andaq—’ are congruent, and we denote their common radius
asa’. Similarly, we denote the common radius of the circ@éandﬂq—’ asbt’. Let

us assume thaty’, oy, it anda;” touch they-axis at the pointsS, 7', P and

Q. If o;f is a proper circle, the inversion cen@ris also the center of homothety

of the circIeSa; and oz;;/ with homothety coefficient equal to the square of the
radius of the inversion circle (i.e., to the power of inversion) divided by the power
O(e") of the pointO to the inverted circlex!’: k2/O(c;"). Hence, the radius of

;) can be expressed a% = k%’/O(a;’) [5, p. 50]. The reciprocal value of this
radius is thenl /ot = [OP|?/(4aba’). The last equation holds evendif is a line
parallel to they-axis. Similarly, the reciprocal value of the radius of the ciigje

is equal tol/a; = |OQ|?*/(4aba’). The segment length of the common external

tangent of the externally touching circldsozar', or~/, ag/ between the tangency
points is equal t9ST'|/2 = 2,/(a’ + V')a’. Consequently,

_ o)) aleg) ) _ [ o(@)|OP| + o(ay)|0Q)|
J(a;{,aq) a;—i- - —J(Oé;r, q)( b a )

|PQ)| ||ST| 4+ 2pa’ + 2qd’| ‘4\/m+2(p+q)a’
C2Vabvd 2v/abVa B 2vabVa '

Sincedaa’ = 4bb' = 4ab by the definition of inversion, we get = b andd’ = aq,
and we finally obtain

o(af) o(ay) 1 1 p+gq
olag, o) | —Z=+—""=| =12+ +—F
a;» CL; b \/a

The proof of the theorem is now complete. O
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We can get a similar expression for the radii of the cirgiésand 3; for any
integerss andr. According to the proof of Theorem 1, the circle§ and o’
coincide if and only ifP = @ and this is also equivalent to

[, a_ p+tg
1+-=-214
3 2

Hence, we obtain the following corollary:

Corollary 2. Thetwo chains {--, af,, o}, of, o, af, --- }and {---, a7,

a”y,ap, 07, ay, -} coincide if and only if there is an integer n such that

a 7’L2

b 4
In this event, oz;' = O‘:\n|—p for any integer p. For given circles o and (3, this

property does not depend on thecircle v .

From the inverted skewed arbelos (see Figure 5), it is easy to see that the circles
o, o, B andf,; have two common tangent circles for any integeamidg. The
line passing through the centéx. of the circley/ and perpendicular to the-axis
is also perpendicular to the linesand 3’ and to the circley. Let § be the circle,
which is inverted into this line. Since inversion preserves angles between circles or
lines, the circle) is centered on thg-axis and perpendicular to the circless and
~. Consequently, the inversion énwith positive power leaves thgaxis and these
circles in place and exchangeg, a, and ﬂ; and 3, respectively. Since the
inversion center is also the center of homothety of a circle and its image (external,
if the inversion center is outside of the circle, and internal in the opposite case),
the external center of similitude of the circle§ anda,, is the same point on the
y-axis (the center of the circl® for any integem. This point is also the external
center of similitude ofﬁ’q+ andg, for any integer.

Since(oyf,a”,) = o(B),6-,) = 1 for any integeryy and ¢, we get the

following corollary:
Corollary 3. For any integers p and q,

olag) olez,) o))  o(B,)

2
+ = + =
\/ay \/aZ, \/ba b=, V'
and for given circles o and /3, the constant value on the right side does not depend
onthecircle .

Corollary 4. If v touches o and § internally,
1 2

1 1 1
+ = + =
Vad  Jao be ke VA
and for given circles o and /3, the constant value on the right side does not depend
onthecircle .

From the last corollary, it is obvious that Theorem 1 is a generalization of the
existence of the twin circles of Archimedes in the ordinary arbelos.
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3. Then-th twin circles of Archimedes (symmetrical case)

In this section, we demonstrate that in certain situations, a skewed arbelos also
has a twin circle property, which is a generalization of the twin circles of Archimedes
in an ordinary arbelos. We use the same notations as in the previous section. If
one circle of the sefaf,a”,,at,,a; } is congruent to one circle from the set
{B+, 8=, 5 ,, 8, } for some integen, the congruent pair is calleal pair of the
n-th twin circles of Archimedes. The twin circles of Archimedes in the ordinary
arbelos are represented by one pair of the 0-th twin circles.

If the circlesa, B and~ form an ordinary arbelos, the intersectiomoivith the
y-axis in the regiony > 0 has the coordinate®, 2/ab). For a real numbet, the
point (0,2v/ab/z) is denoted by, and we consideV to be the point at infinity
on they-axis. We show thak},, are closely related to some pairs of tir¢h twin
circles of Archimedes. There are also other points onythagis, related to pairs of
the n-th twin circles of Archimedes. For a real numbgrconsider the following
points with they-coordinates

—2v/ab(\/a+Vb)
2(Va+vb)+2va+b’
—2v/ab(/a+Vb)
z(Va+vb)—2va+b’
—2v/ab(/a—Vb)
2(Va—vb)+2va+b’
—2vab(v/a—Vb)
2(Va—vb)—2va+b’

Wit

W

Wj_:

Wt

Reflecting the pointd, W * and W}~ in the z-axis, we get the point§_,
W= andW_. Sincev2 < 2va +b/ (\/5+ \/5> < 2, Wt and W, ~

cannot be the point at infinity on thgaxis for any integer, but it can happen
that each of¥~ andW,, * is identical with the point at infinity for some b and
integern. If the circley passes, for example, through bdéfh ; andV,,_;, we say

that~ passes throughy, 1.

Theorem 5. Let n be aninteger and a # b.
(i) 1/} = 1/b} if and only if the circle v passes through V41 or W1, If 4
passes through V.11,

SO o

and if ~ passes through W,

i (G R (E) e
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(i) 1/aZ, = 1/b_,, if and only if the circle v passes through 1}, or W, . If
passes through V.11,

and if v passes through W, -,

() ) (=)

(i) 1/a*,, = 1/b, if and only if the circle  passes through V,,.1 or W, . If y
passes through V.11,

#H(—n(ﬁ—%)w%) (4)

(iv) 1/a;, = 1/b%, if and only if the circle  passes through V,..; or W, . If v
passes through V;, 41,

b))
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Figure 6.

Proof. Let S andT be the intersections of and they-axis, whereS lies on the
arc or the line forming the boundary of the skewed arbelos. We denotg-the
coordinates ofS andT by s andt. If the circle v touchesa and g internally,

t < 0 < s, otherwises < t. We invert the figure in the circle centered@tand
with radius2v/ab as in the proof of Theorem 1 (see Figure 6), label the images
of all circles and points with a prime and denote the radi'tgp’f and ﬂj{’ by o’
andd’. Then we obtairt’ = b andd’ = a. Let the line parallel to the-axis and
passing througts’ intersect the line/ at the pointP. Let~/ andaﬁ{' toucho’ at
the pointsQ and R, respectively, and leb,, be the center of the circlg’. From
the right triangle formed by the lines,,.S’, S’ P and the line througld),. parallel

to they-axis, we get PQ| = 2v/a’b'. The segment length of the common external
tangent of the touching circleg, aj’ between the tangency points is equal to

|QR| = 2+/(a’ + V')a’. Hence, the reciprocal radius af is equal to

1L Oag) (5~ |PQ|+|QR| + 2nd)?
E ~ daba’ 4daba’
(s —2Vab +2/(d +V)d + 2na’)?
N 4daba’
(8" —2Vab+2y/(a + b)b + 2nb)?
4ab? ’

wheres' is they-coordinate of the poins’ andO(a;t’) is the power of the point
O to the inverted circleyt’. Therefore,l/a;f = 1/b is equivalent to

(s — 2v/ab + 2+/(a + b)b + 2nb)? _ (5’—2\/%+2\/(a—|—b)a—|—2na)2'

4ab? 4a2b
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This quadratic equation fof has two roots:
s' = 2(n 4 1)Vab. (3)
and
s =—2(n—1)Vab— dyablatb) (4)
Vva+ b

Sincess’ = 4ab, these are equivalent to

_ 2Vab

n+1

and

—2Vab (\/5+\/5)
(n=1) (Va+vh) +2va+b

Hence,l/a;} = 1/b}} is equivalent toS = V;,.; or S = W, If S =V}, 41, then

S =

' =5 —2|PQ| = 2(n — 1)Vab,

wheret’ is they-coordinate of the poinf’. Hence,

. _ Aab _ 2v/ab
Y n=1
and we obtairl” = V;,_;. Similarly, S = W, impliesT = W,",. Assume now
that the circley passes through, ;. If S = V,,_; andT = V,,.1, we would have
4ab  4ab
s’—t’:i—%:—4\/%<0,
S

which contradicts to the fac{ > ¢'. Therefore,S = V,,.1 and s’ is given by
equation (3). Consequently, we arrive to equation (1):

) (s'—2\/%+2\/m+2nb)2 L1 L \2
a 1ab? —<”(ﬁ+%>w—m>'
If v passes through/,/;, S = W, 7. Forif S = W}, we would again have
s’—t’:%‘bb—%‘bbz—4@<0,

which is a contradiction. Using equation (4), we arrive to equation (2):

2
(—2n\/% +2/(a+0)b + 2nb — Lﬁiﬁ)

1
al 4ab?

() o) )
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Cases (i), (iii) and (iv) can be proved similarly as case (i). The reciprocal radii
1/a”,, 1/at, andl/a, are equal to

—n

1 (s —|PQ|—|QR|+2na")? (s’ —2Vab—2/(a+b)b+ 2nb)?

a” 4aba’ 4ab?

—-n

1 (s —|PQ|+|QR|—2na")? (s’ —2Vab+2\/(a+b)b—2nb)>

at 4daba’ 4ab?

1 (¢ —|PQ| - |QR| —2nd)* (s’ —2Vab—2 (a+wb—%w)
am 4aba’ N 4ab?

One root of the quadratic equations corresponding to cases (ii), (iii) and (iv) is
always given by equation (3) and the other roots are

§ = —2n - 1)Wab+ 4;b(+“:}b) (5)
s’——2(n—1)\/a_—ﬁ, (6)
y_—%n—n%E+ij§%%Q. )

O

If the circle~y passes through the poitit.;, we label the arbelos &%/,11). The
arbeloi (W.'1), (W, ), (W,75;) and (W, ) are defined similarly. Reflecting

n n n

the arbeloi(V,,+1), (W,51), (W,75) in the z-axis yields the arbelo{V._,1),

n n

(W=, 1), (W-1,,), respectively. Equation (3) is obtained, when the signs of the
expressions’ —2v/ab+2+/(a + b)b+2nb ands’' —2v/ab+2+/(a + b)a+2na are

the same. This implies that ii¥,,11), the centers of the circleg! and3;" lie on

the same side of the-axis. On the other hand, equation (4) is obtained, when the
signs of these expressions are different from each other. Consequeftiy.in),

the centers ofy! and 3! lie on the opposite sides of theaxis. Similarly, we

can find, on which sides of the-axis lie the centers of the-th twin circles of
Archimedes in the remaining arbeloi. These results are arranged in Table 1.

Var) | (W) | W) <Wnﬂ> (W)
same | o, 57 at,. B, | aw, 85,
side |a_,,B3-,
opposite| o*,,,3,; | o, 85 | aZ,, 52,
side | a;,0%,

Table 1.
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According to Theorem 5, there are four different pairs of th#h twin circles
of Archimedes inV},+1), for any non-zero integer (see Figure 9). In this case,
touchesy andg externally from below for. < —1, internally forn = 0, externally
from above forn > 1. The twin circles of Archimedes in the ordinary arbelos
(Vo+1) and their radii are obtained far = 0. Figures 7 and 8 show the other pairs
of the O-th twin circles of Archimedes in the arbe(®i[,} ) and(W; ;). The 0-th
twin circles of Archimedes itiW, ;) and (W, ) are obtained by reflecting these
figures in ther-axis and exchanging all plus and minus signs in the notation.

Figure 7.a = b7 for (W) Figure 8.a5 = by for (W)

If v is the common external tangent afand S touching these circles from
above, it passes throudh.;, because this tangent bisects the segm#rt[2].
Hence, we get the following corollary (see Figure 9):

Coroallary 6. If v isthe common external tangent of o and 3, touching these circles
from above, then (i) aj = b7, (i) a_; = b4, (iii) a*;, = b7, (iv) a] =b",, and

1 1 1 1 1 1 1 1
(v) = + + = = + + :
Proof. Sincel/\/a, 1/v/b, 1/./7a satisfy the triangle inequality, relation (v) im-
mediately follows from Theorem 5. O
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Figure 9. o™, =b;,a"; =b_, for (Vix1) Magnified,a = b],a; =T,

Theorem 7. Any circle touching oo and g at points different from O passes through
V,+1 for somereal number z. The proper circle touching o and 3 at points different
from O and passing through V..., for areal number = # +1 can be given by the

eguation
2
b—a\? 22v/ab a+b)?
(x_z2—1> +<y_z2—1> _<z2—1> ®)
and conversely. The common external tangents of o and /3 can be expressed by the
equations

(a —b)z T 2V aby 4 2ab = 0, (9)
which are obtained from equation (8) by approaching z to +1.

Proof. We again invert the circles, g and+ in the circle centered & and with
radius 2v/ab as in the proofs of Theorems 1 and 5 and use the same notation.
The circle is then carried into the circle’ with radiusd = a + b, because

a’ = bandb’ = a. The intersection of the skewed arbelos boundary ang-dves

can be expressed a§,, for some real numbet. Lett¢ be they-coordinate of

the other intersection of and they-axis. These intersections are carried into the
intersections of/ and they-axis with they-coordinates/ = 4ab/s = 2(z+1)vab

andt’ = s’ — 4vab = 2(z — 1)V ab (see the proof of Theorem 5), leading to

t = 4ab/t' = 2v/ab/(z — 1). Hence, the other intersection efand they-axis
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is identical with the poin?,_;. Assume thaty is a proper circle passing through
V.41 for a real number # +1 and let(xy,yo) be the coordinates of the center
of v. Obviously,y = (s + t')/2 = 2zvabandz) = (2’ — 20')/2 = b — a,
where(z(, y;) are the coordinates of the center~af The inversion center at the
coordinate originO is also the center of homothety of the circlesnd <, with
homothety coefficient equal fo= 4ab/O(v). SinceO(v') = s't' = 4(2% —1)ab,
this homothety coefficient is equal to = 1/(z — 1)*. Hence,zg = xj)h =
(b—a)/ (2> — 1), yo = yhh = 22vab/(z*> — 1) and the radius of the circlg is

c = ch = (a + b)/|2? — 1], which leads to equation (8). The converse follows
from the fact that (8) determines a circle touchim@ndg at points different from

O and passing througlt , ; at the skewed arbelos boundary and this circle is then
expressed by (8) again as we have already demonstrated- H-1 and we neglect
the terms quadratic ie? — 1 in (8), the remaining factors’ — 1 cancel out and we
arrive to equation (9). a

4. Relationship of two skewed arbeloi

In this section, we analyze further properties of the skewed arl§&jai, ),
W), W, 5), (W,[5) and (W, ) for an arbitrary integern and also con-
sider properties of the circle orthogonaldcand 3. We assume that the circles
andg are fixed. For these arbeloi, the circles formerly denoted'bfor an integer
m are now labeled explicitly as’,,, and their radii ag,; .. Similarly, we relabel
the circles formerly denoted hy,,, 5,5 andg;, and their radii. The circle passing
throughV.; and touchingx and s at points different fronO is denoted byy, for
a real numbee. If v, is a proper circle, it is expressed by (8), and the cirgle

forms (V,,+1) with o and 3. Reflecting the arbelaiV},+1), (W, il) and (W, il)

n n

in the z-axis yields the arbeldiV_,,+1), (W=, ), (W_,1,,), respectively. There-
fore1/at,, = 1/a¥,,, and1/b = 1/bT . in the arbelos pair§V,+;) and
(Vont1); (Wnﬂ) and(W Tt )s (Wnﬂ) and(W nﬂ) but this is trivial.

Since they-coordinates of the pointi,..1, W, ., andW, ., are symmetrical in
a andb, the radiib;,,, can be obtained from?,, by replacinga with b andb with

ain the arbeloi(V,,+1), (W,1}) and(W, ;). On the other hand, thecoordinates
of the pointsW,"; andW, ., are not symmetrical im andb. Hence, we cannot
draw the same conclusion for the arbef®' ;) and (W, ;). Using the same
notations as in the proof of Theorem 5, from equation (3) for the arli@jos ),

we get

2
1 (- 2vabk2/(a B)b = 2mb) 0o 1 \2
_ =(—=+—==
ariz,m 4ab? (\/5 \/a \/ﬁ)
Using equation (4) for the arbeld®/ '),
2
1 _(n_m _ va-vb 1
anm  \Vb V& Ja+VbyTA) '
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an,m

n m+3\/——|—\/_1
bV ar Vb Vi

Using equation (5) for the arbel@$V,, ),
I ( n m  3ya+vb 1

Vb Va \/E+\/5\/ﬁ>’

L _(n_m  Vatvhb 1
aﬁm \/E \/a \/a \/Eﬁ ’
L (o m 3va-vE1)
anm  \Vb V@ Ja—Vb\Ta) '
(nom sb-va 1Y
bim  \Va Vb Vb—ya ra) '’
1 (n  m Vb+va 1 ’
bum  \Va Vb Vb—\aVvia)

a;”b—,m

L (n,m arvb 1Y
ag,m_ \/5 \/a \/a_\/l_)\/ﬁ ’
I i_ﬁ+\/5+\/5 1 2
bim  \Va Vb Vb—yayia) '

Va b V- va v

By comparing the above equations, we obtain the following theorem (see Figure
10):

br,m

1<nm3\/—\/—1>2
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Figure 10.afO = b({l for (Vi41) and(Voi1)

Theorem 8. Let n and m beintegers.

(i) For (Vi11) and (Vina1), wehave 1/a,t,, = 1/b ., 1/0) = 1/a}t, .,

1/an -m = 1/bm —n? and l/bn -_m l/am,—n

(i) For (W, ) and (W,/ 1), wehave 1/a;},, = 1/b;§m and 1/, = 1/af,

(i) For (W, ;) and (Wmﬂ) we have 1/a,, _,, = 1/b,, _ and /b, . =
1/ay,

(IV) FOf ( nil) and (WJril) we have 1/an -m 1/br_n,n
(V) For ( n:l:l) and (szl:l) we have 1/an,m - l/br—’r—t,fn
(vi) For (W, ;) and (W1, ), wehavel/a, ,, = 1/b), _, and1/b;, ,, = 1/a;, ..

(vii) For (W, ;) and (W, ;) wehavel/a} , = 1/bf  and1/b, . =1/a,, ..

For different real numbers andw, ¢, is the circle touchingy, -, and~,, and
passing through neither the tangency pointadnd~, nor the tangency point of
« and~,, and different from3. Similarly the circlegﬁw is defined. In the figure
formed by (Vp+1) and (V1+1), two other congruent pairs of inscribed circles can
be found (see Figure 11).

Theorem 9. The circle inscribed in the curvilinear triangle formed by ~, the y-
axis, and one of the twin circles of Archimedes touching 3 is congruent to ¢'; .

To prove this theorem, we use the following result of the old Japanese geometry
[7] (see Figure 12):

Lemma 10. Assume that the circle C with radius r is divided by a chord ¢ into
two arcs and let h be the distance from the midpoint of one of the arcsto ¢. If two
externally touching circles C; and C, with radii r; and r» also touch the chord ¢
and the other arc of the circle C internally, then h, », r and r, arerelated as

1 1 2 2r

T T9 h 7“1?”2h'

Proof. The centers of’; andC, can be on the opposite sides of the normal dropped
on t from the center of”' or on the same side of this normal. From the right
triangles formed by the centers@fandC; (i = 1, 2), the line parallel ta through

the center of”, and the normal dropped a@rfrom the center of}, we have

IV —r)2 = (h+71 —7)2 £/ (r —12)2 — (h+ 19 — 1)2| = 2¢/r179,
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where we used the fact that the segment length of the common external tangent of
C: and C;, between the tangency points is equab{grir,. The formula of the
lemma follows from this equation. g

Now we can prove Theorem 9. The distance between the common external
tangent ofa and 5 and the midpoint of the minor arc of the circig formed by
this tangent i2ra [2]. According to Lemma 10, the radii of the two inscribed
circles are the root of the same quadratic equation

1 1 a+bd (a+0b)?

i =2 .

r + a + ab a2br
From Figure 11, it is obvious that one root of this quadratic equation is equéal to
The other root is then?b/(a + 2b)2. O

Figure 11. Two small congruent pairs Figure 12.

Now we consider circles orthogonal toand . Lett = (a + b)/\/ab and let
€, be the circle with a diametepV, for a real number, where we consideq; is
identical with thex-axis. The mapping, — ¢, gives a one to one correspondence
between the circles touching and g at points different fron0O and the circles
orthogonal too and 3. The circlee; intersectsae and~; perpendicularly at their
tangency point and the line segmeti] also passes through this point [2].

Theorem 11. Let z and w be real numbers.

(i) The circle ¢, intersects « and ~, perpendicularly at their tangency point and
the line segment AV, also passes through this point.

(il) Letw # 0. Thecirclee, isorthogonal to any circletouching . —,, and .4, In
particular e, intersectscand ¢, .., perpendicularly at their tangency point. If
the two circles v,_,, and v, 1, intersect, e, also passes through their intersection.
(iif) The two circles ~, and ~,, touch if and only if z — w = +t. Thecircle e,
touchesy,_; /o and ./, at their tangency point.

(iv) Thereciprocal radius of e, is |z|/ra.

Proof. We once again invert the circles in the circle centered a&nd with ra-
dius 2v/ab as in the proofs of Theorems 1, 5 and 7 and use the same notation.
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The circle~, is then carried into the circle,’ touchingo/ at a point with the
y-coordinate2zv/ab as shown in the proof of Theorem 7 andis carried into

the linee,”: y = 2zv/ab. This implies thate, intersectsee and~, at their tan-
gency point perpendicularly. The last part of (i) follows from the fact that the three
points A, the tangency point of/ and~.’ andV.’ lie on a circle passing through

O in this order. (ii) follows from the fact that the two circles_,,/ and ..,

are symmetrical in the line,’. The two circlesy,” and~,,’ touch if and only if
22v/ab — 2wvab = +2(a + b) and this is equivalent to — w = =+t. This gives

the first half part of (iii). The remaining part of (iii) and (iv) are now obvioud]

The circlecy,, ., touchesu at a fixed point for any non-zero real numher
which is the intersection af ande, by (ii) of the theorem. For any chain of circles
touchinga: and 3, the reciprocals of the radii of their associated circles orthogonal
to a and 8 and the circles in this chain form a geometric progression by the first
half part of (iii) and (iv) of the theorem, where we assume that the radius of the
associated circle touching theaxis from below has minus sign. In particular,
starting with the ordinary arbelos, we get the chain of circles

{' S V=2t V5 Y0, Vs V2t5 }

and the reciprocal radius of the cirelg associated with,,; in this chain isn/ra.

In the casen = 1, we get the well-known fact that the circle orthogonakitos

and the inscribed circle of the ordinary arbelos is congruent to the twin circles of
Archimedes in the ordinary arbelos [1]. Now let us consider some other special
cases of Theorem 11. In Figure 11, the circle with ceMepassing througl®,

I.e., €19, intersectsy and ¢ (alsoS andg"gl) perpendicularly at their tangency
point and also intersectg and~; at their intersections. These results are obtained
by lettingz = w = 1/2in (ii). The circlee(, 112y, with radiusry /(n+ 1) touches

Ynt @Nd7y(,41); @t their tangency point by (iii) and (iv). In particular the cirelg,

which is double the size of the twin circles of Archimedes in the ordinary arbelos,
intersects and (', (also8 and g‘gt) perpendicularly at their tangency point and
also touches, and~; at their tangency point (see Figure 13).

B
CO,t
—

Yt/2

Figure 13.



246 H. Okumura and M. Watanabe

There is a tangent between, and each of the twin circles of Archimedes in the
ordinary arbelos which is parallel to theaxis. In order to avoid the overlapping
circles, reflected twin circles of Archimedes in theaxis are drawn in Figure 13.
From (8) we can see that the cirejg, (alsoy_, ;) touches ther-axis.

5. Then-th twin circles of Archimedes (asymmetrical case)

To investigate further possibilities of the existence of pairs ofrttik twin cir-
cles of Archimedes, we define several other points onytiagis, which are also
related to some of those pairs. Consider the following points orytaeis with
giveny-coordinates:

Also,

Reflecting the points\,, , Xy, Yo 4, Yo, 25, Z*, ZF7 and Z~ in

n,—1
thez-axis, we getthe point&_,, _, X ., Y., Yy, 27, ,Z 2
andZ~," ,, respectively. Since-1 < (Va—vb)/(vVa+vb) <1, X, + andX,,
cannot be the point at infinity on theaxis for any integen, if a # b. However,
any of the other points can be identical with the point at infinity for sanaadb

and integemn. The proof of the next theorem is similar to the proof of Theorem 5.

Theorem 12. Let n be an arbitrary integer and a # b.
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(i) 1/af = 1/b%,, if and only if the circle v passes through X;, + or Z 1. If 5
passes through X, +,
LI I (nim_lyi
an  bY, \ Va— b TA
and if  passes through Z 1,

11 (nimb_l) va-vi\\ 1
ay b5, va—+/b Vva+ b A

(i) 1/aZ, = 1/b, if and only if the circle v passes through X,, + or Z, 7. If v
passes through X, +,

1 1 ( Va<+b )2 1
by \/__\/B TA

o

—n

and if v passes through Z, .,

1 1 < Vatb 1> va-vi\\ 1
_— = — = n—m—— _— —_—
a”, bn va—+b va++vb TA
(iii) 1/a*,, = 1/b”,, if and only if the circle y passes through ¥, + or Z 5. If y
passes through Y;, +,

at  b-

—-n —-n

TA

1 1 ( Va+b )2 1
Va+ b
and if - passes through Z; 3,

11 (nim_g va+vi\\ 1
at, b, Ja+ b Ja—-vb)) ra

(iv) 1/a, = 1/b} if and only if the circle v passes through Y, . or Z,;i. If ~
passes through Y;, -+,

Gn - E B
and if - passes through Z, 1,
2
11 <¢mw > va+ Vb)) 1
— === n———+1 — -
b Va+ b va-vb) ) ra

an n
Each of the propositions (i), (ii), (iii) and (iv) in Theorems 5 and 11 asserts
the existence of two different pairs of theth twin circles of Archimedes in two
different arbeloi, but the ratio of their radii is independent:@nd the circley and

always equal tc((\/a +Vb)/(va — ﬁ))ﬂ.

2
1 1 (n va-+b +1> 1
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Figure 14.af =b",a=, = by for (X14) af; =b"y,a; =b] for (Y1 +)

If the circle y passes through the poin, ., we label the arbelos &s,, + ).
The arbeloi(Y,, +), (2, 1), (Z,%), (£, %) and(Z,, ) are defined similarly. Re-
flecting (X, +), (Ya,+), (2, 1) and(Z; 3) in thez-axis, we getX_,, 1), (Y_n,+),
(Z-, ) and(Z_, ), respectively. Table 2 shows, on which sides of thaxis
lie the centers of the-th twin circles of Archimedes in these arbeloi. According
to Theorem 12, there are two pairs of theh twin circles of Archimedes in the
arbeloi(X,, +) and(Y;, +) (see Figure 14).

(Xos) | My) | (D) | (Z.2) | (Z35) | (Z.0)
same | o, 37, or,, B2, | an. By
side |aZ,,5,

opposite ot 87, e, 65, | a2, By
side a, B

Table 2.
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6. Another twin circle property

We demonstrate the existence of another pair of twin circles in the case, when
the circley and the line joining the centers afandg intersect. This pair of twin
circles is a generalization of the circlélg; and 1 in [4]. A related result can be
seen in [6]. We start by proving the following lemma:

Lemma 13. Let AyB, be the diameter of the circle v parallél to the xz-axis and
intersecting the y-axis at the point O'. Let ag = |ApO’| and by = |ByO’|, where
Ag and By lie on the same sides of the y-axis as the circles « and 3, respectively.
If ~ touches « and 3 internally, a/b = ag/by and if  touches o and 3 externally,
a/b = bo/ao.

Proof. Assume thaty touchesa and g internally anda < b (see Figure 15). Let
O., Og andO, be the centers af, 3 and~y and F' the foot of the normal dropped
from O, to thez-axis. By Pythagorean theorem we get

070af* = |0aF|* = |0,08]* — |OgF*.

Substituting|0q,0a| = (CLQ + bo)/2 — a, |O,YO/3‘ = (CLQ + bo)/2 — b, ’OaF| =
a+10,0'], |OgF| = b — |0,0'| and|0,0'| = (ag + by)/2 — ag, we obtain
a/b = ap/by. The case, when touchesa and 3 externally, can be proved in a

similar way. O
A :
Bo ,.,O” Q Ao
VANID <
Q 0[} 7 P
Lq Lp
Figure 15.

Theorem 14. Let AO and BO be the diameters of the circles o and 3 on the z-
axis. Let P and (@ be the intersections of the circle v with the z-axis, choosing P
and @ sothat A, P, Q, B follow in this order on the xz-axis, if we regard it as a
circle of infinite radius closed through the point at infinity. Let £p and £ be the
lines through P and @ perpendicular to the xz-axis. The circle touching the y-axis
from the side opposite to ¢ and the tangents to § from an arbitrary point on £p

is congruent to the circle touching the y-axis from the side opposite to « and the
tangents to « from an arbitrary point on £g.
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Proof. We use the same notation as in Lemma 13 and its proof. Assume that
touchesa and 3 internally anda < b. According to Lemma 13, there is a real
numberk, such thaty = apk andb = byk. Hence,

‘OVF‘Q =((ao + bo)/2 — bok)? — (bok — d)?,
|QF? =|0,Q|? — |04 F* = 2agbok + d?,

whered = |OF| = (byp — ap)/2. Letr, be the radius of the circle touching the
y-axis from the side opposite @ and the common external tangentscofrom
an arbitrary point orCg. Similarly, letr, be the radius of the circle touching the
y-axis from the side opposite t® and the common external tangent®from an
arbitrary point onCp. From the similarity of the circle with radiug and the circle
o, we have

Vd% + 2a0bok +d — 1y Vd? 4 2apbok 4 d + aok

Ty aok‘
i B i n Vd? + 2apbok — d
Ty N aok aobok '

Similarly we obtain

1 L Vv d? + 2a0b0k +d

e bok aobok
But we can easily show thayr, —1/r, = 0 orr, = r,. The case, when touches
a andg externally, can be proved in a similar way. O

Theorem 14 holds even in the case, wheiis one of the common external
tangents of the circles andg, if we considery to intersect thec-axis at the point
at infinity. In this case, it < b, these twin circles are congruentdoIf ~ touches
« andg internally, the minimum radii of these twin circles are equattpwhich
is the case of the ordinary arbelos. ~lftouchesa and 3 externally, the radii of
the twin circles are maximum in the case, whetouches thec-axis. Letr be
the maximum radius of the twin circlesthe radius ofy andd the distance of the
tangency point ofy with the z-axis from the originO and assume < b. In this
case

A =(c+a)?—-(d—a)?=(c+b)?*—(d+D)>

Eliminating ¢ and solving this equation faf, we getd = 4ab/(b — a). From the
similarity of the circlea and the corresponding twin circle] —a)/a = (d+r)/r,
which impliesr = 2r,. Consequently, we obtain thatdf< b, ra < a < 2ra,
and the the common radii of the twin circles take the minimum valutor the
ordinary arbelosg when+ is one of the common external tangentswdnd3, and
the maximum valu@r, when~ touches the:-axis. Since the circle touching the
r-axis is identical withy,, , as mentioned at the end §, there is one more circle
congruent to the twin circles in the last case, which is the citglg associated to
Y+¢/2 bY (iv) of Theorem 11 (see Figure 13).
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7. Conclusion

We have demonstrated several interesting properties of the skewed arbelos, which
could not have been found by consider the ordinary one. Since we confined our dis-
cussion largely to a generalization of the twin circles of Archimedes, it appears to
be worth the effort to investigate other topics related to the skewed arbelos. We
conclude our paper by proposing a problem. &efi and~ be three circles form-
ing a skewed arbelos, i.ey,is given by equations (8) or (9), and l&be a circle
touchinga and at their tangency poinD and intersectingy. The circles divides
the skewed arbelos into two curvilinear triangles. Find (or construct) the dircle
such that the incircles of the two curvilinear triangles are congruent (see Figure
16).

Figure 16.
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