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The Twin Circles of Archimedes in a Skewed Arbelos

Hiroshi Okumura and Masayuki Watanabe

Abstract. Any area surrounded by three mutually touching circles is called a
skewed arbelos. The twin circles of Archimedes in the ordinary arbelos can be
generalized to the skewed arbelos. The existence of several pairs of twin circles,
under certain conditions, is demonstrated.

1. Introduction

LetO be an arbitrary point on the segmentAB in the plane andα, β andγ the
semicircles on the same side of the diametersAO,BO andAB, respectively. The
area surrounded by the three semicircles is called an arbelos or a shoemaker’s knife
(see Figure 1). The common internal tangent ofα andβ divides the arbelos into
two curvilinear triangles and the incircles of these triangles are congruent. They
are called the twin circles of Archimedes or Archimedean twin circles. The authors
of [3] pose the following question: Is it possible to find any interesting properties
of a “skewed arbelos”, in which the centers of the three circlesα, β and γ are
not collinear (see Figure 2), without resorting to trigonometry? In this article, we
show several interesting properties of the skewed arbelos, one of them being the
existence, in certain situations, of up to four pairs of twin circles. This property is
a generalization of the existence of the twin circles of Archimedes in the ordinary
arbelos.
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Figure 1. Figure 2.
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2. The skewed arbelos

Throughout this paper,α andβ are circles with centers(a, 0) and(0,−b) for
positive real numbersa andb, touching externally at the originO, andγ is another
circle touchingα andβ at points different fromO. We do not exclude the case,
when γ touchesα and β externally or whenγ is one of the common external
tangents ofα andβ. There are always two different areas surrounded byα, β and
γ (if γ touchesα andβ externally, we still consider the exterior infinite area to be
surrounded by these three circles). We select one of these areas in the following
way (see Figure 3): Ifγ touchesα andβ externally from above, we choose the
finite area, ifγ touchesα andβ internally, we choose the upper area, and ifγ
touchesα andβ externally from below, we choose the infinite area. We call this
area theskewed arbelos formed by the circlesα, β andγ.

β

α

γ

O

Figure 3.

Now we define four sets of tangent circles (or four chains of circles). If we
include the lines parallel to they-axis (circles of infinite radius) among the circles
touching they-axis, there are always two different circles touchingγ, α and the
y-axis, which do not pass through the tangency point ofα andγ. We label the one
inside of the skewed arbelos asα+

0 and the other one asα−0 . The circlesβ+
0 and

β−0 touchingγ, β and they-axis are defined similarly (see Figure 4). There are
also two circles touchingα, α+

0 and they-axis, one intersectingγ and the other
not. We label the former asα+

−1 and the latter asα+
1 . The circlesα+

2 , α+
3 , · · · can

be defined inductively in the following way: Assuming the circlesα+i−1 andα+
i are

defined,α+
i+1 is the circles touchingα, α+

i and they-axis and different fromα+
i−1.

The circlesα+
−2, α+

−3, · · · are defined similarly. Now the entire chain of circles
{· · · , α+

−2, α+
−1, α+

0 , α+
1 , α+

2 , · · · }
is defined. The other three chains of circles

{· · · , α−−2, α−−1, α−0 , α−1 , α−2 , · · · },
{· · · , β+

−2, β+
−1, β+

0 , β+
1 , β+

2 , · · · },
{· · · , β−−2, β−−1, β−0 , β−1 , β−2 , · · · },
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whereα−−1, β+
−1 andβ−−1 intersectγ, are defined similarly. Ifα+

i , α−i , β+
i andβ−i

are proper circles, there radii are denoted bya+i , a−i , b+i andb−i , respectively. If,
for example,α+

i is a line parallel to they-axis, we consider the reciprocal value of
its radius to be zero, even though we cannot define the radiusa+i itself.
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Figure 4. Figure 5.

If α+
k is a proper circle and the centers ofα+

k andα+
i lie on the same side of

thex-axis for all proper circlesα+
i (i > k), we defineσ(α+

k ) = 1, otherwise we
defineσ(α+

k ) = −1. If α+
k is a line parallel to they-axis, we defineσ(α+

k ) = 1.
The numbersσ(α−k ), σ(β+

k ), σ(β−k ) are defined similarly. Ifγ touchesα andβ
internally,σ(α+

0 ) = σ(α−0 ) = 1 and consequently,σ(α+
i ) = σ(α−i ) = 1 for all

non-negative integersi. Let si andtj be they-coordinates of the tangency points
of the circlesα+

i andα−j with the y-axis. If α+
i (or α−j ) is a line, we consider

si = 0 (or tj = 0). We defineσ(α+
i , α

−
j ) = 1, whensitj > 0 andsi ≤ tj, or

whensitj ≤ 0 andsi ≥ tj, otherwiseσ(α+
i , α

−
j ) = −1. The numberσ(β+

i , β
−
j )

is defined similarly. If the centers of the three circlesα, β andγ are collinear, we
get an ordinary arbelos. In this case, the radii of the twin circles, which we denote
asrA, are equal toab/(a+ b).
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Theorem 1. For any integers p and q,

σ(α+
p , α

−
q )


σ(α+

p )√
a+

p

+
σ(α−q )√
a−q


 =

∣∣∣∣ 2√
rA

+
p+ q√
a

∣∣∣∣
and for given circles α and β, the value on the right side does not depend on the
circle γ.

Proof. Let p and q be arbitrary integers. We invert the figure in the circle with
centerO and radiusk = 2

√
ab, and label the images of all circles with a prime

(see Figure 5). The circlesα+
0
′
andβ+

0
′
always lie above the circlesα−0

′
andβ−0

′

respectively.σ(α+
p ) = 1 (resp.σ(α−q ) = 1) is equivalent to the fact that the center

of α+
p
′ (resp. α−q

′) lies in the regiony ≥ 0 (resp. y ≤ 0) andσ(α+
p , α

−
q ) = 1

is equivalent to the fact that they-coordinate of the center ofα+p
′ is greater than

or equal to they-coordinate of the center ofα−q
′. Sinceα′ is a line parallel to the

y-axis, the circlesα+
p
′ andα−q

′ are congruent, and we denote their common radius

asa′. Similarly, we denote the common radius of the circlesβ+p
′ andβ−q

′ asb′. Let

us assume thatα+
0
′
, α−0

′
, α+

p
′ andα−q

′ touch they-axis at the pointsS, T , P and
Q. If α+

p is a proper circle, the inversion centerO is also the center of homothety

of the circlesα+
p andα+

p
′ with homothety coefficient equal to the square of the

radius of the inversion circle (i.e., to the power of inversion) divided by the power
O(α+

p
′) of the pointO to the inverted circleα+

p
′: k2/O(α+

p
′). Hence, the radius of

α+
p can be expressed asa+p = k2a′/O(α+

p
′) [5, p. 50]. The reciprocal value of this

radius is then1/a+p = |OP |2/(4aba′). The last equation holds even ifα+
p is a line

parallel to they-axis. Similarly, the reciprocal value of the radius of the circleα−q
is equal to1/a−q = |OQ|2/(4aba′). The segment length of the common external

tangent of the externally touching circlesγ′, α+
0
′
, or γ′, α−0

′
between the tangency

points is equal to|ST |/2 = 2
√

(a′ + b′)a′. Consequently,

σ(α+
p , α

−
q )


σ(α+

p )√
a+

p

+
σ(α−q )√
a−q


 = σ(α+

p , α
−
q )

(
σ(α+

p )|OP | + σ(α−q )|OQ|
2
√
ab
√
a′

)

=
|PQ|

2
√
ab
√
a′

=
||ST | + 2pa′ + 2qa′|

2
√
ab
√
a′

=

∣∣∣4√(a′ + b′)a′ + 2(p + q)a′
∣∣∣

2
√
ab
√
a′

.

Since4aa′ = 4bb′ = 4ab by the definition of inversion, we geta′ = b andb′ = a,
and we finally obtain

σ(α+
p , α

−
q )


σ(α+

p )√
a+

p

+
σ(α−q )√
a−q


 =

∣∣∣∣∣2
√

1
a

+
1
b

+
p+ q√
a

∣∣∣∣∣ .
The proof of the theorem is now complete. �
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We can get a similar expression for the radii of the circlesβ+r andβ−s for any
integerss and r. According to the proof of Theorem 1, the circlesα+p andα−q
coincide if and only ifP = Q and this is also equivalent to√

1 +
a

b
= −p+ q

2
.

Hence, we obtain the following corollary:

Corollary 2. The two chains {· · · , α+
−2, α+

−1, α+
0 , α+

1 , α+
2 , · · · } and {· · · , α−−2,

α−−1, α−0 , α−1 , α−2 , · · · } coincide if and only if there is an integer n such that

a

b
=
n2

4
− 1.

In this event, α+
p = α−−|n|−p for any integer p. For given circles α and β, this

property does not depend on the circle γ .

From the inverted skewed arbelos (see Figure 5), it is easy to see that the circles
α+

p , α−p , β+
q andβ−q have two common tangent circles for any integersp andq. The

line passing through the centerOγ′ of the circleγ′ and perpendicular to they-axis
is also perpendicular to the linesα′ andβ′ and to the circleγ′. Let δ be the circle,
which is inverted into this line. Since inversion preserves angles between circles or
lines, the circleδ is centered on they-axis and perpendicular to the circlesα, β and
γ. Consequently, the inversion inδ with positive power leaves they-axis and these
circles in place and exchangesα+

p , α−p andβ+
q andβ−q , respectively. Since the

inversion center is also the center of homothety of a circle and its image (external,
if the inversion center is outside of the circle, and internal in the opposite case),
the external center of similitude of the circlesα+p andα−p is the same point on the
y-axis (the center of the circleδ) for any integerp. This point is also the external
center of similitude ofβ+

q andβ−q for any integerq.
Sinceσ(α+

p , α
−
−p) = σ(β+

q , β
−
−q) = 1 for any integersp and q, we get the

following corollary:

Corollary 3. For any integers p and q,

σ(α+
p )√
a+

p

+
σ(α−−p)√
a−−p

=
σ(β+

q )√
b+q

+
σ(β−−q)√
b−−q

=
2√
rA

and for given circles α and β, the constant value on the right side does not depend
on the circle γ.

Corollary 4. If γ touches α and β internally,
1√
a+

0

+
1√
a−0

=
1√
b+0

+
1√
b−0

=
2√
rA

and for given circles α and β, the constant value on the right side does not depend
on the circle γ.

From the last corollary, it is obvious that Theorem 1 is a generalization of the
existence of the twin circles of Archimedes in the ordinary arbelos.
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3. The n-th twin circles of Archimedes (symmetrical case)

In this section, we demonstrate that in certain situations, a skewed arbelos also
has a twin circle property, which is a generalization of the twin circles of Archimedes
in an ordinary arbelos. We use the same notations as in the previous section. If
one circle of the set{α+

n , α
−
−n, α

+
−n, α

−
n } is congruent to one circle from the set

{β+
n , β

−
−n, β

+
−n, β

−
n } for some integern, the congruent pair is calleda pair of the

n-th twin circles of Archimedes. The twin circles of Archimedes in the ordinary
arbelos are represented by one pair of the 0-th twin circles.

If the circlesα, β andγ form an ordinary arbelos, the intersection ofγ with the
y-axis in the regiony > 0 has the coordinates(0, 2

√
ab). For a real numberz, the

point (0, 2
√
ab/z) is denoted byVz and we considerV0 to be the point at infinity

on they-axis. We show thatVn±1 are closely related to some pairs of then-th twin
circles of Archimedes. There are also other points on they-axis, related to pairs of
then-th twin circles of Archimedes. For a real numberz, consider the following
points with they-coordinates

W++
z :

−2
√

ab(√a+
√

b)
z(√a+

√
b)+2

√
a+b
,

W−−
z :

−2
√

ab(√a+
√

b)
z(√a+

√
b)−2

√
a+b
,

W+−
z :

−2
√

ab(√a−√
b)

z(√a−√
b)+2

√
a+b
,

W−+
z :

−2
√

ab(√a−√
b)

z(√a−√
b)−2

√
a+b
.

Reflecting the pointsVz, W++
z andW+−

z in the x-axis, we get the pointsV−z,

W−−
−z andW−+

−z . Since
√

2 ≤ 2
√
a+ b/

(√
a+

√
b
)
< 2, W++

n andW−−
n

cannot be the point at infinity on they-axis for any integern, but it can happen
that each ofW+−

n andW−+
n is identical with the point at infinity for somea, b and

integern. If the circleγ passes, for example, through bothVn+1 andVn−1, we say
thatγ passes throughVn±1.

Theorem 5. Let n be an integer and a 	= b.
(i) 1/a+

n = 1/b+n if and only if the circle γ passes through Vn±1 or W++
n±1. If γ

passes through Vn±1,

1
a+

n
=

1
b+n

=
(
n

(
1√
a

+
1√
b

)
+

1√
rA

)2

(1)

and if γ passes through W++
n±1,

1
a+

n
=

1
b+n

=

((
n

(
1√
a

+
1√
b

)
+

1√
rA

)(√
a−√

b√
a+

√
b

))2

. (2)
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(ii) 1/a−−n = 1/b−−n if and only if the circle γ passes through Vn±1 or W−−
n±1. If γ

passes through Vn±1,

1
a−−n

=
1
b−−n

=
(
−n
(

1√
a

+
1√
b

)
+

1√
rA

)2

and if γ passes through W−−
n±1,

1
a−−n

=
1
b−−n

=

((
−n
(

1√
a

+
1√
b

)
+

1√
rA

)(√
a−√

b√
a+

√
b

))2

.

(iii) 1/a+−n = 1/b−n if and only if the circle γ passes through Vn±1 or W+−
n±1. If γ

passes through Vn±1,

1
a+
−n

=
1
b−n

=
(
−n
(

1√
a
− 1√

b

)
+

1√
rA

)2

and if γ passes through W+−
n±1,

1
a+
−n

=
1
b−n

=

((
−n
(

1√
a
− 1√

b

)
+

1√
rA

)(√
a+

√
b√

a−√
b

))2

.

(iv) 1/a−n = 1/b+−n if and only if the circle γ passes through Vn±1 or W−+
n±1. If γ

passes through Vn±1,

1
a−n

=
1
b+−n

=
(
n

(
1√
a
− 1√

b

)
+

1√
rA

)2

and if γ passes through W−+
n±1,

1
a−n

=
1
b+−n

=

((
n

(
1√
a
− 1√

b

)
+

1√
rA

)(√
a+

√
b√

a−√
b

))2

.
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Figure 6.

Proof. Let S andT be the intersections ofγ and they-axis, whereS lies on the
arc or the line forming the boundary of the skewed arbelos. We denote they-
coordinates ofS andT by s and t. If the circle γ touchesα andβ internally,
t < 0 < s, otherwises < t. We invert the figure in the circle centered atO and
with radius2

√
ab as in the proof of Theorem 1 (see Figure 6), label the images

of all circles and points with a prime and denote the radii ofα+n
′ andβ+

n
′ by a′

andb′. Then we obtaina′ = b andb′ = a. Let the line parallel to thex-axis and
passing throughS′ intersect the lineα′ at the pointP . Let γ′ andα+

0
′
touchα′ at

the pointsQ andR, respectively, and letOγ′ be the center of the circleγ′. From
the right triangle formed by the linesOγ′S′, S′P and the line throughOγ′ parallel
to they-axis, we get|PQ| = 2

√
a′b′. The segment length of the common external

tangent of the touching circlesγ′, α+
0
′

between the tangency points is equal to
|QR| = 2

√
(a′ + b′)a′. Hence, the reciprocal radius ofα+

n is equal to

1
a+

n
=
O(α+

n
′)

4aba′
=

(s′ − |PQ| + |QR| + 2na′)2

4aba′

=
(s′ − 2

√
a′b′ + 2

√
(a′ + b′)a′ + 2na′)2

4aba′

=
(s′ − 2

√
ab+ 2

√
(a+ b)b+ 2nb)2

4ab2
,

wheres′ is they-coordinate of the pointS′ andO(α+
n
′) is the power of the point

O to the inverted circleα+
n
′. Therefore,1/a+n = 1/b+n is equivalent to

(s′ − 2
√
ab+ 2

√
(a+ b)b+ 2nb)2

4ab2
=

(s′ − 2
√
ab+ 2

√
(a+ b)a+ 2na)2

4a2b
.
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This quadratic equation fors′ has two roots:

s′ = 2(n+ 1)
√
ab. (3)

and

s′ = −2(n− 1)
√
ab− 4

√
ab(a+ b)√
a+

√
b
. (4)

Sincess′ = 4ab, these are equivalent to

s =
2
√
ab

n+ 1
and

s =
−2

√
ab
(√
a+

√
b
)

(n − 1)
(√
a+

√
b
)

+ 2
√
a+ b

.

Hence,1/a+
n = 1/b+n is equivalent toS = Vn+1 or S = W++

n−1. If S = Vn+1, then

t′ = s′ − 2|PQ| = 2(n− 1)
√
ab,

wheret′ is they-coordinate of the pointT′. Hence,

t =
4ab
t′

=
2
√
ab

n− 1
,

and we obtainT = Vn−1. Similarly,S = W++
n−1 impliesT = W++

n+1. Assume now
that the circleγ passes throughVn±1. If S = Vn−1 andT = Vn+1, we would have

s′ − t′ =
4ab
s

− 4ab
t

= −4
√
ab < 0,

which contradicts to the facts′ > t′. Therefore,S = Vn+1 and s′ is given by
equation (3). Consequently, we arrive to equation (1):

1
a+

n
=

(
s′ − 2

√
ab+ 2

√
(a+ b)b+ 2nb

)2

4ab2
=
(
n

(
1√
a

+
1√
b

)
+

1√
rA

)2

.

If γ passes throughW++
n±1, S = W++

n−1. For if S = W++
n+1, we would again have

s′ − t′ =
4ab
s

− 4ab
t

= −4
√
ab < 0,

which is a contradiction. Using equation (4), we arrive to equation (2):

1
a+

n
=

(
−2n

√
ab+ 2

√
(a+ b)b+ 2nb− 4

√
ab(a+b)√
a+

√
b

)2

4ab2

=

((
n

(
1√
a

+
1√
b

)
+

1√
rA

) √
a−√

b√
a+

√
b

)2

.
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Cases (ii), (iii) and (iv) can be proved similarly as case (i). The reciprocal radii
1/a−−n, 1/a+

−n and1/a−n are equal to

1
a−−n

=
(s′ − |PQ| − |QR| + 2na′)2

4aba′
=

(s′ − 2
√
ab− 2

√
(a+ b)b+ 2nb)2

4ab2
,

1
a+
−n

=
(s′ − |PQ| + |QR| − 2na′)2

4aba′
=

(s′ − 2
√
ab+ 2

√
(a+ b)b− 2nb)2

4ab2
,

1
a−n

=
(s′ − |PQ| − |QR| − 2na′)2

4aba′
=

(s′ − 2
√
ab− 2

√
(a+ b)b− 2nb)2

4ab2
.

One root of the quadratic equations corresponding to cases (ii), (iii) and (iv) is
always given by equation (3) and the other roots are

s′ = − 2(n − 1)
√
ab+

4
√
ab(a+ b)√
a+

√
b
, (5)

s′ = − 2(n − 1)
√
ab− 4

√
ab(a+ b)√
a−√

b
, (6)

s′ = − 2(n − 1)
√
ab+

4
√
ab(a+ b)√
a−√

b
. (7)

�

If the circleγ passes through the pointVn±1, we label the arbelos as(Vn±1). The
arbeloi (W++

n±1), (W−−
n±1), (W+−

n±1) and(W−+
n±1) are defined similarly. Reflecting

the arbeloi(Vn±1), (W++
n±1), (W+−

n±1) in the x-axis yields the arbeloi(V−n±1),
(W−−

−n±1), (W−+
−n±1), respectively. Equation (3) is obtained, when the signs of the

expressionss′−2
√
ab+2

√
(a+ b)b+2nb ands′−2

√
ab+2

√
(a+ b)a+2na are

the same. This implies that in(Vn±1), the centers of the circlesα+
n andβ+

n lie on
the same side of thex-axis. On the other hand, equation (4) is obtained, when the
signs of these expressions are different from each other. Consequently, in(W++

n±1),
the centers ofα+

n andβ+
n lie on the opposite sides of thex-axis. Similarly, we

can find, on which sides of thex-axis lie the centers of then-th twin circles of
Archimedes in the remaining arbeloi. These results are arranged in Table 1.

(Vn±1) (W++
n±1) (W−−

n±1) (W+−
n±1) (W−+

n±1)
same α+

n , β
+
n α+

−n, β
−
n α−n , β

+
−n

side α−−n, β
−
−n

opposite α+
−n, β

−
n α+

n , β
+
n α−−n, β

−
−n

side α−n , β
+
−n

Table 1.
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According to Theorem 5, there are four different pairs of then-th twin circles
of Archimedes in(Vn±1), for any non-zero integern (see Figure 9). In this case,γ
touchesα andβ externally from below forn ≤ −1, internally forn = 0, externally
from above forn ≥ 1. The twin circles of Archimedes in the ordinary arbelos
(V0±1) and their radii are obtained forn = 0. Figures 7 and 8 show the other pairs
of the 0-th twin circles of Archimedes in the arbeloi(W++

0±1) and(W+−
0±1). The 0-th

twin circles of Archimedes in(W−−
0±1) and(W−+

0±1) are obtained by reflecting these
figures in thex-axis and exchanging all plus and minus signs in the notation.

αβ

γ

α+
0

β+
0

W ++
0−1

W ++
0+1

α
β

γ
α+

0

β−
0

W +−
0−1

W +−
0+1

Figure 7.a+0 = b+0 for (W++
0±1) Figure 8.a+0 = b−0 for (W+−

0±1)

If γ is the common external tangent ofα and β touching these circles from
above, it passes throughV1±1, because this tangent bisects the segmentOV1 [2].
Hence, we get the following corollary (see Figure 9):

Corollary 6. If γ is the common external tangent of α and β, touching these circles
from above, then (i) a+1 = b+1 , (ii) a−−1 = b−−1, (iii) a+−1 = b−1 , (iv) a−1 = b+−1, and

(v)
1√
a+

1

=
1√
a−1

+
1√
a+
−1

+
1√
a−−1

=
1√
b+1

=
1√
b−1

+
1√
b+−1

+
1√
b−−1

.

Proof. Since1/
√
a, 1/

√
b, 1/

√
rA satisfy the triangle inequality, relation (v) im-

mediately follows from Theorem 5. �
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β−
0

γ

β

α+
−1

β−
1

β−
−1

α−
0

α−
−1

α+
0

α−
1

β+
−1

β+
0

γ

α

β α−
0

α+
1

β+
1

α+
−1

Figure 9. a+−1 = b−1 , a−−1 = b−−1 for (V1±1) Magnified,a+1 = b+1 , a−1 = b+−1

Theorem 7. Any circle touching α and β at points different from O passes through
Vz±1 for some real number z. The proper circle touching α and β at points different
from O and passing through Vz±1 for a real number z 	= ±1 can be given by the
equation (

x− b− a
z2 − 1

)2

+

(
y − 2z

√
ab

z2 − 1

)2

=
(
a+ b
z2 − 1

)2

(8)

and conversely. The common external tangents of α and β can be expressed by the
equations

(a− b)x∓ 2
√
aby + 2ab = 0, (9)

which are obtained from equation (8) by approaching z to ±1.

Proof. We again invert the circlesα, β andγ in the circle centered atO and with
radius2

√
ab as in the proofs of Theorems 1 and 5 and use the same notation.

The circleγ is then carried into the circleγ′ with radiusc′ = a + b, because
a′ = b andb′ = a. The intersection of the skewed arbelos boundary and they-axis
can be expressed asVz+1 for some real numberz. Let t be they-coordinate of
the other intersection ofγ and they-axis. These intersections are carried into the
intersections ofγ′ and they-axis with they-coordinatess′ = 4ab/s = 2(z+1)

√
ab

and t′ = s′ − 4
√
ab = 2(z − 1)

√
ab (see the proof of Theorem 5), leading to

t = 4ab/t′ = 2
√
ab/(z − 1). Hence, the other intersection ofγ and they-axis
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is identical with the pointVz−1. Assume thatγ is a proper circle passing through
Vz±1 for a real numberz 	= ±1 and let(x0, y0) be the coordinates of the center
of γ. Obviously,y′0 = (s′ + t′)/2 = 2z

√
ab andx′0 = (2a′ − 2b′)/2 = b − a,

where(x′0, y′0) are the coordinates of the center ofγ′. The inversion center at the
coordinate originO is also the center of homothety of the circlesγ andγ′, with
homothety coefficient equal toh = 4ab/O(γ′). SinceO(γ′) = s′t′ = 4(z2−1)ab,
this homothety coefficient is equal toh = 1/(z − 1)2. Hence,x0 = x′0h =
(b − a)/(z2 − 1), y0 = y′0h = 2z

√
ab/(z2 − 1) and the radius of the circleγ is

c = c′h = (a + b)/|z2 − 1|, which leads to equation (8). The converse follows
from the fact that (8) determines a circle touchingα andβ at points different from
O and passing throughVz+1 at the skewed arbelos boundary and this circle is then
expressed by (8) again as we have already demonstrated. Ifz → ±1 and we neglect
the terms quadratic inz2 − 1 in (8), the remaining factorsz2 − 1 cancel out and we
arrive to equation (9). �

4. Relationship of two skewed arbeloi

In this section, we analyze further properties of the skewed arbeloi(Vn±1),
(W++

n±1), (W−−
n±1), (W+−

n±1) and (W−+
n±1) for an arbitrary integern and also con-

sider properties of the circle orthogonal toα andβ. We assume that the circlesα
andβ are fixed. For these arbeloi, the circles formerly denoted byα+m for an integer
m are now labeled explicitly asα+

n,m and their radii asa+n,m. Similarly, we relabel
the circles formerly denoted byα−m, β+

m andβ−m and their radii. The circle passing
throughVz±1 and touchingα andβ at points different fromO is denoted byγz for
a real numberz. If γz is a proper circle, it is expressed by (8), and the circleγn
forms (Vn±1) with α andβ. Reflecting the arbeloi(Vn±1), (W++

n±1) and(W+−
n±1)

in thex-axis yields the arbeloi(V−n±1), (W−−
−n±1), (W−+

−n±1), respectively. There-
fore 1/a±n,m = 1/a∓−n,m and1/b±n,m = 1/b∓−n,m in the arbelos pairs(Vn±1) and
(V−n±1); (W++

n±1) and(W−−
−n±1); (W+−

n±1) and(W−+
−n±1), but this is trivial.

Since they-coordinates of the pointsVn±1,W++
n±1 andW−−

n±1 are symmetrical in
a andb, the radiib±n,m can be obtained froma±n,m by replacinga with b andb with
a in the arbeloi(Vn±1), (W++

n±1) and(W−−
n±1). On the other hand, they-coordinates

of the pointsW+−
n±1 andW−+

n±1 are not symmetrical ina andb. Hence, we cannot
draw the same conclusion for the arbeloi(W+−

n±1) and (W−+
n±1). Using the same

notations as in the proof of Theorem 5, from equation (3) for the arbelos(Vn±1),
we get

1
a±n,m

=

(
s′ − 2

√
ab± 2

√
(a+ b)b± 2mb

)2

4ab2
=
(
n√
b
± m√

a
± 1√

rA

)2

.

Using equation (4) for the arbelos(W++
n±1),

1
a+

n,m
=

(
n√
b
− m√

a
+

√
a−√

b√
a+

√
b

1√
rA

)2

,
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1
a−n,m

=

(
n√
b

+
m√
a

+
3
√
a+

√
b√

a+
√
b

1√
rA

)2

.

Using equation (5) for the arbelos(W−−
n±1),

1
a+

n,m
=

(
n√
b
− m√

a
− 3

√
a+

√
b√

a+
√
b

1√
rA

)2

,

1
a−n,m

=

(
n√
b

+
m√
a
−

√
a−√

b√
a+

√
b

1√
rA

)2

.

Using equation (6) for the arbelos(W+−
n±1),

1
a+

n,m
=

(
n√
b
− m√

a
+

√
a+

√
b√

a−√
b

1√
rA

)2

,

1
a−n,m

=

(
n√
b

+
m√
a

+
3
√
a−√

b√
a−√

b

1√
rA

)2

,

1
b+n,m

=

(
n√
a
− m√

b
− 3

√
b−√

a√
b−√

a

1√
rA

)2

,

1
b−n,m

=

(
n√
a

+
m√
b
−

√
b+

√
a√

b−√
a

1√
rA

)2

.

Using equation (7) for the arbelos(W−+
n±1),

1
a+

n,m
=

(
n√
b
− m√

a
− 3

√
a−√

b√
a−√

b

1√
rA

)2

,

1
a−n,m

=

(
n√
b

+
m√
a
−

√
a+

√
b√

a−√
b

1√
rA

)2

,

1
b+n,m

=

(
n√
a
− m√

b
+

√
b+

√
a√

b−√
a

1√
rA

)2

,

1
b−n,m

=

(
n√
a

+
m√
b

+
3
√
b−√

a√
b−√

a

1√
rA

)2

.

By comparing the above equations, we obtain the following theorem (see Figure
10):
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α+
1,0

β+
0,1

β

α

γ1

γ0

Figure 10.a+1,0 = b+0,1 for (V1±1) and(V0±1)

Theorem 8. Let n and m be integers.
(i) For (Vn±1) and (Vm±1), we have 1/a+n,m = 1/b+m,n, 1/b+n,m = 1/a+

m,n,
1/a−n,−m = 1/b−m,−n, and 1/b−n,−m = 1/a−m,−n.
(ii) For (W++

n±1) and (W++
m±1), we have 1/a+n,m = 1/b+m,n and 1/b+n,m = 1/a+

m,n.
(iii) For (W−−

n±1) and (W−−
m±1), we have 1/a−n,−m = 1/b−m,−n and 1/b−n,−m =

1/a−m,−n.
(iv) For (W+−

n±1) and (W+−
m±1), we have 1/a+n,−m = 1/b−m,n.

(v) For (W−+
n±1) and (W−+

m±1), we have 1/a−n,m = 1/b+m,−n.
(vi) For (W−−

n±1) and (W++
m±1), we have 1/a−n,m = 1/b+m,−n and 1/b−n,m = 1/a+

m,−n.
(vii) For (W+−

n±1) and (W−+
m±1), we have 1/a+n,m = 1/b+m,n and 1/b−n,−m = 1/a−m,−n.

For different real numbersz andw, ζαz,w is the circle touchingα, γz andγw and
passing through neither the tangency point ofα andγz nor the tangency point of
α andγw and different fromβ. Similarly the circleζβz,w is defined. In the figure
formed by(V0±1) and(V1±1), two other congruent pairs of inscribed circles can
be found (see Figure 11).

Theorem 9. The circle inscribed in the curvilinear triangle formed by γ0, the y-
axis, and one of the twin circles of Archimedes touching β is congruent to ζα0,1.

To prove this theorem, we use the following result of the old Japanese geometry
[7] (see Figure 12):

Lemma 10. Assume that the circle C with radius r is divided by a chord t into
two arcs and let h be the distance from the midpoint of one of the arcs to t. If two
externally touching circles C1 and C2 with radii r1 and r2 also touch the chord t
and the other arc of the circle C internally, then h, r, r1 and r2 are related as

1
r1

+
1
r2

+
2
h

= 2
√

2r
r1r2h

.

Proof. The centers ofC1 andC2 can be on the opposite sides of the normal dropped
on t from the center ofC or on the same side of this normal. From the right
triangles formed by the centers ofC andCi (i = 1, 2), the line parallel tot through
the center ofC, and the normal dropped ont from the center ofCi, we have

|
√

(r − r1)2 − (h+ r1 − r)2 ±
√

(r − r2)2 − (h+ r2 − r)2| = 2
√
r1r2,
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where we used the fact that the segment length of the common external tangent of
C1 andC2 between the tangency points is equal to2

√
r1r2. The formula of the

lemma follows from this equation. �

Now we can prove Theorem 9. The distance between the common external
tangent ofα andβ and the midpoint of the minor arc of the circleγ0 formed by
this tangent is2rA [2]. According to Lemma 10, the radii of the two inscribed
circles are the root of the same quadratic equation

1
r

+
1
a

+
a+ b
ab

= 2

√
(a+ b)2

a2br
.

From Figure 11, it is obvious that one root of this quadratic equation is equal tob.
The other root is thena2b/(a+ 2b)2. �

AOB

ζα
0,1

V1

α
β

γ0

γ1

ζβ
0,1

h

t

C

C1 C2

Figure 11. Two small congruent pairs Figure 12.

Now we consider circles orthogonal toα andβ. Let t = (a + b)/
√
ab and let

εz be the circle with a diameterOVz for a real numberz, where we considerε0 is
identical with thex-axis. The mappingγz → εz gives a one to one correspondence
between the circles touchingα andβ at points different fromO and the circles
orthogonal toα andβ. The circleε1 intersectsα andγ1 perpendicularly at their
tangency point and the line segmentAV1 also passes through this point [2].

Theorem 11. Let z and w be real numbers.
(i) The circle εz intersects α and γz perpendicularly at their tangency point and
the line segment AVz also passes through this point.
(ii) Letw 	= 0. The circle εz is orthogonal to any circle touching γz−w and γz+w. In
particular εz intersects α and ζαz−w,z+w perpendicularly at their tangency point. If
the two circles γz−w and γz+w intersect, εz also passes through their intersection.
(iii) The two circles γz and γw touch if and only if z − w = ±t. The circle εz
touches γz−t/2 and γz+t/2 at their tangency point.
(iv) The reciprocal radius of εzt is |z|/rA.

Proof. We once again invert the circles in the circle centered atO and with ra-
dius 2

√
ab as in the proofs of Theorems 1, 5 and 7 and use the same notation.
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The circleγz is then carried into the circleγz ′ touchingα′ at a point with the
y-coordinate2z

√
ab as shown in the proof of Theorem 7 andεz is carried into

the line εz ′: y = 2z
√
ab. This implies thatεz intersectsα andγz at their tan-

gency point perpendicularly. The last part of (i) follows from the fact that the three
pointsA′, the tangency point ofα′ andγz

′ andVz
′ lie on a circle passing through

O in this order. (ii) follows from the fact that the two circlesγz−w
′ andγz+w

′
are symmetrical in the lineεz ′. The two circlesγz ′ andγw

′ touch if and only if
2z

√
ab − 2w

√
ab = ±2(a + b) and this is equivalent toz − w = ±t. This gives

the first half part of (iii). The remaining part of (iii) and (iv) are now obvious.�

The circleζαz−w,z+w touchesα at a fixed point for any non-zero real numberw,
which is the intersection ofα andεz by (ii) of the theorem. For any chain of circles
touchingα andβ, the reciprocals of the radii of their associated circles orthogonal
to α andβ and the circles in this chain form a geometric progression by the first
half part of (iii) and (iv) of the theorem, where we assume that the radius of the
associated circle touching thex-axis from below has minus sign. In particular,
starting with the ordinary arbelos, we get the chain of circles

{· · · , γ−2t, γ−t, γ0, γt, γ2t, · · · }
and the reciprocal radius of the circleεnt associated withγnt in this chain isn/rA.
In the casen = 1, we get the well-known fact that the circle orthogonal toα, β
and the inscribed circle of the ordinary arbelos is congruent to the twin circles of
Archimedes in the ordinary arbelos [1]. Now let us consider some other special
cases of Theorem 11. In Figure 11, the circle with centerV1 passing throughO,
i.e., ε1/2, intersectsα andζα0,1 (alsoβ andζβ0,1) perpendicularly at their tangency
point and also intersectsγ0 andγ1 at their intersections. These results are obtained
by lettingz = w = 1/2 in (ii). The circleε(n+1/2)t with radiusrA/(n+ 1

2 ) touches
γnt andγ(n+1)t at their tangency point by (iii) and (iv). In particular the circleεt/2,
which is double the size of the twin circles of Archimedes in the ordinary arbelos,
intersectsα andζα0,t (alsoβ andζβ0,t) perpendicularly at their tangency point and
also touchesγ0 andγt at their tangency point (see Figure 13).

γt

ζα
0,t

γ0

α

β

ζβ
0,t

εt/2

O
B

A

γt/2

Figure 13.
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There is a tangent betweenεt/2 and each of the twin circles of Archimedes in the
ordinary arbelos which is parallel to they-axis. In order to avoid the overlapping
circles, reflected twin circles of Archimedes in thex-axis are drawn in Figure 13.
From (8) we can see that the circleγt/2 (alsoγ−t/2) touches thex-axis.

5. The n-th twin circles of Archimedes (asymmetrical case)

To investigate further possibilities of the existence of pairs of then-th twin cir-
cles of Archimedes, we define several other points on they-axis, which are also
related to some of those pairs. Consider the following points on they-axis with
giveny-coordinates:

Xn,+ :
−2

√
ab(√a−√

b)
n(√a+

√
b)+(√a−√

b) ,

Xn,− :
−2

√
ab(√a−√

b)
n(√a+

√
b)−(√a−√

b) ;

Yn,+ :
−2

√
ab(√a+

√
b)

n(√a−√
b)+(√a+

√
b) ,

Yn,− :
−2

√
ab(√a+

√
b)

n(√a−√
b)−(√a+

√
b) .

Also,

Z++
n,+ :

2
√

ab(√a+
√

b)
n(√a−√

b)+(√a+
√

b)−2
√

a+b
,

Z++
n,− :

2
√

ab(√a+
√

b)
n(√a−√

b)−(√a+
√

b)−2
√

a+b
,

Z−−
n,+ :

2
√

ab(√a+
√

b)
n(√a−√

b)+(√a+
√

b)+2
√

a+b
,

Z−−
n,− :

2
√

ab(√a+
√

b)
n(√a−√

b)−(√a+
√

b)+2
√

a+b
,

Z+−
n,+ :

2
√

ab(√a−√
b)

n(√a+
√

b)+(√a−√
b)−2

√
a+b
,

Z+−
n,− :

2
√

ab(√a−√
b)

n(√a+
√

b)−(√a−√
b)−2

√
a+b
,

Z−+
n,+ :

2
√

ab(√a−√
b)

n(√a+
√

b)+(√a−√
b)+2

√
a+b
,

Z−+
n,− :

2
√

ab(√a−√
b)

n(√a+
√

b)−(√a−√
b)+2

√
a+b
.

Reflecting the pointsXn,+, Xn,−, Yn,+, Yn,−, Z++
n,+, Z++

n,−, Z+−
n,+ andZ+−

n,− in
thex-axis, we get the pointsX−n,−,X−n,+, Y−n,−, Y−n,+, Z−−

−n,−, Z−−
−n,+, Z−+

−n,−
andZ−+

−n,+, respectively. Since−1 < (
√
a−√

b)/(
√
a+

√
b) < 1,Xn,+ andXn,−

cannot be the point at infinity on they-axis for any integern, if a 	= b. However,
any of the other points can be identical with the point at infinity for somea andb
and integern. The proof of the next theorem is similar to the proof of Theorem 5.

Theorem 12. Let n be an arbitrary integer and a 	= b.
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(i) 1/a+
n = 1/b+−n if and only if the circle γ passes through Xn,± or Z++

n,±. If γ
passes through Xn,±,

1
a+

n
=

1
b+−n

=
(
n

√
a+ b√
a−√

b
− 1
)2 1
rA

and if γ passes through Z++
n,±,

1
a+

n
=

1
b+−n

=

((
n

√
a+ b√
a−√

b
− 1
)(√

a−√
b√

a+
√
b

))2
1
rA
.

(ii) 1/a−−n = 1/b−n if and only if the circle γ passes through Xn,± or Z−−
n,±. If γ

passes through Xn,±,

1
a−−n

=
1
b−n

=
(
n

√
a+ b√
a−√

b
+ 1
)2 1
rA

and if γ passes through Z−−
n,±,

1
a−−n

=
1
b−n

=

((
n

√
a+ b√
a−√

b
+ 1
)(√

a−√
b√

a+
√
b

))2
1
rA
.

(iii) 1/a+−n = 1/b−−n if and only if the circle γ passes through Yn,± or Z+−
n,±. If γ

passes through Yn,±,

1
a+
−n

=
1
b−−n

=
(
n

√
a+ b√
a+

√
b
− 1
)2 1
rA

and if γ passes through Z+−
n,±,

1
a+
−n

=
1
b−−n

=

((
n

√
a+ b√
a+

√
b
− 1
)(√

a+
√
b√

a−√
b

))2
1
rA
.

(iv) 1/a−n = 1/b+n if and only if the circle γ passes through Yn,± or Z−+
n,±. If γ

passes through Yn,±,

1
a−n

=
1
b+n

=
(
n

√
a+ b√
a+

√
b

+ 1
)2 1
rA

and if γ passes through Z−+
n,±,

1
a−n

=
1
b+n

=

((
n

√
a+ b√
a+

√
b

+ 1
)(√

a+
√
b√

a−√
b

))2
1
rA
.

Each of the propositions (i), (ii), (iii) and (iv) in Theorems 5 and 11 asserts
the existence of two different pairs of then-th twin circles of Archimedes in two
different arbeloi, but the ratio of their radii is independent ofn and the circleγ and

always equal to
(
(
√
a+

√
b)/(

√
a−√

b)
)±2

.
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αβ

γ

X1,+

X1,−

α−
−1

β+
−1

β−
1

α+
1 αβ

γ

β+
1

α−
1

α+
−1

β−
−1

Y1,−

Y1,+

Figure 14.a+1 = b+−1, a−−1 = b−1 for (X1,±) a+
−1 = b−−1, a−1 = b+1 for (Y1,±)

If the circleγ passes through the pointsXn,±, we label the arbelos as(Xn,±).
The arbeloi(Yn,±), (Z++

n,±), (Z−−
n,±), (Z+−

n,±) and(Z−+
n,±) are defined similarly. Re-

flecting(Xn,±), (Yn,±), (Z++
n,±) and(Z+−

n,±) in thex-axis, we get(X−n,±), (Y−n,±),
(Z−−

−n,±) and(Z−+
−n,±), respectively. Table 2 shows, on which sides of thex-axis

lie the centers of then-th twin circles of Archimedes in these arbeloi. According
to Theorem 12, there are two pairs of then-th twin circles of Archimedes in the
arbeloi(Xn,±) and(Yn,±) (see Figure 14).

(Xn,±) (Yn,±) (Z++
n,±) (Z−−

n,±) (Z+−
n,±) (Z−+

n,±)
same α+

n , β
+
−n α+

−n, β
−
−n α−n , β+

n

side α−−n, β
−
n

opposite α+
−n, β

−
−n α+

n , β
+
−n α−−n, β

−
n

side α−n , β+
n

Table 2.
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6. Another twin circle property

We demonstrate the existence of another pair of twin circles in the case, when
the circleγ and the line joining the centers ofα andβ intersect. This pair of twin
circles is a generalization of the circlesW6 andW7 in [4]. A related result can be
seen in [6]. We start by proving the following lemma:

Lemma 13. Let A0B0 be the diameter of the circle γ parallel to the x-axis and
intersecting the y-axis at the point O′. Let a0 = |A0O

′| and b0 = |B0O
′|, where

A0 and B0 lie on the same sides of the y-axis as the circles α and β, respectively.
If γ touches α and β internally, a/b = a0/b0 and if γ touches α and β externally,
a/b = b0/a0.

Proof. Assume thatγ touchesα andβ internally anda < b (see Figure 15). Let
Oα,Oβ andOγ be the centers ofα, β andγ andF the foot of the normal dropped
fromOγ to thex-axis. By Pythagorean theorem we get

|OγOα|2 − |OαF |2 = |OγOβ |2 − |OβF |2.
Substituting|OγOα| = (a0 + b0)/2 − a, |OγOβ | = (a0 + b0)/2 − b, |OαF | =
a + |OγO

′|, |OβF | = b − |OγO
′| and |OγO

′| = (a0 + b0)/2 − a0, we obtain
a/b = a0/b0. The case, whenγ touchesα andβ externally, can be proved in a
similar way. �

PQ

A0B0

Oγ O′

F

γ

Oβ

LPLQ

β

α

Figure 15.

Theorem 14. Let AO and BO be the diameters of the circles α and β on the x-
axis. Let P and Q be the intersections of the circle γ with the x-axis, choosing P
and Q so that A, P , Q, B follow in this order on the x-axis, if we regard it as a
circle of infinite radius closed through the point at infinity. Let LP and LQ be the
lines through P and Q perpendicular to the x-axis. The circle touching the y-axis
from the side opposite to β and the tangents to β from an arbitrary point on LP

is congruent to the circle touching the y-axis from the side opposite to α and the
tangents to α from an arbitrary point on LQ.
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Proof. We use the same notation as in Lemma 13 and its proof. Assume thatγ
touchesα andβ internally anda < b. According to Lemma 13, there is a real
numberk, such thata = a0k andb = b0k. Hence,

|OγF |2 =((a0 + b0)/2 − b0k)2 − (b0k − d)2,
|QF |2 =|OγQ|2 − |OγF |2 = 2a0b0k + d2,

whered = |OF | = (b0 − a0)/2. Let rb be the radius of the circle touching the
y-axis from the side opposite toα and the common external tangents ofα from
an arbitrary point onLQ. Similarly, letra be the radius of the circle touching the
y-axis from the side opposite toβ and the common external tangent ofβ from an
arbitrary point onLP . From the similarity of the circle with radiusrb and the circle
α, we have

√
d2 + 2a0b0k + d− rb

rb
=

√
d2 + 2a0b0k + d+ a0k

a0k
,

1
rb

=
1
a0k

+
√
d2 + 2a0b0k − d

a0b0k
.

Similarly we obtain

1
ra

=
1
b0k

+
√
d2 + 2a0b0k + d

a0b0k
.

But we can easily show that1/ra−1/rb = 0 or ra = rb. The case, whenγ touches
α andβ externally, can be proved in a similar way. �

Theorem 14 holds even in the case, whenγ is one of the common external
tangents of the circlesα andβ, if we considerγ to intersect thex-axis at the point
at infinity. In this case, ifa < b, these twin circles are congruent toα. If γ touches
α andβ internally, the minimum radii of these twin circles are equal torA, which
is the case of the ordinary arbelos. Ifγ touchesα andβ externally, the radii of
the twin circles are maximum in the case, whenγ touches thex-axis. Letr be
the maximum radius of the twin circles,c the radius ofγ andd the distance of the
tangency point ofγ with thex-axis from the originO and assumea < b. In this
case

c2 = (c+ a)2 − (d− a)2 = (c+ b)2 − (d+ b)2.

Eliminating c and solving this equation ford, we getd = 4ab/(b − a). From the
similarity of the circleα and the corresponding twin circle,(d−a)/a = (d+r)/r,
which impliesr = 2rA. Consequently, we obtain that ifa < b, rA < a < 2rA,
and the the common radii of the twin circles take the minimum valuerA for the
ordinary arbelos,a whenγ is one of the common external tangents ofα andβ, and
the maximum value2rA whenγ touches thex-axis. Since the circleγ touching the
x-axis is identical withγ±t/2 as mentioned at the end of§4, there is one more circle
congruent to the twin circles in the last case, which is the circleε±t/2 associated to
γ±t/2 by (iv) of Theorem 11 (see Figure 13).
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7. Conclusion

We have demonstrated several interesting properties of the skewed arbelos, which
could not have been found by consider the ordinary one. Since we confined our dis-
cussion largely to a generalization of the twin circles of Archimedes, it appears to
be worth the effort to investigate other topics related to the skewed arbelos. We
conclude our paper by proposing a problem. Letα, β andγ be three circles form-
ing a skewed arbelos, i.e.,γ is given by equations (8) or (9), and letδ be a circle
touchingα andβ at their tangency pointO and intersectingγ. The circleδ divides
the skewed arbelos into two curvilinear triangles. Find (or construct) the circleδ,
such that the incircles of the two curvilinear triangles are congruent (see Figure
16).

δγ

αβ O

Figure 16.
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