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A Synthetic Proof of Goor maghtigh’s
Generalization of Musselman’s Theorem

Khoa Lu Nguyen

Abstract. We give a synthetic proof of a generalization by R. Goormaghtigh of
a theorem of J. H. Musselman.

Consider a triangled BC with circumcenterO and orthocente/. Denote by
A*, B*, C* respectively the reflections of, B, C in the sideBC, CA, AB. The
following interesting theorem was due to J. R. Musselman.

Theorem 1 (Musselman [2]) The circles AOA*, BOB*, COC* meet in a point
which isthe inverse in the circumcircle of the isogonal conjugate point of the nine
point center.

Figure 1

R. Goormaghtigh, in his solution using complex coordinates, gave the following
generalization.

Theorem 2 (Goormaghtigh [2]) Let Ay, By, C1 bepointson OA, OB, OC such

that
OAy OBy 0C1 ;
OA OB 0OC
(1) The intersections of the perpendicularsto OA at 4, OB at By, and OC' at
C1 with the respective sidelines BC', C A, AB are collinear on aline /.
(2) If M isthe orthogonal projection of O on ¢, M’ the point on O M such that

OM’ : OM = 1 : t, then the inversive image of M’ in the circumcircle of ABC
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isthe isogonal conjugate of the point P on the Euler line dividing O H intheratio
OP : PH =1:2t. See Figure 1.

Figure 2

Musselman’s Theorem is the case wlten % Since the centers of the circles
OAA*, OBB*, OCC* are collinear, the three circles have a second common point
which is the reflection of) in the line of centers. This is the inversive image of the
isogonal conjugate of the nine-point center, the midpoir® &f.

By Desargues’ theorem [1, pp.230-231], statement (1) above is equivalent to
the perspectivity oA BC' and the triangle bounded by the three perpendiculars in
guestion. We prove this as an immediate corollary of Theorem 3 below. In fact,
Goormaghtigh [2] remarked that (1) was well known, and was given in J. Neuberg’s
Mémoir sur le Tétraedre, 1884, where it was also shown that the envelopé isf
the inscribed parabola with the Euler line as directrix (Kiepert parabola). He has,
however, inadvertently omitted “the isogonal conjugate of ” in statement (2).

Theorem 3. Let A’B’C’ be the tangential triangle of ABC. Consider points X,
Y, Z dividing OA’, OB’, OC’ respectively in the ratio
00X _ oYy _ 0z . )
OA" OB 0OC
Thelines AX, BY, C'Z are concurrent at the isogonal conjugate of the point P
on the Euler linedividing OH intheratio OP : PH =1 : 2t.

Proof. Let the isogonal line ofA.X (with respect to anglel) intersectOA at X'.
The trianglesD AX andO X’ A are similar. It follows thaD X - OX’ = 0 A2, and
X, X’ are inverse in the circumcircle. Note also thatand M are inverse in the
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Figure 3

same circumcircle, an@M - OA' = OA?. If the isogonal line ofAX intersects
the Euler lineOH at P, then
or OX' O0X' 1 OA 1
PH AH 2-O0M 2 OX 2t
The same reasoning shows that the isogonal line8Yfand CZ intersect the

Euler line at the same poirfe. From this, we conclude that the linesX, BY,
CZ intersect at the isogonal conjugate/ef O

Fort = 1, X, Y, Z are the circumcenters of the triangles3C, OCA, OAB
respectively. The lines\X, BY, C'Z intersect at the isogonal conjugate of the
midpoint of O H, which is clearly the nine-point center. This is Kosnita's Theorem
(see [3]).

Proof of Theorem 2. Since the triangleX'Y Z bounded by the perpendiculars at
Ay, By, Cy is homothetic to the tangential triangle@t with factort. Its vertices
X,Y, Z are onthe line® A’, OB’, OC' respectively and satisfyt). By Theorem

3, the linesAX, BY, CZ intersect at the isogonal conjugate Bfdividing O H

in the ratioOP : HP = 1 : 2t. Statement (1) follows from Desargues’ theorem.
Denote byX’ the intersection oBC andY Z, Y’ that of CA andZ X, andZ’ that

of AB andXY. The pointsX’, Y’, Z’ lie on a line’.

Consider the inversio with centerO and constant - &2, whereR is the
circumradius of triangled BC. The image of\/ underV¥ is the same as the inverse
of M’ (defined in statement (2)) in the circumcircle. The inversioolearly maps
A, B, Cinto Ay, By, Cq respectively. Letd,, B, Cs be the midpoints oBC,

C A, AB respectively. Since the anglésB; X and BA» X are both right angles,
the pointsB, By, Ay, X are concyclic, and

OAs-OX =0OB-0OBy =t- R>.
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Figure 4

Similarly, OBy - OB} = OCy - OC% = t - R2. It follows that the inversionr maps
X, Y, Zinto Ay, By, C5 respectively.

Therefore, the image ok’ under ¥ is the second common point; of the
circlesOB;C; andO B, (. Likewise, the images df” andZ’ are respectively the
second common pointB; of the circlesOC; A1 andOCs A5, andCs of O A1 By
andOAyB,. SinceX’, Y’', Z' are collinear orY, the pointsO, Az, Bs, C3 are
concyclic on a circle.

Under ¥, the image of the lined X is the circleO 4; A5, which has diameter
OX' and containsV/, the projection ofD on /. Likewise, the images oBY and
CZ are the circles with diamete€sY” andO Z’ respectively, and they both contain
the same poind/. It follows that the common point of the line$X, BY, CZ is
the image ofM under¥, which is the intersection of the lin@ M andC. This is
the antipode o) onC.
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