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On the Maximal Inflation of Two Squares

Thierry Gensane and Philippe Ryckelynck

Abstract. We consider two non-overlapping congruent squaresq1, q2 and the
homothetic congruent squaresqk1 , q

k
2 obtained from two similitudes centered

at the centers of the squares. We study the supremum of the ratios of these
similitudes for whichqk1 , q

k
2 are non-overlapping. This yields a functionψ =

ψ(q1, q2) for which the squaresqψ1 , q
ψ
2 are non-overlapping although their bound-

aries intersect. When the squaresq1 andq2 are not parallel, we give a 8-step
construction using straight edge and compass of the intersectionqψ1 ∩ qψ2 and we
obtain two formulas forψ. We also give an angular characterization of a vertex
which belongs toqψ1 ∩ qψ2 .

1. Introduction and notation

We study here the problem of maximizing theinflation of two non-overlapping
congruent squaresq1 = qa1,b1,θ1,c andq2 = qa2,b2,θ2,c. The squareqi has the four
vertices

Sj(qi) = (ai, bi) + c · (cos(θi + j π2 ), sin(θi + j π2 )).

Let qka,b,θ,c = qa,b,θ,k be the homothetic of ratiok/c of the squareqa,b,θ,c. Our
problem amounts to determining the supremumψ = ψ(q1, q2) of the numbers
k > 0 for which qk1 andqk2 are disjoint.
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In [3, §4], ψ = ψ(q1, q2) is called themaximum inflation of a configuration of
two squares. It plays a central part in computation of dense packings of squares in
a larger square. We refer to the paper of P. Erd˝os and R. Graham [1] who initiated
the problem of maximizing the area sum of packings of an arbitrary square by unit
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squares, see also the survey of E. Friedman [2]. We note thatψ is independent ofc
and that

k ≤ ψ ⇔ int(qk1 ) ∩ int(qk2 ) = ∅, (1)

k ≥ ψ ⇔ ∂qk1 ∩ ∂qk2 �= ∅, (2)

where as usual, we denote byint(q) and∂q the interior and the boundary of a
squareq. An explicit formula forψ = ψ(q1, q2) is given in [3, Prop.2] as follows.
Let us define

ψ0(a, b, θ) = min
i=1,...,4

{
|a| + |b|∣∣1 −√

2sgn(ab) sin(θ + π
4 + iπ2 )

∣∣
}
,

and

ρ(q1, q2) = ψ0 (t cos θ1 + t′ sin θ1,−t sin θ1 + t′ cos θ1, θ2 − θ1) ,
with (t, t′) = (a2 − a1, b2 − b1). The maximal inflation of two squaresq1 andq2 is
the maximum ofρ(q1, q2) andρ(q2, q1). The minimum value, sayk = ρ(q1, q2) <
ψ, corresponds to the belongness of a vertexE of qk2 to a straight lineAB when
qk1 = ABCD, but without havingE betweenA andB. This expression ofψ gives
an efficient tool for doing calculations of maximal inflation of configurations of
n ≥ 2 squares.

In this paper, the two congruent squaresq1, q2 are such thatq1∩q2 = ∅ and their
centers are denoted byCi = C(qi). We say as in [3,§4], thatq2 strikes q1 if the set
qψ1 ∩ qψ2 contains a vertex ofqψ2 . In §§3–5, we suppose that the squaresq1, q2 are
not parallel so thatqψ1 ∩qψ2 = {P}, where the vertexP of q1 or q2 is thepercussion
point. However, at the end of each of these sections, we discuss the parallel case in
a final remark. We find in§4 a 8-step construction using straight edge and compass
of P . SinceP is a vertex ofqψ1 or qψ2 , the construction gives immediately the other
vertices ofqψ1 , qψ2 . At the same time, we choose a frame in which we obtain two
simpler formulas forψ. We give in§5 an angular characterization which allows to
identify which squareq1 or q2 strikes the other.

2. Quadrants defined by squares

If q = qa,b,θ,c is a square, we define the twoaxes A1(q) andA2(q) of q as the
straight lines through(a, b) ∈ R2 which are parallel to the sides ofq. We define the
four counterclockwise consecutiverays Di(q) as the half-lines with origin(a, b)
and which contain the vertices ofq; we setD0(q) = D4(q). A couple of consecu-
tive raysDi(q) andDi+1(q) defines theith quadrantQi(q) in R2 associated to the
squareq.

If a pointM , distinct from the center ofq, belongs toint(Qi(q)), then we note
S(q,M) = Qi(q). If the pointM lies on the boundaries of two consecutive quad-
rantsQi−1(q) andQi(q), then we choose indifferentlyS(q,M) as one of the two
quadrantsQi−1(q) orQi(q). Note thatM ∈ int(S(q,N)) iff N ∈ int(S(q,M)).

Lemma 1. If the intersection set qψ1 ∩ qψ2 contains a vertex P of qψ2 , then P ∈
S(q2, C1).
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Proof. Let D be the straight line containing a diagonal ofq2 and which does not
containP . Then the disc with centerP and radiusψ containsC1 andC2 since
d(C1, P ) ≤ d(C2, P ) = ψ. Hence there is only one half-planeH, bounded byD,
which contains this disc. Now,H is the unionS1 ∪ S2 of two quadrants associated
to q2 and the rayDi(q2) throughP is S1 ∩S2. If C1 /∈ Di(q2), one ofS1 andS2 is
S(q2, C1); butP ∈ Di(q2) = S1 ∩ S2 givesP ∈ S(q2, C1). If C1 ∈ Di(q2), then
P ∈ Di(q2) ⊂ S(q2, C1). �

Lemma 2. We have

qψ1 ∩ qψ2 ⊂ S(q1, C2) ∩ S(q2, C1). (3)

The intersection of the two quadrants is depicted in Figure 2.
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Proof. The proof is divided in three exclusive and exhaustive situations.
(i) First, we suppose that the intersection setqψ1 ∩ qψ2 = {P} whereP is a common
vertex ofqψ1 andqψ2 . We readily obtainP ∈ S(q2, C1) andP ∈ S(q1, C2) from
Lemma 1.
(ii) Second, we suppose thatqψ1 ∩ qψ2 contains a vertexP = (xP , yP ) of qψ2 and
thatP is not a vertex ofqψ1 . We denote byABCD the squareqψ1 with P ∈]A,B[
and letC1A, C1B be respectively thex-axis and they-axis. For the interiors of
the two squares to be disjoint,C2 must be in{(x, y) : x ≥ xp and y ≥ yp} since
the straight linex+ y = ψ separates the two squares. Hence the percussion point
P and the centerC2 = (a, b) of q2 lie in the same quadrantS(q1, C2). Due to
Lemma 1,P is also inS(q2, C1).
(iii) Third, whenqψ1 ∩qψ2 is a common edge of the two squaresqψi , thenS(q1, C2)∩
S(q2, C1) is a square of sizeψ and having verticesC1, P1, C2, P2. Sinceqψ1 ∩ qψ2
is a diagonal of this square, the inclusion (3) is obvious. �
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Remark. When the segment[C1, C2] contains a vertex ofqψ1 or qψ2 , sayA, the
statement in (3) can be strengthened:qψ1 ∩ qψ2 = {A} is the percussion point.

3. Location of the percussion point

We consider the integeri1 ∈ {0, 1} such that the axisAi1(q1) bounds an half-
plane containingS(q1, C2). Similarly, we consider the axisAi2(q2) which bounds
an half-plane containingS(q2, C1). SinceAi1(q1),Ai2(q2) are not parallel, we can
setAi1(q1) ∩Ai2(q2) = {W}. We use in§4 the pointV which is the intersection
of the axisAj2(q2) andWC1 and wherej2 ∈ {0, 1} is the integer different from
i2.

The two straight linesAi1(q1) andAi2(q2) define one dihedral angle which
contains bothC1 andC2, that we denote as∠C1WC2. Let γ = γ(q1, q2) =
2ω = Ĉ1WC2 ∈ [0, π] be the measure of this dihedral angle. We define now

B(q1, q2) as the half-line which bisects∠C1WC2. We also note%1 = ||−−−→WC1|| and
%2 = ||−−−→WC2||.
Lemma 3. We have γ = γ(q1, q2) ∈

]
0, π2

[
.

Proof. If γ = 0, the two axesAi1(q1) andAi2(q2) are equal to some straight line
D. The centersC1 andC2 lie onD. But by constructionAi1(q1) andAi2(q2) have
to be perpendicular to the lineD, contradiction.

If γ = π
2 , the two axesAi1(q1) andAi2(q2) are perpendicular but this is ex-

cluded because the squares are not parallel.
We now suppose thatπ2 < γ <

3π
4 . The quadrantS(q2, C1) intersects the axis

Ai1(q1) at a pointM which belongs to the segment[W,C1] forC1 lies inS(q2, C1).
Since the angleŴMC2 = 3

4π − γ is strictly less thanπ4 , the quadrantS(q1, C2)
does not containC2, contradiction. See Figure 4.

The last case3π4 ≤ γ ≤ π implies thatS(q2, C1) does not intersect the boundary
of ∠C1WC2. This is in contradiction withC1 ∈ Ai1(q1) ∩ S(q2, C1). �
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Lemma 4. We have qψ1 ∩ qψ2 ⊂ B(q1, q2).

Proof. Let 0 < k ≤ ψ. The homothetic squareqk1 (resp. qk2 ) has two vertices in
S(q1, C2) (resp.S(q2, C1)). The straight line passing through those vertices ofq1
(resp. q2) is parallel at distancek/

√
2 to the axisAi1(q1) (resp. Ai2(q2)). The

intersection of those two parallels belongs toB(q1, q2) and, according to Lemma
2, allows to localize the point of percussion which is equal toqk1 ∩ qk2 whenk = ψ.
ThusP ∈ B(q1, q2). �

Remark. Whenq1 andq2 are parallel, Lemma 4 remains true providedB(q1, q2)
is replaced with the straight line containing the points equidistant from the two
parallel axesAi1(q1) andAi2(q2).

4. Construction of the percussion point

Two raysDi(q1) andDi+1(q1) intersectB(q1, q2) at I1, I3. We use the natural
order onB(q1, q2) and we can suppose thatW < I1 < I3. Similarly, we define
W < I2 < I4 relatively toq2.

Lemma 5. We have
(a) %1 = %2 ⇔ I1 = I2 < I3 = I4.
(b) %1 < %2 ⇔ I1 < I2 < I3 < I4.
(c) %2 < %1 ⇔ I2 < I1 < I4 < I3.

Proof. If %1 = %2 thenI1 = I2 < I3 = I4. ShiftingC1 alongWC1 towardsW
causesC1I1 andC1I3 to slide in a parallel fashion, so thatI1 < I2 andI3 < I4.
SinceC1 ∈ S(q2, C1), the pointC1 cannot pass the intersectionC� of C2I2 and
WC1. But whenC1 = C�, we haveŴC1I2 = ŴC�C2 = 3π/4−γ. By Lemma 3,
we deduce thatπ/4 < ŴC1I2 < 3π/4 and accordinglyI2 < I3. The remaining
implications are straightforward. �

Theorem 6. (i) Among the four points I1, . . . , I4, the second one is the percussion
point: P = qψ1 ∩ qψ2 = max{I1, I2}. We have

ψ = max{%1, %2}
√

2
1 + cotω

. (4)
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(ii) If, say %2 ≥ %1, then q2 strikes q1 at the point P which is the incenter of the
triangle C2WV .

Proof. (i). We suppose first that%2 > %1. By Lemma 5 we have

d1 = ||−−→C1I1|| < d2 = ||−−→C2I2|| < d3 = ||−−→C1I3|| < d4 = ||−−→C2I4||.
We know from Lemma 4 thatP is one of the four pointsI1, . . . , I4 and thus the

percussion occurs atP = Ii if and only if ψ = di. It is impossible thatP = I1
because in that caseψ = d1 < d2 and thenP ∈ qd12 ∩ B(q1, q2) = ∅. Hence
ψ > d1. If ψ ≥ d3 and sinceI2 ∈]I1, I3[ by Lemma 5, the pointI2 ∈ qψ2 belongs
also to the interior ofqψ1 and then the two interiors are not disjoint. We getψ = d2
andP = I2 > I1. Easy calculations in the frame centered atW = (0, 0) and with
x-axisWC1, giveI2 = %2(1/(1 + tanω), tanω/(1 + tanω)) and (4).

The symmetric case%1 > %2 givesq1 strikesq2 atP = I1 > I2 and (4) again.
Finally, if %1 = %2 the pointP = I1 = I2 is effectively the percussion point.

(ii) If %2 ≥ %1, by Lemma 4, the pointP = I2 belongs to the bisector ray
B(q1, q2) of the geometric angle∠C1WC2 = ∠VWC2. Now, sinceP is a vertex
of q2, we haveV̂ C2P = P̂C2W = π/4, so thatP belongs to the bisector ray of
the geometric angle∠V C2W . We conclude thatP is the incenter of the triangle
V C2W . �

Corollary 7. We have

%1 < %2 ⇔ q2 strikes q1 and q1 does not strike q2,

%2 < %1 ⇔ q1 strikes q2 and q2 does not strike q1,

%1 = %2 ⇔ q2 strikes q1 and q1 strikes q2.

Proof. The three implications from left to right are direct consequences of Theo-
rem 6 and its proof. Since the three cases are exclusive and exhaustive, the three
converse implications readily follow. �
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We now synthesize the whole preceding results. For two pointsM andN , we
denote byΓ(M,N) the circle withM as center andMN as radius.
Construction of P . Given the eight vertices of two congruent, non parallel and
non-overlapping squaresq1 andq2, construct
(1-2) the two centersC1, C2, intersection of the straight lines passing through
opposite vertices ofqi, i = 1, 2,
(3-4) the axesAi1(q1) andAi2(q2) (this requires the determination of the quadrants
S(q1, C2) andS(q2, C1) as much as two intermediate points),
(5) the pointW , intersection ofAi1(q1) andAi2(q2),
(6) the pointCr, intersection ofΓ(W,C2) and the half-lineWC1,
(7) the bisectorB(q1, q2) throughW andΓ(C2,W ) ∩ Γ(Cr,W ) (the four points
I1, · · · , I4 appear at this stage),
(8) the percussion pointP , the second among the four pointsI1, · · · , I4 on the
oriented half-lineB(q1, q2).

Remarks. (1) We know that the area of the triangleVWC2 is equal top · r wherep
is the half-perimeter of the triangle andr = ψ/

√
2 the radius of the incircle. Now,

we also have the formula

ψ =
√

2Area(VWC2)
p

=
√

2V C2 ·WC2

V C2 +WC2 + V W
= %2

√
2 sin γ

sin γ + cos γ + 1
.

The last value is equal to (4) when%2 ≥ %1.
(2) Let us suppose that the segment[C1, C2] contains a vertexSi(q2). This

amounts to saying thatC1 = C�, so thatS(q2, C1) has been chosen as one of two
quadrantsQi−1(q2), Qi(q2). But these choices lead to consider the two dihedral
angles∠C1WC2 and∠C1V C2. Due to the second part of Theorem 6,P and the
formula forψ are not altered by this choice.

(3) Whenq1 andq2 are parallel, the construction of the four pointsI1, · · · , I4
makes sense using again the straight lineB(q1, q2) equidistant from the two axes
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Ai1(q1) andAi2(q2). We choose an order onB(q1, q2) and next we label those
four points in such a way that[I2, I3] ⊂ [I1, I4] and we haveqψ1 ∩ qψ2 = [I2, I3].
In consequence, the steps (5-8) in the above Construction are replaced with the
construction of the midpoint(C1+C2)/2 (three steps), of the straight lineB(q1, q2)
(three steps) and lastly of the two pointsI2, I3.

5. An angular characterization of the percussion point

We defineα(q1, q2) as the minimum of{ ̂Si(q1)C(q1)C(q2), 0 ≤ i ≤ 3}. This
set contains two acute and two obtuse angles. We have0 ≤ α(q1, q2) ≤ π

4 since
α(q1, q2) ≤ π

2 − α(q1, q2).
Theorem 8. The square q2 strikes q1 if and only if α(q2, q1) ≤ α(q1, q2). The
percussion point is the vertex of q1 or q2 which realizes the minimum of the eight
angles appearing in α(q1, q2) and α(q2, q1).

Proof. Suppose thatq2 strikesq1 = ABCD at P in the interior of sideAB, see
Figure 7. LetAB be thex-axis andP the origin. Then for the interiors ofq1 and
q2 to be disjoint, the centerC2 of q2 must be in{(x, y) : y ≥ |x|}. Also,C2 lies
on the arcx2 + y2 = ψ2. Let C0, C�, Cr be the three points on this arc which
intersect the linesC1P , y = −x andy = x respectively.

LettingC2 moving along the arc fromC0 toCr, the angleP̂C2C1 increases from
P̂C0C1 = 0 to P̂CrC1 = B̂C1Cr and the angleB̂C1C2 decreases from̂BC1C0

to B̂C1Cr. Hence throughout the move we havêPC2C1 ≤ B̂C1Cr ≤ B̂C1C2.
But we have obviouslŷPC2C1 < ÂC1C2 and thusP̂C2C1 ≤ α(q1, q2). The same
proof holds whenC2 moves on the arcC0C�.

SinceP̂C2C1 ≤ π/4, we getα(q2, q1) = P̂C2C1 and nextα(q2, q1) ≤ α(q1, q2).
The angleP̂C2C1 realizes effectively the minimum of the eight angles. The con-
verse implication holds becauseα(q2, q1) = α(q1, q2) is equivalent to the fact that
q1 andq2 strike each other at a common vertex. �

Remark. In caseq1 and q2 are parallel,q1 strikesq2 at P1 and q2 strikesq1 at
P2. We haveα(q1, q2) = Ĉ2C1P1 = Ĉ1C2P2 = α(q2, q1). Hence the results in
Theorem 8 remain true.
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