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Abstract. Let ABC be a triangle with side-lengths b, andc, and with angles
A, B,andC. Let AA’, BB’, andCC’ be the cevians through a poiWt, let z,

y, andz be the lengths of the segmerd®sd’, CB’, andAC’, and let¢, n, and(

be the measures of the angle®3AA’, Z/CBB’, andZACC’. The centerd’
for which z, y, andz are linear forms im, b, andc are characterized. So are the
centers for whiclg, , and( are linear forms i4, B, andC.

Let ABC be a non-degenerate triangle with side-lengths, andc, and letV
be a point in its plane. LettA’, BB’, andC'C’ be the cevians oft BC through
V and let the intercepts, y, and z be defined to be the directed lengths of the
segmentB A’, CB’, andAC’, wherer is positive or negative according dsand
C' lie on the same side or on opposite sidesBgfand similarly fory and z; see
Figure 1. To avoid infinite intercepts, we assume thiatloes not lie on any of
the three exceptional lines passing through the vertices®f' and parallel to the
opposite sides.

Figure 1

If V' is the centroid ofABC, then the interceptér, y, z) are clearly given by
(%, g, %) Itis also easy to see that the triples y, z) determined by the Gergonne
and Nagel points are

<a—b+c a+b—c —a+b+c) (a+b—c —a+b+c a—b+c>
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respectively. We now show that these are the only three centers whose correspond-
ing interceptyz, y, z) are linear forms ir, b, andc. Here, and in the spirit of [4]

and [5], a center is a function that assigns to a triangle, in a fabhibf triangles,

a point in its plane in a manner that is symmetric and that respects isometries and
dilations. It is assumed th&f has a hon-empty interior, whefg is thought of as

a subset oR? by identifying a triangled BC with the point(a, b, ¢).

Theorem 1. Thetriangle centers for which the intercepts z, y, z are linear forms
ina, b, c are the centroid, the Gergonne and the Nagel points.
Proof. Note first that if(z, y, z) are the intercepts corresponding to a cehteand
if
x = aa+ Bb+ e,
then it follows from reflectingd BC' about the perpendicular bisector of the seg-
mentBC that
a—x = aa+ Bc+ b.
Thereforea = % andg + v = 0. Applying the permutatioA B C) = (abc) =
(zy z), we see that
r=aa+ Bb+~vyc, y=ab+ Bc+vya, z=ac+ Pa+ 0.

Substituting in the cevian conditiaryz = (a — x)(b — y)(c — z), we obtain the
equation

(g +B(b— c)) (g + Blc — a)) (% + Bla— b>)

= (5-a0-0) (500 G- 00-)

which simplifies into
ﬂ(ﬁ+%> (ﬁ— %) (a—b)(b—c)(c—a)=0.

This implies the three possibilitigs = 0, —%, or% that correspond to the centroid,
the Gergonne point and the Nagel point, respectively. a

In the same vein, the cevians throughdefine the subangles n, and( of the
anglesA, B, andC of ABC as shown in Figure 1. These are given by

¢=/BAV, n=/CBV, (=/ACV.

Here we temporaily tak&” to be insideA BC for simplicity, and treat the general
case in Note 1 below. It is clear that the subandles), ¢) corresponding to the

incenter of ABC are given by(4, £.5). Also, if ABC is acute-angled, then the
orthocenter and circumcenter lie insidd3C and the tripleg¢, n, ¢) of subangles
that they determine are given by

(A*B‘FC A+B-C —A+B+C> (A+ch -A+B+C AfB+C>
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or equivalently by

(g_ag_qg—Ay(g—ag—Ag—B) 2

respectively. Here again, we prove that these are the only centers whose corre-
sponding subangleg, n, ¢) are linear forms in4, B, andC'. As before, we first
show that the subanglés, n, ¢) determined by such a center are of the form

§=aA+pB+~C, n=aB+ pC +~vA, ( =aC + A+ B,
wherea = % andg + v = 0. Substituting in the trigonometric cevian condition
sin¢ sin 7 sin ¢ = sin (a — &) sin (b —n) sin (¢ — (), (3)
we obtain the equation

sm(§+MB—COsm<§+ﬁ@—AOSm(%+MA—BO

_sm(g—m3—003m<§—mc—A0sm(%—ﬁm—BQ.(@

Using the facts that

A B (C

St t5 =5 BB-0)+B(C-A)+BA-B)=0,
and the facts [3, Formulas 677, 678, page 166] thatifv + w = 0, then

4 cos uwcos vsinw = —sin 2u — sin 2v 4 sin 2w,

4 sin w sin v sin w = —sin 2u — sin 2v — sin 2w,

and that ifu + v + w = 7/2, then

4 cos ucosvcosw = sin2u + sin 2v + sin 2w,

4 sin u sin v cos w = sin 2u + sin 2v — sin 2w,
(4) simplifies into
sin A sin(26(B—C))+sin B sin(26(C—A))+sin C sin(26(A—B)) = 0. (5)

It is easy to check that fof = —%, 0, and%, this equation is satisfied for all
triangles. Conversely, since (5) holds on a Behaving a non-empty interior,
it holds for all triangles, and in particular it holds for the trianglé, B,C) =
(5, %, %). This implies that

21376
sinﬂ—w COSﬂ—ﬂ-—ﬁ =0
3 3 2 ] 7

Since—3 < 3 < 2 for this particular triangle, it follows that must be—3, 0, or

%. Thus the only solutions of (5) ar¢ = —3, 0, and1. These correspond to the
orthocenter, incenter and circumcenter, respectively. We summarize the result in
the following theorem.
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Theorem 2. The triangle centers for which the subangles &, n, ¢ are linear forms
in A, B, C arethe orthocenter, incenter, and circumcenter.

Remarks. (1) Although the subangles 7, and( of a given pointl” were defined

for points that lie insideABC only, it is possible to extend this definition to in-
clude exterior points also, without violating the trigonometric version (3) of Ceva’s
concurrence condition or the formulas (1) and (2) for the subangles corresponding
to the orthocenter and the circumcenter. To do so, weélleandH, be the open
half planes determined by the line that is perpendiculat & the internal angle-
bisector ofA, where we takdH; to be the half-plane containing andC'. For

V € H;, we define the subangleto be the signed anglé BAV, where/BAV

is taken to be positive or negative according as the rotation wkhithat takes

AB to AV has the same or opposite handedness as the one thatd&gkeEsAC.
ForV € H,, we stipulate thal” and its reflection aboutt have the same suban-
gle £&. We definen and( similarly. Points on the three exceptional lines that are
perpendicular at the vertices dfBC to the respective internal angle-bisectors are
excluded.

(2) In terms of the intercepts and subangles, the first (respectively, the second)
Brocard point of a triangle is the point whose subandles, and( satisfy¢ =
n = ( (respectively,A — ¢ = B —n = C — (.) Similarly, the first and the
second Brocard-like Yff points are the points whose interceptg andz satisfy
r=y=zanda —x =b—y = c— z, respectively. Other Brocard-like points
corresponding to features other than intercepts and subangles are being explored
by the authors.

(3) The requirement that the interceptsy, andz be linear ina, b, andc is quite
restrictive, since the cevian condition has to be observed. It is thus tempting to
weaken this requirement, which can be written in matrix forrfragz] = [a b ¢] L,
whereL is a3 x 3 matrix, to take the formjz y z]M = [a b ¢|L, whereM is not
necessarily invertible. The family of centers defined by this weaker requirement,
together of course with the cevian condition, is studied in detail in [2]. So is the
family obtained by considering subangles instead of intercepts.

References

[1] S. Abu-Saymeh and M. Hajja, In search of more triangle centers, preprint.

[2] S. Abu-Saymeh and M. Hajja, Linearly defined triangle centers, preprint.

[3] G.S. Carrformulasand Theoremsin Pure Mathematics, 2nd edition, New York, Chelsea, 1970.

[4] C. Kimberling, Triangle centers and central triangl€angressus Numerantium, 129 (1998)
1-285.

[5] C. Kimberling, Triangle centers as functio®cky Mountain J. Math. 23 (1993) 1269-1286.

Sadi Abu-Saymeh: Department of Mathematics, Yarmouk University, Irbid, Jordan
E-mail address: sade@u. edu. j o

Mowaffaq Hajja: Department of Mathematics, Yarmouk University, Irbid, Jordan
E-mail address: mhaj j a@u. edu. j o



