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On a Problem Regarding the n-Sectors of a Triangle

Bart De Bruyn

Abstract. Let A be a triangle with verticesl, B, C' and anglesy = @,
b= @ v = ACB. Then — 1 lines throughA which, together with the
lines AB and AC, divide the anglex in n > 2 equal parts are called the
sectors ofA. In this paper we determine all triangles with the property that all
three edges and &@ln — 1) n-sectors have rational lengths. We show that such
triangles exist only ifv € {2, 3}.

1. Introduction

Let A be a triangle with verticesl, B, C and anglesx = BAC, g = ABC,
v = ACB. Then — 1 lines throughA which, together with the lined B and AC,
divide the anglex in n > 2 equal parts are called thesectors of A. A triangle
has3(n — 1) n-sectors. The-sectors and-sectors are also calldasectors and
trisectors. In this paper we study triangles with the property that all three edges
and all3(n — 1) n-sectors have rational lengths. We show that such triangles can
exist only ifn = 2 or 3. We also determine all triangles with the property that all
edges and bisectors (trisectors) have rational lengths. In each of thencas@s
andn = 3, there are infinitely many nonsimilar triangles having that property.

In number theory, there are some open problems of the same type as the above-
mentioned problem.

(i) Does there exists perfect cuboid, i.e. a cuboid in which all 12 edges, all 12
face diagonals and all 4 body diagonals are rational? ([3, Problem D18]).

(i) Does there exist a triangle with integer edges, medians and area? ( [3, Prob-
lem D21)).

2. Some properties
An elementary proof of the following lemma can also be found in [2, p. 443].

Lemmal. The number cos Tan =2, isrational ifand only if n = 2 or n = 3.

Proof. Suppose thatos 7 is rational. Put
27

C 27T+. .
= coS — + isin —
2n on on’
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then (s, is a zero of the polynomiak® — (2 - cos ) - X + 1 € Q[X]. So, the
minimal polynomial of¢s,, overQ is of the first or second degree. On the other
hand, we know that the minimal polynomial @f, over@Q is the2n-th cyclotomic
polynomial®,,,(z), see [4, Theorem 4.17]. The degreedef,(x) is ¢(2n), where

¢ is theEuler phi function. We havep(2n) = 2n - 22— . 22=1. . Pi=l where
p1,--.,pr are the different prime numbers dividirg. From ¢(2n) € {1,2}, it
easily followsn € {2, 3}. Obviously,cos § andcos % are rational. O

Lemma 2. For everyn € N\ {0}, there exist polynomials f,,(z), gn—1(x) € Q[z]
such that

(i) deg(fn) = n, fa(z) = 2" 12" + ... and cos(nz) = f,(cosz) for every
T € R;

(i) deg(gn_1) =n —1, gp_1(x) = 2»"tz"~1 +... and Sl;gl"f) = gn—1(cos )
for every x € R\ {kw | k € Z}.

Proof. Fromcos z = cos z, $8Z = 1,

sin(kx)

sinx

(1 — cos®x),

cos(k + 1)x = cos(kx) cosx —
sin(k + 1)z _ sin(kx)
sinx  sinz
for k > 1, it follows that we should make the following choices for the polynomi-
als:

cos x + cos(kx)

=z, go(z) :=1;
x) = fr(z) -z — gp_1(x) - (1 — 2?) for everyk > 1;

= gr—1(x) - = + fr(x) for everyk > 1.
One eaS|Iy verifies by induction thgt andg, 1 (n > 1) have the claimed prop-
erties. O

Lemma3. Letn € N\ {0},¢ € Q" \ {0} and z1,...,z, € R. If

COSZ1, \/q -sinxy, ..., coszy, \/q-sinz,

arerational, then so are cos(z; + - - - + x,) and /g - sin(zy + - - - + 5,).
Proof. This follows by induction from the following equations ¢ 1).

cos(xy + -+ xp41) =cos(xy + -+ + xg) - cos(Tp41)
1 . .
g V- sin@r -+ ap)) - (Vi sin@ee))

Vq-sin(xy + - 4 xppr) = (/g - sin(zy + - -+ x)) - cos(Tg41)
+cos(z1 + -+ k) - (Vg - sin(zgy1)) -

O

Lemmad4. Let A beatrianglewithvertices A, BandC. Puta = |BC|,b = |AC/|,
c=|AB|,a = BAC, 3 = ABC andy = BCA. Letn € N\ {0} and suppose
that cos(%), cos( ) and cos() arerational. Then the following are equivalent:
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(i) and arerational numbers.

n

(i) S and 2 are rational numbers.

sm

Proof. We have
. . . o
b _sinf _sinfg siny sin

B
n
e

a sina  gpf sina sin
n n

By Lemma 2, Si“f s ¢ QF )\ {0}. So,! is rational i

sin a

rational. A S|m|Iar remark holds for the fractlén D

3. Necessary and sufficient conditions

Theorem 5. Letn > 2and 0 < o, 8,7 < wwith o + 8 + v = w. There exists
a triangle with angles «, 4 and ~ all whose edges and n-sectors have rational
lengths if and only if the following conditions hold:

(1) cos% € Q,

(2) cot % . tan% € Q,

(3) cot g - tan% € Q.

Proof. (a) LetA be atriangle with the property that all edges andhadlectors have
rational lengths. Letd, B andC' be the vertices oA. Puta :W, 8= ABC
andy = ACB. Let Ap, ..., A, be the vertices on the edd#&_ such that4, = B,
A, = CandA,_ 1 AA; = Sforalli € {1,...,n}. Puta; = |A;_14;| for every
i €{1,...,n}. Foreveryi € {1,...,n — 1}, the IineAAZ- is a bisector of the

triangle W|th vertices4,; 1, A andAhLl Hence, - '@ﬁ:h € Q. Together

witha; + ... 4+ a, = |BC| € Q, it follows thataz e @ for everyi € {1,...,n}.
The cosine rule in the triangle with verticels Ay and A; gives
o  |AAR| 4 |AA P —a?

S T T [AAy A4 &

In a similar way one shows thabs ,cos T € Q. Putg := (1 - cos? ) . By

Lemma 4,,/q - sin 7, \/q - sin and\/é sin ”Y are rational. From Lemma 3, it
follows thatcos 7 € Q and/q - 'sin reQ. Hence,

T o 1+ cosZ -sin &
cot — - tan — = - ’;‘r\/a 2 cQ.
2n 2n \/q-siny  1+cos

n

Similarly, cot o~ tan ~ € Qandcot 5~ tan - e Q.

(b) Conversely, suppose thats 7 € Q, cot 5. - tan 5~ € Q andcot 5~ - tan 5 €

Q. Putq := sin2% =1 —0082% e Q. From\/a-cot% =/q- 1:;08" € Q

. 1—t

it follows that,/q - tan 5~ € Q, \/a'tang € Q cosy = thﬁ e Q,

cosﬁ € Q Vq-sin g = 21\4@;:; 2 eQ,\/q sm € Q. By Lemma 3, als@os 'Y
2n

V/a-sin 1 € Q. Now, choose a trianglé with angIeSa [ and~ such that the edge
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opposite the angle has rational length. By Lemma 4, it then follows that also the
edges opposite t8 and~ have rational lengths. Let, B andC be the vertices of

A such thaBAC = Q, ABC = 0 andACB = ~. As before, letdy, ..., A, be
vertices on the edgB8C such that the: + 1 lines AA4;, i € {0,...,n}, divide the
anglea in n equal parts. By the sine rule,

|AB| - sin 3

|AAi| = — :
Sln(% +5)

Now,
sin(%2 +8)  sin’® /g-sing sin 2

. . ”-cosﬁ—kcosi—a
sin 3 sin & \/q-sinﬁ sin 3 n

n

By Lemma 2, this number is rational. HencéA4;| € Q. By a similar reasoning it
follows that the lengths of all other-sectors are rational as well. O

By Lemma 1 and Theorem 5 (1), we know that the problem can only have a solution
in the case of bisectors or trisectors.

4. Thecase of bisectors

The bisector case has already been solved completely, see e.g. [1] or [5]. Here
we present a complete solution based on Theorem 5. Without loss of generality,
we may suppose that < 3 < «. These conditions are equivalent with

0

N

oy R

<

: (1)
(2)

a<p

IN
ool

By Theorem 54, := tan § andgg := tan% are rational. Equation (1) implies
0 < go < tan {5 and equation (2) implieg, < g3 < z, wherex := tan(g — §).

21— - .
Now, {22, = tan(%' -9) = % and hencer = 7%%1% Summarizing,
we have the following restrictions fa, € Q andgg € Q:

q an
a = 127

V2+2¢2 —1—q,

1_Qa

In Figure 1 we depict the area corresponding with these inequalities. Every point
in G with rational coordinates G will give rise to a triangle all whose edges and
bisectors have rational lengths. Two different point&iwith rational coefficients
correspond with nonsimilar triangles.

QaSQHS
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as

(0, tan %)

a (tan 75, tan 75)

o

Figure 1

5. Thecase of trisectors

An infinite but incomplete class of solutions for the trisector case did also occur
in the solution booklet of a mathematical competition in the Netherlands (univer-
sitaire wiskunde competitie, 1995). Here we present a complete solution based on
Theorem 5. Again we may assume that< § < «; so, equations (1) and (2)
remain valid here. By Theorem 5, = /3 - tan § andgg = V3. tan% are
rational. As before, one can calculate the inequalities that need to be satisfied by
go € Qandgg € Q:

0<qa§\/§-tan1,

18
V124 4¢2 — 3 —qq
Ga < qp < :
“ 7 1 — Gua
ap
0,tan %)
(\/g-tan%,\/g-tan%)
el
o
Figure 2

In Figure 2 we depict the argd corresponding with these inequalities. Every
point in G’ with rational coordinates will give rise to a triangle all whose edges and
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trisectors have rational lengths. Two different point&imvith rational coefficients
correspond with nonsimilar triangles.
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