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A Maximal Property of Cyclic Quadrilaterals

Antreas Varverakis

Abstract. We give a very simple proof of the well known fact that among all
quadrilaterals with given side lengths, the cyclic one has maximal area.

Among all quadrilaterals ABC' D be with given side lengths AB = a, BC = b,
CD = ¢, DA = d, it iswell known that the one with greatest area is the cyclic
quadrilateral. All known proofs of this result make use of Brahmagupta formula.
See, for example, [1, p.50]. In this note we give avery simple geometric proof.

Figure 1

Let ABCD be the cyclic quadrilateral and GHC'D an arbitrary one with the
same side lengthss GH = a, HC = b, CD = c and DG = d. Construct
quadrilaterals EFAB similar to ABC'D and IJGH similar to GHCD (in the

same order of vertices). Note that
(i) FEisparallel to DC since ABC D iscyclicand DAF, C BE are straight lines;

(if) JI isadso pardlel to DC' since
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ZCDJ+ £DJI =(£LCDG — £JDQG) + (LGJI — LG JD)
=(£LCDG — £JDG) + (LCHG — ZGJD)
=/CDG + ZCHG — (LJDG + £LGJD)
=/CDG+ LCHG — (180° — ZDGJ)
=/CDG+ LCHG + (/DGH + ZHGJ) — 180°
=/CDG+ /CHG+ /DGH + Z/ZHCD — 180°
=180°.

Since theratios of similarity of the quadrilaterals are both?, theareasof ABEF

and GHIJ are ‘Z—z times those of ABC' D and GHC' D respectively. It is enough
to prove that
aea(DCEF) > aea(DCHIJGD).

In fact, since GD - GJ = HC - HI and ZDGJ = ZCHI, it follows that
aea(DGJ) =area(C HI), and we have

aea(DCHIJGD) = area(DCHG) + area(GH1J) = area(DC1J).
Note that

(+d* - CG?)

N —

isindependent of the position of .J. This meansthat theline J F' is perpendicular to
DC; s0 islﬂ]‘or asimilar reason. Tie)vectorD—j = D—G>+G—j has a constant pro-
jection on C'D (the same holds for C 7). We conclude that trapezium DC EF' has
the greatest atitude among all these trapezia constructed the same way as DC'1J.
Since all these trapezia have the same bases, DC' E'F' has the greatest area. This
compl etes the proof that among quadrilaterals of given side lengths, the cyclic one
has greatest area.
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