Forum Geometricorum
Volume 5 (2005) 65—74.

FORU GEOM

ISSN 1534-1178

Some Brocard-like points of atriangle

Sadi Abu-Saymeh and Mowaffaq Hajja

Abstract. In this note, we prove that for every triangleBC, there exists a
unique interior pointM the ceviansAA’, BB’, andCC’ through which have
the property tha AC'B’ = /BA'C’ = ZCB’A’, and a unique interior
point M’ the ceviansAA’, BB’, and CC’ through which have the property
that LZAB'C' = ZBC'A’ = ZCA'B’. We study some properties of these
Brocard-like points, and characterize those centers for which the angles’,
BA'C’, andC B’ A’ are linear forms in the angle$, B, andC of ABC.

1. Notations

Let ABC be a non-degenerate triangle, with anglesB, andC. To every
point P inside ABC', we associate, as shown in Figure 1, the following angles and
lengths.

¢ = /BAA, n=/CBB, ¢ = JACC:
& = LCAA, o = /ABB, ¢ = /BOC;
a=/LAC'B, B3 =4BAC, ~v=/LCB'A;
o = JAB'C', 8 = /BC'A, = /CA'B':
x = BA', y=CDB, z = AC';

' =AC, y = B'A, 7= (C'B.

The well-known Brocard or Crelle-Brocard points are defined by the requirements
E=n=Cand{ = n' = {’; see [11]. The angles andd/ that satisfy¢ =
n=(=wand¢ =1 = (¢ = are equal, and their common value is called
the Brocard angle. The points known as Yff's analogues of the Brocard points
are defined by the similar requirements= y = z and2 = ¢y = 2. These
were introduced by Peter Yff in [12], and were so hamed by Clark Kimberling in
a talk that later appeared as [8]. For simplicity, we shall refer to these poitite as
Yff-Brocard points.

2. The cevian Brocard points

In this note, we show that each of the requirements 3 = yandd = 3’ = +/
defines a unique interior point, and that the an§leend(Y that satisfya = 3 =
~v=Qandd = 3 =+ = Q are equal. We shall call the resulting two points
the first and second cevian Brocard points respectively, and the common value of
Q and(?, the cevian Brocard angle ofBC.
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Figure 1.

We shall freely use the trigopnometric forms

sin & sinnsin ¢ =sin ' sinn’ sin ¢’ = sin(A — €) sin(B — 1) sin(C — ¢)

sin asin Bsiny =sina’ sin # siny’ = sin(A + a) sin(B + 3) sin(C + )
of the cevian concurrence condition. We shall also freely use a theorem of Seebach
stating that for any triangled BC' andUV W, there exists insidel BC' a unique
point P the ceviansAA’, BB’, and CC’ through which have the property that

(A", B',C") = (U,V,W), whereA’, B’, andC" are the angles oft B'C’ andU,
V,andW are the angles dV' VW ; see [10] and [7].

Theorem 1. For every triangle ABC, there exists a unique interior point M the
cevians AA’, BB’', and C'C’ through which have the property that

ZAC'B' = /BA'C' = ZCB'A' (= Q, say), (1)

and a unique interior point M’ the cevians AA’, BB’, and C'C’ through which
have the property that

/AB'C' = /BC'A' = Z/CA'B' (=, say). (2)
Also, the angles 2 and ¥ are equal and acute. See Figures 2A and 2B

Proof. Itis obvious that (1) is equivalent to the conditigd, B’, C’) = (C, A, B),
whereA’, B, andC’ are the angles of the cevian triangleB’C’. Similarly, (2)
is equivalent to the conditiof4’, B’,C’) = (B, C, A). According to Seebach’s
theorem, the existence and uniquenes&/adnd M/ follow by taking (U, V, W) =
(Cv A, B) and(U,V,W) = (B7 C, A).

To prove that? is acute, observe that it is obtuse, then the anglés A + €,
B+ Q, andC + Q2 would all lie in the intervalr/2, 7] where the sine function is
positive and decreasing. This would imply that

sin®Q > sin(A + Q) sin(B + Q) sin(C + Q),
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Q/
B A/ C B A/ C
Figure 2A Figure 2B

contradicting the cevian concurrence condition
sin®Q = sin(A + Q) sin(B + Q) sin(C + Q). (3)

Thus(, and similarly§?, are acute.

B A A C

Figure 3.

It remains to prove tha® = Q. Let A’B’C’ be the cevian triangle af/, and
suppose tha®?' < Q. Then there exist, as shown in Figure 3, poibts C*, and
A* on the line segmentd'C, B’ A, andC’ B, respectively, such that

/AC'B* = /BA'C* = Z/OB'A* = Q).
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Then
AB'" CA' BC' - AB* CA* BC* AB* CA* BC~
B'/C A'B C'A~ B'C A'B C'A AC' CB' BA

sin sin sin
sin(A+ ) sin(C+ Q) sin(B+Q)
This contradicts the cevian concurrence condition

sin® Q' = sin(A 4 Q)sin(B + Q) sin(C + Q)

for M. O

The pointsM and M’ in Theorem 1 will be called thérst and second cevian
Brocard points and the common value 6f and{Y the cevian Brocard angle.

3. An alternative proof of Theorem 1

An alternative proof of Theorem 1 can be obtained by noting that the existence
and unigueness ad¥/ are equivalent to the existence and uniqueness of a positive
solutionQ) < min{r — A,7 — B,m — C'} of (3). Lettingu = sin 2, U = cos (2,
andT = U/u = cot (2, and setting

co =sin Asin Bsin C,
c1 =cos Asin B sin C + sin A cos Bsin C' + sin A sin B cos C,
co =cos A cos Bsin C' + cos Asin B cos C + sin A cos B cos C,

c3 = cos A cos B cos C,

(3) simplifies into

u? = U + 1 U%u + coUu? + cgu®. 4)
Using the formulas

co=cy and ¢; =c3+1 (5)
taken from [5, Formulas 674 and 675, page 165], this further simplifies into
ud = coU? + (e3 + 1)U + coUu? + c3u®

= U (U? + u?) + czu(U? + u?) + U%u

= coU + csu + U?u

=u(coT + c3 + U?).

. 2 N
Sinceu? = 177 andU? = 7, this in turn reduces tg(T") = 0, where
F(X) =coX3 4+ (3 + 1)X% 4+ coX + (c3 — 1). (6)

Arguing as in the proof of Theorem 1 th@tmust be acute, we restrict our search
to the interval2 € [0,7/2], i.e., toT € [0,00). On this interval,f is clearly
increasing. Also,f(0) < 0 and f(co) > 0. Thereforef has a unique zero in
[0, 00). This proves the existence and uniquenesa/ofA similar treatment of\/
leads to the samég, proving that)/’ exists and is unique, and th@t= (7.
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This alternative proof of Theorem 1 has the advantage of exhibiting the defining
polynomial ofcot €2, which is needed in proving Theorems 2 and 3.

4. The cevian Brocard angle

Theorem 2. Let 2 be the cevian Brocard angle of triangle ABC.

(i) cot Q2 satisfies the polynomial f given in (6), where ¢ = sin A sin B sin C' and
c3 = cos A cos BeosC.

(i) Q@ < «/3 for all triangles.

(i)  takesall valuesin (0, 7/3].

Proof. (i) follows from the alternative proof of Theorem 1 given in the preceding
section.
To prove (ii), it suffices to prove that(1/v/3) < 0 for all trianglesABC. Let

G=f (%) = %sinAsinBsinC—i— %COSACOSBCOSC — g
ThenG = 0 if ABC is equilateral, and hence it is enough to prove thatttains
its maximum at such a triangle. To see this, take a non-equilateral triziigte.
Then we may assume that > B andC < 7/2. If we replaceABC by the
triangle whose angles atel + B)/2, (A + B)/2, andC, thenG increases. This
follows from

. . . 2o A+ DB
2sin Asin B =cos(A — B) —cos(A+ B) <1 —cos(A+ B) = 2sin 5

A+ B
2cos Acos B =cos(A — B) + cos(A+ B) < 1+ cos(A + B) = 2cos? —12_ :

ThusG attains its maximal value, 0, at equilateral triangles, and héhee0 for
all triangles, as desired.

To prove (iii), we letS = tanQ2 = 1/T and we see tha$ is a zero of the
polynomial F(X) = ¢y + (c3 + 1)X + c9X? + (c3 — 1)X3. The non-negative
zero of F when ABC is degenerate, i.e., whefp = 0, is 0. By continuity of the
zeros of polynomials, we conclude thah €2 can be made arbitrarily close @dy
taking a triangle whose, is close enough to 0. Note that— 1 is bounded away
from zero since:; < 3\/5/8 for all triangles. O

Remarks. (1) Unlike the Brocard angle, the cevian Brocard angle is not neces-
sarily Euclidean constructible. To see this, take the triaogk” with A = 7/2,
andB = C = 7/4. Thencs = 0, co = 1/2, and2f(T) = T3 + 27?% + T — 2.
This is irreducible ovel since none oft1 and+2 is a zero off, and therefore it
is the minimal polynomial otot 2. Since it is of degree 3, it follows thabt (2,
and hence the angl®, is not constructible.

(2) By the cevian concurrence condition, the Brocard angtedefined by

sinffw = sin(4 —w) sin(B — w) sin(C — w). (7)
Lettingv = sinw, V' = cosw andt = cot w as before, we obtain

P = VP — Vi 4 Vo? — e’ (8)



70 S. Abu-Saymeh and M. Hajja

This reduces to the very simple forgit) = 0, where

9(X) = X —c—1, 9)
showing that
14 c3 c1
t=cotw = = — =cot A+ cot B+ cot C, (20)
€o €o

as is well known, and exhibiting the trivial constructibility ©f This heavy con-
trast with the non-constructiblity d® is rather curious in view of the great formal
similarity between (3) and (4) on the one hand and (7) and (8) on the other.

The next theorem shows that a triangle is completely determined, up to similar-
ity, by its Brocard and cevian Brocard angles. This implies, in particular{ttzatd
w are independent of each other, since neither of them is sufficient for determining
the shape of the triangle.

Theorem 3. If two triangles have equal Brocard angles and equal cevian Brocard
angles, then they are similar.

Proof. Let w and2 be the Brocard and cevian Brocard angles of triangleC,
and lett = cot w andT" = cot 2. From (10) it follows that = ¢; /¢y and therefore
c1 = tco. Substituting this in (6), we see th@{(T +¢)(72 + 1) = 2, and therefore
2 and 2t

s c = .
(T +t)(T?2 + 1) N ED )
Letting s1, s2, andss be the elementary symmetric polynomialscist A, cot B,
andcot C', we see that

Cy —

s1 =cot A+ cot B+ cot C =t,
C2

s9g =cot Acot B+ cot Becot C' +cot Ccot A = — =1,
co
-1 T+t)(T?+1
s:),:cotAcothotC’:C—3:C1 :1—( + (T + )
al c1 2t

Since the angles cd BC are completely determined by their cotangents, which in
turn are nothing but the zeros &F — s; X2 + s, X — s3, it follows that the angles
of ABC are determined byandT’, as claimed. O

5. Some properties of the cevian Brocard points

It is easy to see that the first and second Brocard points coincide if and only
if the triangle is equilateral. The same holds for the cevian Brocard points. The
next theorem deals with the cases when a Brocard point and a cevian Brocard point
coincide. We use the following simple theorem.

Theorem 4. If the cevians AA', BB’, and C'C’ through a point P inside trian-
gle ABC' have the property that two of the quadrilaterals AC PB’, BA'PC’,
CB'PA'", ABA'B’, BCB'C’, and C AC' A’ are cyclic, then P is the orthocenter
of ABC'. If, in addition, P isa Brocard point, then ABC'is equilateral.
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Proof. The first part is nothing but [4, Theorem 4] and is easy to prove. The second
part follows fromw =7/2 - A=7/2—- B =7n/2 - C. O
Theorem 5. If any of the Brocard points L and I of triangle ABC' coincides with

any of its cevian Brocard points M and M, then ABC isequilateral.

Proof. Let AA’, BB’, andC'C’ be the cevians through, and letw and( be the
Brocard and cevian Brocard angles4BC'; see Figure 4A. By the exterior angle
theorem/ALB' = w+ (B —w) = B. Similarly, /BLC" = C andZCLA" = A.

B A/ C
Figure 4A Figure 4B

Suppose that. = M. Then(4', B’,C") = (C, A, B). Referring to Figure 4A,
let X, Y, andZ be the points wherel A, BB’, andCC’ meetB'C’, C'A’, and
A'B’, respectively. It follows from/ALB' = B = C’ and its iterates that the
quadrilateralsXC'Y L, YA'ZL, andZ B’ X L are cyclic. By Theorem 4L is the
orthocenter ofA’ B'C’. Thereforew + 2 = /2. Sincew < 7/6 andQ < 7/3, it
follows thatw = 7 /6 andQ2 = 7/3. Thus the Brocard and cevian Brocard angles
of ABC coincide with those for an equilateral triangle. By TheoremABC' is
equilateral.

Suppose next that = M’. Referring to Figure 4B, we see thaiAB'C' =
LACC' + £B'C'C, and therefore«B'C'C = Q — w. Similarly ZC'A’A =
/A'B'B = Q — w. ThereforeL is the second Brocard point of B'C’. Since
(A, B',C") = (B, C,A), itfollows that ABC and A’ B'C’ have the same Brocard
angles. Thereforg BAA' = Z/BB’A’ andABA’' B’ is cyclic. The same holds for
the quadrilateral$8C B'C' andCAC’A’. By Theorem 4 ABC' is equilateral. [J

The following theorem answers questions that are raised naturally in the proof
of Theorem 5. It also restates Theorem 5 in terms of the Brocard points without
reference to the cevian Brocard points.

Theorem 6. Let L bethefirst Brocard point of ABC, and let AA, BB’, and CC’
be the cevians through L. Then L coincides with one of the two Brocard points
N and N’ of A’B’C" if and only if ABC is equilateral. The same holds for the
second Brocard point L.
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Proof. Let the angles ofd’ B’C’ be denoted by4’, B’, andC’. The proof of
Theorem 5 shows that the conditidn= N’ is equivalent tol. = M’, which in
turn implies thatABC' is equilateral. This leaves us with the cae= N. In
this case, letv andu be the Brocard angles of BC and A B’C’, respectively, as
shown in Figure 5. The exterior angle theorem shows that

A=r1—LAC'B' - ZAB'C'=7n—(u+B-w)— (w+C' —p)=n—B-C".

ThusC = C’. Similarly, A = A’ and B = B’. Thereforeu = w, and the quadri-
lateralsAC' LB’ and BA'LC" are cyclic. By Theorem 44 BC'is equilateral. [J

Figure 5

Remark. (3) It would be interesting to investigate whether the many inequalities
involving the Brocard angle, such as Yff’s inequality [1], have analogues for the
cevian Brocard angles, and whether there are inequalities that involve both the
Brocard and cevian Brocard angles. Similar questions can be asked about other
properties of the Brocard points. For inequalities involving the Brocard angle, we
refer the reader to [2] and [9, pp.329-333] and the references therein.

6. A characterization of some common triangle centers
We close with a theorem that complements Theorems 1 and 2 of [3].

Theorem 7. The triangle centers for which the angles «, 3, v arelinear formsin

A, B, C arethe centroid, the orthocenter, and the Gergonne point.

Proof. Arguing as in Theorems 1 and 2 of [3], we see thaB, v are of the form
—A — B —

TR B -0), =R O ), =T 20

In particular,«e + 3 + v = 7, and therefore

(A - B).

o=

4sin o sin Fsiny = sin 2a + sin 20 + sin 27;
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see [5, Formula 681, p. 166]. Thus the Ceva’s concurrence relation takes the form
sin (A — 2t(B — C)) +sin (B — 2t(C — A)) + sin (C — 2t(A — B))
=sin (A4 2t(B — C)) +sin (B + 2t(C — A)) +sin (C + 2t(A — B)),
which reduces to
cos Asin(2t(B — C)) + cos Bsin(2t(C' — A)) + cos C'sin(2t(A — B)) = 0.

Following word by word the way equation (5) of [3] was treated, we conclude that
t=-1/2,t=0,0rt=1/2.

If t =0, thena = (m — A)/2, and thereforex = o/ andAB’ = AC’. ThusA4’,
B’, andC’ are the points of contact of the incircle, and the point of intersection of
AA’, BB', andCC’ is the Gergonne point.

If t = 1/2, then(w, 3,7) = (B,C,A), and(A',B’,C") = (A, B,C). This
clearly corresponds to the centroid.

If t = —1/2,then(w, 3,7) = (C, A, B),and(A', B',C") = (n— A, 71— B, 7 —
(). This clearly corresponds to the orthocenter. O

Remarks. (4) In establishing the parts pertaining to the centroid and the orthocenter
in Theorem 7, we have used the uniqueness component of Seebach’s theorem.
Alternative proofs that do not use Seebach’s theorem follow from [4, Theorems 4
and 7].

(5) In view of the proof of Theorem 7, it is worth mentioning that the proof of
Theorem 2 of [3] can be simplified by noting th@t- » + ¢ = x/2 and using the
identity

1 4 4sin¢sinnsin ¢ = cos 2€ + cos 21 + cos 2¢

given in [5, Formula 678, p. 166].

(6) It is clear that the first and second cevian Brocard points of triadd@é’
can be equivalently defined as the points whose cevian triangi#¢"’ have the
properties that4’, B, C") = (C,A,B) and (4, B’,C") = (B,C, A), respec-
tively. The point corresponding to the requirement thédit B’, C') = (A, B, C)
is the centroid; see [6] and [4, Theorem 7]. It would be interesting to explore the
point defined by the conditiofd’, B’,C’) = (4, C, B).
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