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Circlesand Triangle Centers Associated with
the Lucas Circles
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Abstract. The Lucas circles of a triangle are the three circles mutually tangent
to each other externally, and each tangent internally to the circumcircle of the
triangle at a vertex. In this paper we present some further interesting circles and
triangle centers associated with the Lucas circles.

1. Introduction

In this paper we study circles and triangle centers associated with the three Lucas
circles of a triangle. The Lucas circles of a triangle are the three circles mutually
tangent to each other externally, and each tangent internally to the circumcircle of
the triangle at a vertex.

Figure 1

We work with homogeneous barycentric coordinates and make use of John
H. Conway'’s notation in triangle geometry. The indexing of triangle centers fol-
lows Kimberling’s Encyclopedia of Triangle Centers [2]. Many of the triangle
centers in this paper are related to the Kiepert perspectors. We recall that given a
triangle ABC, the Kiepert perspectdk () is the perspector of the triangle formed
by the apices of similar isosceles triangles with base afgbesthe sides oA BC.
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In barycentric coordinates,

1 1 1
K(9) = : : .
( ) <SA+59 Sp + Sy Sc-l-Sg)
Its isogonal conjugate is the point
K*(Q) = (a2(SA + S@) : 62(53 + Sg) : CQ(SC + Sg))

on the Brocard axis joining the circumcenterand the symmedian poirt .

2. Thecenters and points of tangency of the Lucascircles

The Lucas circle€ 4, Cp, C¢ of triangle ABC are the |mages of the C|rcum-

S

circle under the homotheties with centets B, C, and ratios—> 205 IS CQ+S
respectively. As such they have centers

O, =(a*(S4 +28) : b2Sp : *Sc),
Op =(a®S4 : b¥*(Sp +29) : *Se),
O, =(a%S4 : b¥*Sp : *(Sc + 29)),

and equations

272 2
. Qyr et Pay - LU (L+2)=
Ca: a“yz + bzx + c“xy 2 1S (x+y+2) b2+02 =0,
Cp : + 02w + 2b”(++)(z+w)—o
B: a’yz 2z + Cay R rtytz)(z+2)=0
a2b2e2 "

) 2 _ A
Co : a’yz + b zx + Cay 215 (x—i—y—l—z)( b2) 0.

The Lucas circles are mutually tangent to each other, externally, at
T, =CpNCc =(a*S4: b*(Sp + S) : 2(Sc + 9)),
Ty, =CcoNCa =(a*(Sa+ S) : B2Sp : (Sc + 9)),
T.=CaNCp =(a*(Ss+8): b*(Sp + 8) : *Sc).
See Figure 1. These points of tangency form a triangle perspectiveddtti at

w, T
K*(3)
which is X37; of [2].

By Desargues’ theorem, the triangl@sO, O. andT, T, T, are perspective. Their
perspector is clearly the Gergonne point of trian@l€),O.; it has coordinates

(a*(3S4 +29) : b*(3Sp +29) : 2(3Sc + 25)).
This is the pointK* (arctan 3).

= (a*(Sa +8) : b*(Sp + S) : *(Sc + C)),
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The exsimilicenter (external center of similitude)@f andC¢ is the point(0 :
b? . —c?). Likewise, those of the pai&, C4 andC4, Cp are(—a® : 0 : ¢?) and
(a® — b? : 0). These three exsimilicenters all lie on the Lemoine axis,

T Yy z
$+—+C—2—O.

Proposition 1. The pedals of O, on BC, O, on C' A, and O. on AB form the
cevian triangle of the Kiepert perspector K (arctan 2).?

Proof. These pedals are the poift$ : 25c +5 : 2S5+ 5), 2S¢+ S : 0 :
254+ 85),and(2Sp + 5 :254+ 5 : 0). O

Proposition 2. The pedals of T, on BC, T, on C' A, and T, on AB formthe cevian
triangle of the point (a® + S : b2 + S : 2 + 9).

Proof. These pedals are the poir: ¥ +S : 2+ 5), (a?> + S : 0 : ¢?), and
(a>+S:0?+5:0). O

3. Theradical circle of the Lucascircles

From the equations of the Lucas circles, the radical center of these circles is the
point (z : y : z) satisfying

R Rk O du
a2+ S b2+ S 24+ 8

This means that% : % : %) is the anticomplement @fi* + 5 : b+ 5 : ¢+ 5),
namely,(254 + S : 255 + S : 25¢ + S), and the radical center is the point

K*(arctan 2) = (a*(2S4 + S) : b*(2Sp + S) : ¢*(2Sc + 9)) = X1151

on the Brocard axis. Since the Lucas circles are tangent to each other, their radical
circle is simply the circle through the tangent poifits 7, and 7. It is also the
incircle of triangle0,0,0.. As such, it has radiu% - R, whereR is

the circumradius of trianglé BC. Its equation is

2062 (x +y + 2) (m y z)

FiPrE4s \@ B2

ayz + b*zx + Axy — 2

c2

4. Theinner Soddy circle of the Lucascircles

There are two nonintersecting circles which are tangent to all three Lucas circles.
These are the outer and inner Soddy circles of trialdgi@,0O.. Since the outer
Soddy circle is the circumcircle A BC, the inner Soddy circle is the inverse of
this circumcircle with respect to the radical circle. Indeed the points of tangency
are the inverses ofl, B, C in the radical circle. They are simply the second

IThis is X1131 of [2].
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intersections of the linedT with C,, BT with C,, andCT with C., whereT =
K*(arctan 2). These are the points

(a?(4S4 +3S) : 26%(2Sp + S) : 2¢*(2Sc + 9)),
(2a%(254 + S) : b?(4Sp + 3S) : 2¢*(2Sc + 9)),
(2a%(254 + S) : 2b%(2Sp + S) : 2(4Sc + 35)).

Figure 2
i i 7 i 25-R
The circle through these points has cerftgr{arctan 1) and radius; 32"y 17g-

It has equation

Aa2h2 2
a’yz + bz + Aoy — @b ewty+2) (ac i

V4
2(a% + b2+ c2) + 7S ﬁ+b_2+c_2> =0.
Proposition 3. The circumcircle, theradical circle, theinner Soddy circle, and the
Brocard circles are coaxal, with the Lemoine axis as radical axis.

The Brocard circle has equation
aQbQCQ(:):—I—y—l—z)(x y—l—z)*o
a? + b% + c2 a2 b2 2) 7
The radical trace of these circles, namely, the intersection of the radical axis and
the line of centers, is the point

a’yz + b zx 4+ Cay —

i)

(@b +F —2a) i) = K*(— arctan(m

))-
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This is X157, the inverse ofx in the circumcircle.

5. The Schoute coaxal system

According to [5], the coaxal system of circles containing the circles in Propo-
sition 3 is called the Schoute coaxal system. It has the two isodynamic points as
limit points. Indeed, the circle with centéf;g; passing through the isodynamic
point X5 = K*(%) is the radical circle of these circles.

Proposition 4. The circles of the Schoute coaxal system have centers K*(6) where

0] >, and radius‘WM‘ - R. It has equation

Cs(0):  a’yz+bPzx + oy —

a2z +y+z2) (x Yy oz
S+ 4+ ) =0.
S, + S -tan6 <a2 + b2 + 02)
Therefore, a circle with centén?(pSa + ¢S) : ¥*(pSp +qS) : 2 (pSc +qS))
and square radiug =3¢) s the circleCs(arctan £).

pS+q(a?+b2+c?))
| circle | Cs(f)withtan § = |
circumcircle 00
Brocard circle cotw
Lemoine axis —cotw
radical circle of Lucas circles 2
inner Soddy circle of Lucas circles

¢ = % yields the limit pointX;s.
Proposition 5. Theinversive image of G;(0) in Cs(y) isthe circle Cs(v), where

tan 0(tan? ¢ + 3) — 6tan ¢

t = .
any 2tan 6 tan p — (tan? ¢ + 3)

Corollary 6. (a) Theinverse of ;(6) in the circumcircle is Cs(—0).
(b) Theinverse of the circumcircle in G(¢) isthe circle C (arctan tan® p+3 ) :

2tan ¢

6. Threeinfinite families of circles

Let A’B’C’ be the circumcevian triangle of the symmedian pdihtand K’ =
K*(%). The lineO A’ intersect), K at

0% = (a*(Sa — 2S) : b*(Sp +4S) : *(Sc +45)).

This is the center of the circle tangent to tBe and C-Lucas circles, and the
circumcircle. It touches the circumcircle AF. We label this circle’f. The points
of tangency with the3- andC-Lucas circles are

(a*(Sa — S) : b*(Sp +3S) : 2(Sc + 25)),
(a*(Sa — S) : b*(Sp +25) : *(Sc + 39))
respectively.
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Similarly, there are circle€? andC¢ each tangent internally to the circumcircle
and externally to two Lucas circles. The centers of the three cif|e¥, C$ are
perspective wittd BC at K*(arctan ).

Figure 3

Remarks. (1) The 6 points of tangency with the Lucas circles lie(arctan 4).
(2) The radical circle of these circles@qarctan 6). See Figure 3.

The Lucas circles lend themselves to the creation of more and more circle tan-
gencies. There is, for example, an infinite sequence of ciElesach tangent
externally to theB- andC'-Lucas circles, so tha, touchesC?_, externally atZ};.

(We treatC§ as the circumcircle ofiBC so thatl{ = A’.
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0p =(a*((2n® — 1)Sa — 2nS) : b*((2n* — 1)Sp + 2n(n + 1)S)
:2((2n* = 1)Sc + 2n(n +1)8)),
T =(a*(2n(n — 1)Sa — (2n — 1)S) : 2nb*((n — 1)Sp + nS) : 2nc*((n — 1)Sc + nS)).

The centergD? of these circles lie on the hyperbola through with foci O,
andO.. It also containg®) andT,. This is the inner Soddy hyperbola of triangle
0,0,0.. The points of tangencyy lie on the A-Apollonian circle.

Similarly, we have two analogous families of circlés and C¢, respectively
with centersO?, O¢ and points of tangency?, T¢.

2n(n—1)
(2) The six points of tangency with the Lucas circles lie on the circle

2
n

(3) The radical circle o€, C3, C¢ is the circleCs (arctaﬂ %)

Remarks. (1) The centers of?, C, C¢ lie on the circleC, (arctan 74”2‘2”“).

Proposition 7. The following pairs of triangles are perspective. The perspectors
are all on the Brocard axis.

Triangle | Triangle Perspectoe= K*(0)
withtan 6 =

b 2n2—1
00b O | ABC e
020 O¢ | 0,040, i1
04040, | TIT, S

b ; . 6n%—3
020, 0y, | circumcevian 2n7(’n71)

triangle of K
050,05, | 01010% -

b b 4n?+6n+3
00,05 | 071107 1051y | 5505
0,005, | 05,0505, i
TeTITS | ABC n—di
ToTP TS | 0,040, On2n—1
ToTiTy | T T, 21
LYoy | Th T Ty, T

7. Centersof similitude

Since the Lucas radical circle, the inner Soddy circle and the circumcircle all
belong to the Schoute family, their centers of similitude are all on the Brocard axis.

Internal External
inner Soddy circlg circumcircle | K*(arctan2) | K*(arctan 3)
inner Soddy circlg radical circle] K*(arctan ) | K*(arctan 2)
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Figure 4

Proposition 8. (a) The insimilicenters of the Lucas radical circle and the individ-
ual Lucas circles form a triangle perspective with ABC' at K*(arctan 3).

(b) The exsimilicenters of the Lucas radical circle and the individual Lucas cir-
clesformatriangle perspective with ABC at K*(%).

Proof. These insimilicenters are the points

(3a%(Sa+S) : b*(3Sp+5) 2(3Sc + 9)),

(a®(3S4+5S) : 3b%(Sp+S) : A(3Sc+09)),

(a2(3SA+S) : 62(3SB+S) : 362(Sc+5)).
Likewise, the exsimilicenters are the points

(a®(Sa—8) : bv*(Sp+9) A(Sc +9)),
(CLZ(SA—FS) : bQ(SB—S) : 02(50+S)),
(a®(Sa+8) : bv*(Sp+9) A2 (Sc — 9)).
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8. Two conics

As explained in [1], the Lucas circles of a triangle are also associated with
the inscribed squares of the triangle. We present two interesting conics associ-
ated with these inscribed squares. Given a trianglC', the A-inscribed square
X1X5X3X, has vertices

X1=0:Sc+S5:S5g), and Xo=(0:Sc:Sp+59)
on the lineBC and
X3=(a?:0:S5) and X;=(a®:S5:0)

on AC and AB respectively. It has centér? : Sc + S : Sp + 5). Similarly,

the coordinates of th8— andC-inscribed squares, and their centers, can be easily
written down. It is clear that the centers of these squares form a triangle perspective
with ABC at the Kiepert perspector

T 1 1 1
K(-) = : : .
(4) (SA+S Sp+ S SC+S>

Y2

X3

Y1
Y3

Za

Figure 5.
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Proposition 9. The six points X7, Xs, Y1, Y3, Z1, Z5 lie on the conic
Z (a®> 4+ 8)yz = (z +y + 2) Z Sa(Sa+ 9)z.

cyclic cyclic
This conic has centdu? + S : b + S : ¢ + 9).
Proposition 10. The six points X3, X4, Y3, Y4, Z3, Z4 lie on the conic

Z a’  a?PPS(rty+2) (x y —I—i>
2+ 57T (@1 90+ ) (2 +9) 2)

. a? b2
cyclic
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