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On an Erdos Inscribed Triangle Inequality

Ricardo M. Torrepn

Abstract. A comparison between the area of a triangle and that of an inscribed
triangle is investigated. The result obtained extend a result of Aassila giving
insight into an inequality of P. Eas’”

1. Introduction

Consider a triangled BC' divided into four smaller non-degenerate triangles, a
central one’; A; By inscribed inABC and three others on the sides of this central

triangle, as depicted in o

Ay
B1

A (of} B

Figure 1

A question with a long history is that of comparing the aread@&C' to that of
the inscribed triangl€}; A; B;. In 1956, H. Debrunnner [5] proposed the inequality
area (C1A1By) > min {area (AC1B,), area (C1BA;), area (B14,C)};

1)
according to John Rainwater [7], this inequality originated with PoEralid was
communicated by N. D. Kazarinoff and J. R. Isbell. However, Rainwater was more
precise in stating that; A; B; cannot have the smallest area of the four unless all
four are equal withd,, By, andC; the midpoints of the sideBC, C' A, andAB.

A proof of (1) first appeared in A. Bager [2] and later in A. Bager [3] and P.
H. Diananda [6]. Diananda’s proof is particularly noteworthy; in addition to prov-
ing Erdds’ inequality, it also shows that the stronger form of (1) holds

area (C1A1B;) > \/area (ACB,) - area (C1 BA;) 2
where, without loss of generality, it is assumed that
0 < area (AC1By) < area(C1BA;) < area(B1A:C).
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The purpose of this paper is to show that a sharper inequality is possible when
more care is placed in choosing the poidis B; andC;. In so doing we extend
Aassila’s inequality [1]:

4 -area(A;B1Cy) < area (ABC),

which is valid when these points are chosen so as to partition the perimet&@f
into equal length segments. Our main result is

Theorem 1. Let ABC beatriangle, and let A;, By, C; beon BC, CA, AB,
respectively, with none of A;, By, C7 coinciding with a vertex of ABC. If

AB+BA _ BO+CBi _ AC+AC _
AC+CA; ~ AB+AB, BC+BC,

then

a—1
a+1

2
4 -area(A;B1C;) < area (ABC) +s? ( > -area (ABC’)_1

where s is the semi-perimeter of ABC.
Whena = 1 we obtain Aassila’s result.

Corollary 2 (Aassila [1]) Let ABC be a triangle, and let 4, By, Cy be on
BC, CA, AB, respectively, with none of A;, By, Cy coinciding with a vertex of
ABC. If

AB+BA, = AC+CA,,
BC+CBy = AB+ ABq,
AC+A01 = BC+BCI7

then
4 -area(A;B1C)) < area(ABC).

2. Proof of Theorem 1

We shall make use of the following two lemmas.

Lemma 3 (Curry [4]). For any triangle ABC, and standard notation,

4V/3 - area (ABC) < Jabe (3)
a+b+c
Equality holdsif and only ifa = b = c.
Lemma4. For any triangle ABC', and standard notation,
min{a® + b% + ¢, ab+ bc + ca} > 4V/3 - area (ABC). 4)

To prove Theorem 1, we begin by computing the area of the corner triangle
AClBl:
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then
1
area (AC1B;) = §A01-ABl-sinA
1 2. area (ABC)
= ACABL TR
_ AC, AB
= A5 AC -area (ABC).

For the semi-perimeter of ABC we have

2s = AB+ BC+ AC
— (AB+ AB)) + (BC +CBy)
= (a—l—l)(c—l—ABl),

and

2
ABy =

S—cC
wherec = AB. Also,
2s = AB+ BC+ AC
= (AC + ACh) + (BC + B(CY)

_ <L+é>MC+ACQ

1
_ 2t ao,
8]
and
AC = 2% ¢
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with b = AC. Hence

2
area (AC1B;) = a

Similar computations yield
area (C1BA;) =

and

area (B1A1C) = ib ( 20

From these formulae,

area (A; B1Cy)
=area (ABC) —

:{1__(04—#1
(=

_ﬁK +1 ><

+ (e -e) (e

area (AC 1 By)

) (e
) (5

1 s
be \a+1

1 2a
— S
ca \a+1

a+1

2 2
s—b
a+1 )<a—|—1
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- b) (a i s c) Larea(ABC). (5)

B 2
¢ a+1S

- a) -area (ABC), (6)

2
s—a> (a+18_b> -area (ABC). (7)

—area (C1BA;) —

1 2¢
a—i—l

area (B1A4:C)

2
c a—l—ls

_a>

s b)] area (ABC)

_C)

>< 2_ils—c)]-area(ABC’).
But
2 _ 2 _ 2 _
a—i—ls “ a—l—ls a—l—ls ¢
n 200 2a b 20
a—i—ls “ a—l—ls a—l—ls ¢
a—1\2 3
_2(s—a)(s—b)(s—c)—|—2(a+1) s
2 2 a—1\° 3
7S[area(ABC)] +2<a—|—1) s°.
Hence
abc - s

-area (A;B,Cy) =

[area (ABC))? +s*

-(Z;i)Q-area(ABC). 8)
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From (3) and (4)

be -
a;S > ?( +b+c)? - area (ABC)
3
2 %[ 24 0%+ ¢® +2(ab + be + ca)] - area (ABC)
> ? -12V/3 - area (ABC)?

> 4-area(ABC)>
Finally, from (8)
4 -area(ABC)? - area (A B,C})

abe - s

-area(A;B1CY)

a—1
a—+1

< [area(ABC) + s*- ( )2 -area (ABC)

and a division byarea (ABC)* produces

a—1
a—+1

2
4-area (A, B;C)) < area (ABC) +s* - < ) - |area (ABC)] ™!

completing the proof of the theorem.
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