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On the Complement of the Schiffler Point

Khoa Lu Nguyen

Abstract. Consider a triangled BC' with excircles(1.), (1), (I.), tangent to

the nine-point circle respectively &, F,, F.. Consider also the polars of,

B, C with respect to the corresponding excircles, bounding a triakigfeZ. We
present, among other results, synthetic proofs of (i) the perspectiviyo¥/
and F, F, F.. at the complement of the Schiffler point dfBC, (ii) the concur-
rency at the same point of the radical axes of the nine-point circles of triangles
1,BC,I,CA,andI.AB.

1. Introduction

Consider a triangled BC' with excircles(1,), (1), (I.). Itis well known that
the nine-point circlé1V) is tangent externally to the each of the excircles. Denote
by F,, F,, andF, the points of tangency. Consider also the polars of the vertices
A with respect to1,), B with respect to 1), andC with respect taI.). These
are the lines3,C,, Cy Ay, and A, B, joining the points of tangency of the excircles
with the sidelines of trianglel BC'. Let these polars bound a triangleY Z. See
Figure 1. Juan Carlos Salazar [12] has given the following interesting theorem.

Theorem 1 (Salazar) Thetriangles XY Z and F, F; F,. are perspective at a point
on the Euler line.

Darij Grinberg [3] has identified the perspector as the triangle ceXigr of
[6], the complement of the Schiffler point. Recall that the Schiffler pdiris
the common point of the Euler lines of the four triangle8C, IC A, IAB, and
ABC, wherel is the incenter ofABC'. Denote byA’, B’, C’ the midpoints of the
sidesBC, C A, AB respectively, so that! B’C’ is the medial triangle ofABC,
with incenter” which is the complement of. Grinberg suggested that the lines
XF,, YF, and ZF, are the Euler lines of triangleBB'C’, I'C'A’ and I’ A’ B’
respectively. The present author, in [10], conjectured the following result.

Theorem 2. The radical center of the nine-point circles of triangles [, BC, I,C' A
and I.AB isapoint on the Euler line of triangle ABC'.

Subsequently, Jean-Pierre Ehrmann [1] and Paul Yiu [13] pointed out that this
radical center is the same poifit, the complement of the Schiffler poist In
this paper, we present synthetic proofs of these results, along with a few more
interesting results.
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2. Notations

a, b, c

R, 7, s
TayThy Te
O,G,W,H,
I,F,S, M
Pl

A, B, C
Ay, By, Cy
Ia,-[b, Ic
Fa’ Fb’ Fc
Aa’ Ba’ Ca

Way Wb1 Wc
Ma’ Mb’ Mc
X

be Xc

Ja

K,

Figure 1.

Lengths of side3C, CA, AB

Circumradius, inradius, semiperimeter

Exradii

Circumcenter, centroid, nine-point center, orthocenter
Incenter, Feuerbach point, Schiffler point, Mittenpunkt
Complement ofP in triangle ABC

Midpoints of BC, CA, AB

Points of tangency of incircle witBC', CA, AB
Excenters

Points of tangency of the nine-point circle with the excircles
Points of tangency of thd-excircle with the lines
BC,CA, AB; similarly for Ay, By, Cy, andA,, B, C.
Nine-point centers of , BC, I,C A, I.AB

Midpoints of Al,, BI, C1.

ApCy N AcB.; similarly forY, Z

Orthogonal projections aB on C'I, andC' on Bl,;
similarly for Y., Y,, Z,, Z;

Midpoint of arc BC' of circumcircle not containingi;
similarly for Jy, J.

ApFy N AFy; similarly for K, K.
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Figure 2.

3. Some preliminary results

We shall make use of the notion of directed angle between two lines. Given two
linesa andb, the directed angléa, b) is the angle of counterclockwise rotation
from a to b. It is defined moduld 80°. We shall make use of the following basic
properties of directed angles. For further properties of directed angles, see [7].

Lemma 3. (i) For arbitrary linesa, b, c,
(a, b) + (b, ¢) = (a, ¢) mod 180°.
(i) Four points A, B, C, D areconcyclicifandonlyif (AC,CB) = (AD, DB).

Lemma 4. Let (O) be a circle tangent externally to two circles (0,) and (Oy)
respectively at A and B. If PQ isacommon external tangent of (0,) and (Oy),
then the quadrilateral APQB is cyclic, and the lines AP, B( intersect on the
circle (0).

Proof. Let PA intersect(O) at K. Since(O) and(O,) touch each other externally
at A, OK is parallel toO,P. On the other hand), P is also parallel ta0,Q as
they are both perpendicular to the common tandget ThereforeK O is parallel
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K
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Figure 3

to O,Q in the same direction. This implies that, B, @ are collinear sincé0,)
and(O) touch each other at externally Bt Therefore

1 1
andAPQ@B is cyclic. O
We shall make use of the following results.

Lemmab. Let ABC beatriangle inscribed in acircle (O), and points M/ and N
lying on AB and AC respectively. The quadrilateral BN M C'iscyclic if and only
if M N isperpendicular to OA.

Theorem 6. The nine-point circlesof ABC, I, BC, 1,CA, and I,AB intersect at
the point £,.

Figure 4.
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Proposition 7. The circle with diameter A, M, contains the point F;,.

Figure 5.

Proof. Denote by); and M/ the midpoints ofl, B and I,C respectively. The
point F, is common to the nine-point circles &fBC, I,CA and[,AB. See
Figure 5. We show thdtA, F,, F, M,) = 90°.
(AaFm FaMa) :(AaFau FaM[;) + (Ml;Fap FaMa)
=(Ao M., M.M,) + (M;C',C'M,)
=— ([,M., M!M}) — (BI,, I,A)
=—((1,C,BC) + (BlI,,I,A)) = 90°.

4. Some properties of triangle XY Z

In this section we present some important properties of the triakiyfe.

4.1 Homothety with the excentral triangle. SinceY Z and 1. are both perpen-
dicular to the bisector of angld, they are parallel. SimilarlyZX and XY are
parallel tol.I, andI, I, respectively. The triangl& Y Z is therefore homothetic
to the excentral trianglé, I,I.. See Figure 7. We shall determine the homothetic
center in Theorem 11 below.
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4.2 Perspectivity with ABC. Consider the orthogonal projectiofisand P of A
and X on the lineBC'. We have

AP :PAy,=(s—c)+ccosB:(s—b)+bcosC=s—b:s—c¢

by a straightforward calculation.

Figure 6.

On the other hand,
AP : P'Ay =cot XA Ay : cot X ApA,

B
=cot (90O — %) : cot (90O — 5)

B

=tan — : tan —
an2 an2
R 1 . 1
s—c s—b
=s—b:s—c.

It follows that P and P’ are the same point. This shows that the lfd is perpen-
dicular to BC and contains the orthocentéf of triangle ABC. The same is true
for the linesY B andZ X . The trianglesX'Y Z and ABC are perspective &t .

4.3. The circumcircle of XY Z. Applying the law of sines to triangld X B., we
have

sin (90° — &
(—02) = (s—0b)cot — =r,.
sin 5 2
It follows that H X = 2R cos A+r, = 2R+ r. See Figure 4. Similarhyi/Y =
HZ = 2R + r. Therefore, triangleX'Y Z has circumcentef/ and circumradius
2R+ .

XA=(s—b)
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Figure 7.

5. TheTaylor circle of the excentral triangle

Consider the excentral trianglgl, I, with its orthic triangleABC. The or-
thogonal projectiond,, and Z, of A on 1,I. and .1, Z, and X, of B on I, 1.
andl, I, together withX,. andY, of C on [;I. and.I, are on a circle called the
Taylor circle of the excentral triangle. See Figure 8.

Proposition 8. The points X;, X. lieonthelineY Z.
Proof. The collinearity ofC,, X;, X, follows from

(CaXp, XoB) =(Cola, 1By

=(Cala, AB) + (AB, 1,B)

=90° + (I,B, BC)

=(X.C,1,B)+ (I,B, BC)

=(X.C,CB)

=(X:Xyp, X3 B).
Similarly, X is also on the lin&” Z, andZ,, Z, are on the lineXY, Y., Y, are on
the line X Z. O

Proposition 9. The line Y, Z, contains the midpoints B, C’ of CA, AB, and is
parallel to BC.
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Figure 8.

Proof. SinceA,Y,, I,, Z, are concyclic,

(AYy, Yo Zy) = (AL, I, Z,) = % = (CA, AY,).
Therefore, the intersection afC andY, Z, is the circumcenter of the right triangle
ACY,, and is the midpoinB3’ of C'A. Similarly, the intersection ofi B andY, Z,
is the midpointC’ of AB. O

Proposition 10. Theline I, X contains the midpoint A’ of BC.

Proof. Since the diagonals of the parallelogrdpY, X 7, bisect each other, the
line I, X passes through the midpoint of the segmgi,. SinceY,Z, and BC
are parallel, withB on I, Z, andC on 1, Y,, the same lind, X also passes through
the midpoint of the segme®C'. O

Theorem 11. Thetriangles XY Z and I,1,1. are homothetic at the Mittenpunkt
M of triangle ABC, the ratio of homothety being 2R + r : —2R.

Proof. The linesI, X, 1Y, I1.Z contain respectively the midpoints df, B’, C’

of BC, CA, AB. They intersect at the common point Bf4’, I, B’, I1.C’, the
Mittenpunkt M of triangle ABC'. This is the homothetic center of the triangles
XY Z andI,I,I.. The ratio of homothety of the two triangle is the same as the
ratio of their circumradii. O
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Theorem 12. The Taylor circle of the excentral triangle is the radical circle of the
excircles.

Proof. The perpendicular bisector &f7, is a line parallel to the bisector of angle
A and passing through the midpoirf of BC. This is the A’-bisector of the
medial triangleA’ B’C’. Similarly, the perpendicular bisectors 4fX. and XY,
are the other two angle bisectors of the medial triangle. These three intersect at the
incenter of the medial triangle, the Spieker centeA®C.

It is well known thatS}, is also the center of the radical circle of the excircles.
To show that the Taylor circle coincides with the radical circle, we show that they
have equal radii. This follows easily from

A
Ta Slng

C
COS 5

2
a

1, X 1,7, =

C .
~IaAcos§ :ra-IaAsm5 =r

6. Proofs of Theorems 1 and 2

We give a combined proof of the two theorems, by showing that theXifg
is the radical axis of the nine-point circl¢d/}) and (W,) of triangles,C A and
I.AB. In fact, we shall identify some interesting points on this line to show that it
is also the Euler line of triangl&€ B'C".

6.1 XF, astheradical axis of (W) and (W.).
Proposition 13. X lieson theradical axis of the circles (W) and (W.,).

Proof. By Theorem 12X 7, - X7, = XY, - XY,. SinceY,, Y, are on the nine-
point circle (W;) and Z,,, Z, on the the circlg§WW.), X lies on the radical axis of
these two nine-point circles. O

Since AZ, and AY, are perpendicular t@,I. andI, I, andI,I,I. and XY Z
are homotheticA is the orthocenter of triangl&’Y, Z,. It follows that X is the
orthocenter ofAY,Z,. Since(AY,,Y.l,) = (AZ,, Z,1,) = 90°, the triangle
AY,Z, has circumcenter the midpoint/, of Al,. It follows that X M, is the
Euler line of triangleAY, Z,,.

Proposition 14. M, lieson theradical axis of the circles (W) and (W,).

Proof. Let M} and M be the midpoints ofAl, and A, respectively. See Figure
9. Note that these lie on the nine-point circlé,) and (1V,) respectively. Since
C, Iy, 1., B are concyclic, we have, B-I,1. = 1,C-1,1,. Applying the homthety
h(A, %), we have the collinearity ot/,, C’, M/, and ofM,, B, M;’, Furthermore,
M,C" - MM} = M,B’" - M,M;'. This shows thaf//, lies on the radical axis of
(W) and (V). O



158 K. L. Nguyen

Figure 9.

Proposition 15. X, F,, and M, are collinear.

Proof. We prove that the Euler line of triangléY, 7, contains the poinf,. The
points X and M, are respectively the orthocenter and circumcenter of the triangle.

Let A/ be the antipode afl, on theA-excircle. SinceAX has length, and is
perpendicular taBC, X AA, I, is a parallelogram. Therefor& A, contains the
midpoint M, of Al,.

By Proposition 7(A.F,, F,M,) = 90°. Clearly, (A, F,, F,A],) = 90°. This
means tha¥,, M,, and A/, are collinear. The line containing them also contains
X. O

Proposition 16. X F, isalso the Euler line of triangle AY, Z,.

Proof. The circumcenter oflY, Z,, is clearlyM,. On the other hand, sincgis the
orthocenter of triangl&X 'Y, Z,,, X is the orthocenter of triangldY, Z,. Therefore
the line X M,,, which also containg,, is the Euler line of trianglelY, Z,,. O

6.2 X F, astheEuler line of triangle I' B'C".
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Proposition 17. M, isthe orthocenter of triangle ' B'C".

Figure 10.

Proof. Let H, be the orthocenter afBC. Since BH, is perpendicular tdC, it
is parallel tol,C. Similarly, CH, is parallel tol, B. Thus,BH,C1, is a parallel-
ogram, andA’ is the midpoint ofl, H,. Consider triangledl, H, which has)M,
and A’ for the midpoints of two sides. The intersection/df H, and AA’ is the
centroid of the triangle, which coincides wifh Furthermore,

GH,:GM,=GA:GA' =2 —1.
Hence,M, is the orthocenter of B'C’. O
Proposition 18. K, isthe circumcenter of I’ B'C".

Proof. By Lemma 4, the point$y, F.., A, and A, are concyclic, and the line% F,
and A.F, intersect at a poink’, on the nine-point circle, which is the midpoint of
the arcB’C’ not containing4’. See Figure 11. The image &f, underh(G, —2) is
J,, the circumcenter of BC. It follows thatk, is the circumcenter of B'C’. O

Proposition 19. K, lieson the radical axis of (17;,) and (W%,).

Proof. Let D andF be the second intersectionsf F;, with (1) and K, F,. with
(W.) respectively. We shall show thé&f, Fy, - K,D = K, F. - K, E.

SinceA,, F,, F, A, are concyclic, we hav&, F,.- K, A. = K. Fy- K, Ay = k,
say. Note that

(s —a)?sin (B + %)
B A '

tan 5 Cos 5

AE-AF,=AZ, - AZy =
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Figure 11.
Since(I.) and(W) extouch at;., we havefafe = — . Therefore,

AE K,F. A.FE-A.F,
KaAc B ACFC . KaFc : KaAc

R (s—a)sin(B+9)
A
2
R(s —a)?sin (B + 4)

B C A
k-stan7tan§cos§

2rq k - tan % cos

Similarly,
AyD R(s —a)?sin (C' + %)

K, A k-stan%tan%cos%'

Sincesin (B + 4) = sin (C' + 4), it follows that 2:2- = #<-. Hence,DE is
parallel toA,A.. FromK,F, - K, Ay = K F. - K A, we haveK Fy, - K,D =
K,F. - K,E. This shows thaf(, lies on the radical axis dfit;) and(W.,.).

U

Corollary 20. K, liesontheline X F,.

6.3. Proof of Theorems 1 and 2. We have shown that the lin& F; is the radical

axis of (W}) and (W,). Likewise, Y F; is that of (W), (W,), and ZF, that of
(Wa), (Wy). It follows that the three lines are concurrent at the radical center of
the three circles. This proves Theorem 1.
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We have also shown that the liféF; is the image of the Euler line ofBC
under the homothety (G, —%); similarly for the linesY F, and ZF,. Since the
Euler lines oflBC, IC A, andI AB intersect at the Schiffler poirit on the Euler
line of ABC, the linesX F,, Y Fy, Z F, intersect at the complement of the Schiffler
point S, also on the same Euler line. This proves Theorem 2.

7. Somefurther results
Theorem 21. Thesix paintsY', Z, Ay, A, Fy, F, are concyclic.

Figure 12.

Proof. (i) The points4,, A., F;, F. are concyclic and the lined, F;,, A.F. meet
at K,. Let X, be the circumcenter ok, A,A.. SinceF, and F,. are points on
K, A, andK A., andF, A, A F, is cyclic, it follows from Lemma 5 thai(, X, is
perpendicular taF, F.. HenceX, is the intersection of the perpendicular frdi
to F; F,. and the perpendicular bisector BIC. Since triangleK, A A, is similar
to K, F.Fy, andAy A. = b+ ¢, its circumradius is

b+¢c R 1

=== 2 2r.).
RE 3 2\/(R+ ) (R + 2r.)




162 K. L. Nguyen
Here, we have made use of the formula

b
FyF, = te 'R
\/(R + 2rp) (R + 2rc)

from [2].

(ii) A simple angle calculation shows that the poiits Z, 4,, A, are also
concyclic. Its center is the intersection of the perpendicular bisectodsffand
Y Z. The perpendicular bisector df, A, is clearly the same as that 8fC. Since
Y Z is parallel tol, I.., its perpendicular is the parallel through(the circumcenter
of XY Z) to the bisector of anglel.

(iii) Therefore, if this circumcenter i¥, thenJ,V = AH = 2R cos A.

(iv) To show that the two circleq, A, A F,. is the same as the circle in (ii),
it is enough to show that” lies on the perpendicular bisector fF,.. This is
equivalent to showing that W is perpendicular tdy F,.. To prove this, we show
that K,WWV X, is a parallelogram. Applying the Pythagorean theorem to triangle
A’ Ay X, we have

4A' X% =(R + 2rp) (R + 2rc) — (b+ ¢)?
=R? +4R(ry + 1) + dryre — (b + ¢)?
—R?>+4R-R(1+4cos A) 4 4s(s — a) — (b + ¢)?
=R*(1 4+ 4(1 + cos A)) — a®
=R?*(1 +4(1 + cos A) — 4sin? A)
=R?*(1 + 2cos A)?.

This means thatt’ X, = £ (1 + 2 cos A), and it follows that
XV =AV-AX,=AT+JV-AX,

=R(1 —cosA) +2Rcos A — g(l + 2cos A)

R
=—=K,W.
5 w.
Therefore VW, being parallel taK, X,, is perpendicular td F. O

Denote byC, the circle through these 6 points. Similarly defijendC..
Corollary 22. Theradical center of the circlesC,, Cy, C. isS".

Proof. The pointsX andF; are common to the circlegg andC.. The lineX F, is
the radical axis of the two circles. Similarly the radical axes of the two other two
pairs of circles ar& F, andZ F... The radical center is therefof. (]

Proposition 23. Theline X A, isperpendicular to Y Z.
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Proof. With reference to Figure 8, note that
A+B

sin(C’—l—%) aA .sinT
. sin% e sintC
sin%sinA%B
sin (C’+ é) sin B*Q'C
sin C'

) sin(C' + A) +sinC

AbYa : AbX :AbC

—A,C: (b+c) -

:AbC : (b +c
:AbC . C
:AbC : AbAa'

This means thaX A, is parallel toY,.C, which is perpendiculartd, /. andY Z.
O

Corollary 24. XY Z is perspective with the extouch triangle 4, B,C,., and the
perspector is the orthocenter of XY Z.

Remark. This is the triangle centeX; of [6].

Proposition 25. The complement of the Schiffler point isthe point S which divides
HW intheratio

HS' : S'W =2(2R+7r): —R.

Figure 13.

Proof. We defineK, and K. similarly asK,. SinceK, and K. are the midpoints
of the arcsC’ A’ and A’ B’, K, K, is perpendicular to thel’-bisector of A’ B’C’,
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and hence parallel t& Z. The triangle K, K, K. is homothetic toXY Z. The
homothetic center is the common point of the limé&,, Y K, and Z K., which
areX F,, Y F,, ZF,. This is the complement of the Schiffler point. Since triangles
K, KyK. and XY Z have circumcenter8/, H, and circumradii25 and2R + r,
this homothetic centet’ divides the segmerif 1V in the ratio given above. [
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