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On the Complement of the Schiffler Point

Khoa Lu Nguyen

Abstract. Consider a triangleABC with excircles(Ia), (Ib), (Ic), tangent to
the nine-point circle respectively atFa, Fb, Fc. Consider also the polars ofA,
B, C with respect to the corresponding excircles, bounding a triangleXY Z. We
present, among other results, synthetic proofs of (i) the perspectivity ofXY Z
andFaFbFc at the complement of the Schiffler point ofABC, (ii) the concur-
rency at the same point of the radical axes of the nine-point circles of triangles
IaBC, IbCA, andIcAB.

1. Introduction

Consider a triangleABC with excircles(Ia), (Ib), (Ic). It is well known that
the nine-point circle(W ) is tangent externally to the each of the excircles. Denote
by Fa, Fb, andFc the points of tangency. Consider also the polars of the vertices
A with respect to(Ia), B with respect to(Ib), andC with respect to(Ic). These
are the linesBaCa, CbAb, andAcBc joining the points of tangency of the excircles
with the sidelines of triangleABC. Let these polars bound a triangleXY Z. See
Figure 1. Juan Carlos Salazar [12] has given the following interesting theorem.

Theorem 1 (Salazar). The triangles XY Z and FaFbFc are perspective at a point
on the Euler line.

Darij Grinberg [3] has identified the perspector as the triangle centerX442 of
[6], the complement of the Schiffler point. Recall that the Schiffler pointS is
the common point of the Euler lines of the four trianglesIBC, ICA, IAB, and
ABC, whereI is the incenter ofABC. Denote byA′, B′, C ′ the midpoints of the
sidesBC, CA, AB respectively, so thatA′B′C ′ is the medial triangle ofABC,
with incenterI′ which is the complement ofI. Grinberg suggested that the lines
XFa, Y Fb andZFc are the Euler lines of trianglesI′B′C ′, I ′C ′A′ and I′A′B′
respectively. The present author, in [10], conjectured the following result.

Theorem 2. The radical center of the nine-point circles of triangles IaBC , IbCA
and IcAB is a point on the Euler line of triangle ABC .

Subsequently, Jean-Pierre Ehrmann [1] and Paul Yiu [13] pointed out that this
radical center is the same pointS′, the complement of the Schiffler pointS. In
this paper, we present synthetic proofs of these results, along with a few more
interesting results.
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Figure 1.

2. Notations

a, b, c Lengths of sidesBC, CA, AB
R, r, s Circumradius, inradius, semiperimeter
ra, rb, rc Exradii
O, G, W , H, Circumcenter, centroid, nine-point center, orthocenter
I, F , S, M Incenter, Feuerbach point, Schiffler point, Mittenpunkt
P ′ Complement ofP in triangleABC
A′, B′, C ′ Midpoints ofBC, CA, AB
A1, B1, C1 Points of tangency of incircle withBC, CA, AB
Ia, Ib, Ic Excenters
Fa, Fb, Fc Points of tangency of the nine-point circle with the excircles
Aa, Ba, Ca Points of tangency of theA-excircle with the lines

BC, CA, AB; similarly for Ab, Bb, Cb andAc, Bc, Cc

Wa, Wb, Wc Nine-point centers ofIaBC, IbCA, IcAB
Ma, Mb, Mc Midpoints ofAIa, BIb, CIc

X AbCb ∩ AcBc; similarly for Y , Z
Xb, Xc Orthogonal projections ofB onCIa andC onBIa;

similarly for Yc, Ya, Za, Zb

Ja Midpoint of arcBC of circumcircle not containingA;
similarly for Jb, Jc

Ka AbFb ∩ AcFc; similarly for Kb, Kc
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3. Some preliminary results

We shall make use of the notion of directed angle between two lines. Given two
lines a andb, the directed angle(a, b) is the angle of counterclockwise rotation
from a to b. It is defined modulo180◦. We shall make use of the following basic
properties of directed angles. For further properties of directed angles, see [7].

Lemma 3. (i) For arbitrary lines a, b, c,

(a, b) + (b, c) ≡ (a, c) mod 180◦.

(ii) Four points A, B, C , D are concyclic if and only if (AC,CB) = (AD,DB).

Lemma 4. Let (O) be a circle tangent externally to two circles (Oa) and (Ob)
respectively at A and B. If PQ is a common external tangent of (Oa) and (Ob),
then the quadrilateral APQB is cyclic, and the lines AP , BQ intersect on the
circle (O).

Proof. Let PA intersect(O) atK. Since(O) and(Oa) touch each other externally
at A, OK is parallel toOaP . On the other hand,OaP is also parallel toObQ as
they are both perpendicular to the common tangentPQ. ThereforeKO is parallel
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to ObQ in the same direction. This implies thatK, B, Q are collinear since(Ob)
and(O) touch each other at externally atB. Therefore

(PQ,QB) =
1
2
(QOb, ObB) =

1
2
(KO,OB) = (KA,AB) = (PA,AB),

andAPQB is cyclic. �
We shall make use of the following results.

Lemma 5. Let ABC be a triangle inscribed in a circle (O), and points M and N
lying on AB and AC respectively. The quadrilateral BNMC is cyclic if and only
if MN is perpendicular to OA.

Theorem 6. The nine-point circles of ABC , IaBC , IaCA, and IaAB intersect at
the point Fa.
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Proposition 7. The circle with diameter AaMa contains the point Fa.
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Proof. Denote byM ′
b andM ′

c the midpoints ofIaB and IaC respectively. The
point Fa is common to the nine-point circles ofIaBC, IaCA and IaAB. See
Figure 5. We show that(AaFa, FaMa) = 90◦.

(AaFa, FaMa) =(AaFa, FaM
′
b) + (M ′

bFa, FaMa)

=(AaM
′
c,M

′
cMb) + (M ′

bC
′, C ′Ma)

= − (IaM
′
c,M

′
cM

′
b) − (BIa, IaA)

= − ((IaC,BC) + (BIa, IaA)) = 90◦.

�

4. Some properties of triangle XY Z

In this section we present some important properties of the triangleXY Z.

4.1. Homothety with the excentral triangle. SinceY Z andIbIc are both perpen-
dicular to the bisector of angleA, they are parallel. Similarly,ZX andXY are
parallel toIcIa andIaIb respectively. The triangleXY Z is therefore homothetic
to the excentral triangleIaIbIc. See Figure 7. We shall determine the homothetic
center in Theorem 11 below.
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4.2. Perspectivity with ABC . Consider the orthogonal projectionsP andP′ of A
andX on the lineBC. We have

AcP : PAb = (s − c) + c cos B : (s − b) + b cos C = s − b : s − c

by a straightforward calculation.

Ib

Ic

A

B C

X

P P ′

Figure 6.

On the other hand,

AcP
′ : P ′Ab =cot XAcAb : cot XAbAc

=cot
(

90◦ − C

2

)
: cot

(
90◦ − B

2

)

=tan
C

2
: tan

B

2

=
1

s − c
:

1
s − b

=s − b : s − c.

It follows thatP andP ′ are the same point. This shows that the lineXA is perpen-
dicular toBC and contains the orthocenterH of triangleABC. The same is true
for the linesY B andZX. The trianglesXY Z andABC are perspective atH.

4.3. The circumcircle of XY Z . Applying the law of sines to triangleAXBc, we
have

XA = (s − b) · sin
(
90◦ − C

2

)
sin C

2

= (s − b) cot
C

2
= ra.

It follows thatHX = 2R cos A+ ra = 2R+ r. See Figure 4. Similarly,HY =
HZ = 2R + r. Therefore, triangleXY Z has circumcenterH and circumradius
2R + r.
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5. The Taylor circle of the excentral triangle

Consider the excentral triangleIaIbIc with its orthic triangleABC. The or-
thogonal projectionsYa andZa of A on IaIc andIaIb, Zb andXb of B on IbIc

andIaIb, together withXc andYc of C on IbIc andIcIa are on a circle called the
Taylor circle of the excentral triangle. See Figure 8.

Proposition 8. The points Xb, Xc lie on the line Y Z .

Proof. The collinearity ofCa, Xb, Xc follows from

(CaXb,XbB) =(CaIa, IaB)

=(CaIa, AB) + (AB, IaB)

=90◦ + (IaB,BC)

=(XcC, IaB) + (IaB,BC)

=(XcC,CB)

=(XcXb,XbB).

Similarly, Xb is also on the lineY Z, andZa, Zb are on the lineXY , Yc, Ya are on
the lineXZ. �

Proposition 9. The line YaZa contains the midpoints B′, C ′ of CA, AB, and is
parallel to BC .
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Proof. SinceA, Ya, Ia, Za are concyclic,

(AYa, YaZa) = (AIa, IaZa) =
C

2
= (CA,AYa).

Therefore, the intersection ofAC andYaZa is the circumcenter of the right triangle
ACYa, and is the midpointB′ of CA. Similarly, the intersection ofAB andYaZa

is the midpointC′ of AB. �
Proposition 10. The line IaX contains the midpoint A′ of BC .

Proof. Since the diagonals of the parallelogramIaYaXZa bisect each other, the
line IaX passes through the midpoint of the segmentYaZa. SinceYaZa andBC
are parallel, withB onIaZa andC onIaYa, the same lineIaX also passes through
the midpoint of the segmentBC. �
Theorem 11. The triangles XY Z and IaIbIc are homothetic at the Mittenpunkt
M of triangle ABC , the ratio of homothety being 2R + r : −2R.

Proof. The linesIaX, IbY , IcZ contain respectively the midpoints ofA′, B′, C ′
of BC, CA, AB. They intersect at the common point ofIaA

′, IbB
′, IcC

′, the
MittenpunktM of triangleABC. This is the homothetic center of the triangles
XY Z andIaIbIc. The ratio of homothety of the two triangle is the same as the
ratio of their circumradii. �
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Theorem 12. The Taylor circle of the excentral triangle is the radical circle of the
excircles.

Proof. The perpendicular bisector ofYcZb is a line parallel to the bisector of angle
A and passing through the midpointA′ of BC. This is theA′-bisector of the
medial triangleA′B′C ′. Similarly, the perpendicular bisectors ofZaXc andXbYa

are the other two angle bisectors of the medial triangle. These three intersect at the
incenter of the medial triangle, the Spieker center ofABC.

It is well known thatSp is also the center of the radical circle of the excircles.
To show that the Taylor circle coincides with the radical circle, we show that they
have equal radii. This follows easily from

IaXc · IaZa =
ra sin A

2

cos C
2

· IaA cos
C

2
= ra · IaA sin

A

2
= r2

a.

�

6. Proofs of Theorems 1 and 2

We give a combined proof of the two theorems, by showing that the lineXFa

is the radical axis of the nine-point circles(Wb) and(Wc) of trianglesIbCA and
IcAB. In fact, we shall identify some interesting points on this line to show that it
is also the Euler line of triangleI′B′C ′.

6.1. XFa as the radical axis of (Wb) and (Wc).

Proposition 13. X lies on the radical axis of the circles (Wb) and (Wc).

Proof. By Theorem 12,XZa · XZb = XYa · XYc. SinceYc, Ya are on the nine-
point circle(Wb) andZa, Zb on the the circle(Wc), X lies on the radical axis of
these two nine-point circles. �

SinceAZa andAYa are perpendicular toIaIc andIaIb, andIaIbIc andXY Z
are homothetic,A is the orthocenter of triangleXYaZa. It follows thatX is the
orthocenter ofAYaZa. Since(AYa, YaIa) = (AZa, ZaIa) = 90◦, the triangle
AYaZa has circumcenter the midpointMa of AIa. It follows that XMa is the
Euler line of triangleAYaZa.

Proposition 14. Ma lies on the radical axis of the circles (Wb) and (Wc).

Proof. Let M ′′
b andM ′′

c be the midpoints ofAIb andAIc respectively. See Figure
9. Note that these lie on the nine-point circles(Wb) and(Wc) respectively. Since
C, Ib, Ic, B are concyclic, we haveIaB ·IaIc = IaC ·IaIb. Applying the homthety
h(A, 1

2 ), we have the collinearity ofMa, C ′, M ′′
c , and ofMa, B′, M ′′

b , Furthermore,
MaC

′ · MaM
′′
c = MaB

′ · MaM
′′
b . This shows thatMa lies on the radical axis of

(Wb) and(Wc). �
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Proposition 15. X, Fa, and Ma are collinear.

Proof. We prove that the Euler line of triangleAYaZa contains the pointFa. The
pointsX andMa are respectively the orthocenter and circumcenter of the triangle.

Let A′
a be the antipode ofAa on theA-excircle. SinceAX has lengthra and is

perpendicular toBC, XAA′
aIa is a parallelogram. Therefore,XA′

a contains the
midpointMa of AIa.

By Proposition 7,(AaFa, FaMa) = 90◦. Clearly,(AaFa, FaA
′
a) = 90◦. This

means thatFa, Ma, andA′
a are collinear. The line containing them also contains

X. �
Proposition 16. XFa is also the Euler line of triangle AYaZa.

Proof. The circumcenter ofAYaZa is clearlyMa. On the other hand, sinceA is the
orthocenter of triangleXYaZa, X is the orthocenter of triangleAYaZa. Therefore
the lineXMa, which also containsFa, is the Euler line of triangleAYaZa. �
6.2. XFa as the Euler line of triangle I′B′C ′.
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Proposition 17. Ma is the orthocenter of triangle I′B′C ′.
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Proof. Let Ha be the orthocenter ofIBC. SinceBHa is perpendicular toIC, it
is parallel toIaC. Similarly, CHa is parallel toIaB. Thus,BHaCIa is a parallel-
ogram, andA′ is the midpoint ofIaHa. Consider triangleAIaHa which hasMa

andA′ for the midpoints of two sides. The intersection ofMaHa andAA′ is the
centroid of the triangle, which coincides withG. Furthermore,

GHa : GMa = GA : GA′ = 2 : −1.

Hence,Ma is the orthocenter ofI′B′C ′. �
Proposition 18. Ka is the circumcenter of I′B′C ′.

Proof. By Lemma 4, the pointsFb, Fc, Ab andAc are concyclic, and the linesAbFb

andAcFc intersect at a pointKa on the nine-point circle, which is the midpoint of
the arcB′C ′ not containingA′. See Figure 11. The image ofKa underh(G,−2) is
Ja, the circumcenter ofIBC. It follows thatKa is the circumcenter ofI′B′C ′. �
Proposition 19. Ka lies on the radical axis of (Wb) and (Wc).

Proof. Let D andE be the second intersections ofKaFb with (Wb) andKaFc with
(Wc) respectively. We shall show thatKaFb · KaD = KaFc · KaE.

SinceAc, Fc, Fb, Ab are concyclic, we haveKaFc ·KaAc = KaFb ·KaAb = k,
say. Note that

AcE · AcFc = AcZa · AcZb =
(s − a)2 sin

(
B + A

2

)
tan B

2 cos A
2

.
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Since(Ic) and(W ) extouch atFc, we haveKaFc
AcFc

= − R
2ra

. Therefore,

AcE

KaAc
=

KaFc

AcFc
· AcE · AcFc

KaFc · KaAc

= − R

2ra
· (s − a)2 sin

(
B + A

2

)
k · tan B

2 cos A
2

= − R(s − a)2 sin
(
B + A

2

)
k · s tan B

2 tan C
2 cos A

2

.

Similarly,

AbD

KaAb
= −R(s − a)2 sin

(
C + A

2

)
k · s tan B

2 tan C
2 cos A

2

.

Sincesin
(
B + A

2

)
= sin

(
C + A

2

)
, it follows that AbD

KaAb
= AcE

KaAc
. Hence,DE is

parallel toAbAc. FromKaFb · KaAb = KaFc · KaAc, we haveKaFb · KaD =
KaFc · KaE. This shows thatKa lies on the radical axis of(Wb) and(Wc).

�

Corollary 20. Ka lies on the line XFa.

6.3. Proof of Theorems 1 and 2. We have shown that the lineXFa is the radical
axis of (Wb) and (Wc). Likewise, Y Fb is that of (Wc), (Wa), andZFc that of
(Wa), (Wb). It follows that the three lines are concurrent at the radical center of
the three circles. This proves Theorem 1.
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We have also shown that the lineXFa is the image of the Euler line ofIBC
under the homothetyh(G,−1

2 ); similarly for the linesY Fb andZFc. Since the
Euler lines ofIBC, ICA, andIAB intersect at the Schiffler pointS on the Euler
line of ABC, the linesXFa, Y Fb, ZFc intersect at the complement of the Schiffler
pointS, also on the same Euler line. This proves Theorem 2.

7. Some further results

Theorem 21. The six points Y , Z , Ab, Ac, Fb, Fc are concyclic.
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Proof. (i) The pointsAb, Ac, Fb, Fc are concyclic and the linesAbFb, AcFc meet
at Ka. Let Xa be the circumcenter ofKaAbAc. SinceFb andFc are points on
KaAb andKaAc, andFbAbAcFc is cyclic, it follows from Lemma 5 thatKaXa is
perpendicular toFbFc. HenceXa is the intersection of the perpendicular fromKa

to FbFc and the perpendicular bisector ofBC. Since triangleKaAbAc is similar
to KaFcFb, andAbAc = b + c, its circumradius is

b + c

FbFc
· R

2
=

1
2

√
(R + 2rb)(R + 2rc).
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Here, we have made use of the formula

FbFc =
b + c√

(R + 2rb)(R + 2rc)
· R

from [2].
(ii) A simple angle calculation shows that the pointsY , Z, Ab, Ac are also

concyclic. Its center is the intersection of the perpendicular bisectors ofAbAc and
Y Z. The perpendicular bisector ofAbAc is clearly the same as that ofBC. Since
Y Z is parallel toIbIc, its perpendicular is the parallel throughH (the circumcenter
of XY Z) to the bisector of angleA.

(iii) Therefore, if this circumcenter isV , thenJaV = AH = 2R cos A.
(iv) To show that the two circleFbAbAcFc is the same as the circle in (ii),

it is enough to show thatV lies on the perpendicular bisector ofFbFc. This is
equivalent to showing thatV W is perpendicular toFbFc. To prove this, we show
thatKaWV Xa is a parallelogram. Applying the Pythagorean theorem to triangle
A′AbXa, we have

4A′X2
a =(R + 2rb)(R + 2rc) − (b + c)2

=R2 + 4R(rb + rc) + 4rbrc − (b + c)2

=R2 + 4R · R(1 + cos A) + 4s(s − a) − (b + c)2

=R2(1 + 4(1 + cos A)) − a2

=R2(1 + 4(1 + cos A) − 4 sin2 A)

=R2(1 + 2 cos A)2.

This means thatA′Xa = R
2 (1 + 2 cos A), and it follows that

XaV =A′V − A′Xa = A′J + JV − A′Xa

=R(1 − cos A) + 2R cos A − R

2
(1 + 2 cos A)

=
R

2
= KaW.

Therefore,V W , being parallel toKaXa, is perpendicular toFbFc. �

Denote byCa the circle through these 6 points. Similarly defineCb andCc.

Corollary 22. The radical center of the circles Ca, Cb, Cc is S′.

Proof. The pointsX andFa are common to the circlesCb andCc. The lineXFa is
the radical axis of the two circles. Similarly the radical axes of the two other two
pairs of circles areY Fb andZFc. The radical center is thereforeS′. �

Proposition 23. The line XAa is perpendicular to Y Z .
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Proof. With reference to Figure 8, note that

AbYa : AbX =AbC · sin
(
C + A

2

)
sin C

2

: AbAc ·
sin A+B

2

sin B+C
2

=AbC : (b + c) · sin C
2 sin A+B

2

sin
(
C + A

2

)
sin B+C

2

=AbC : (b + c) · sin C

sin(C + A) + sin C

=AbC : c

=AbC : AbAa.

This means thatXAa is parallel toYcC, which is perpendiculartoIbIc andY Z.
�

Corollary 24. XY Z is perspective with the extouch triangle AaBbCc, and the
perspector is the orthocenter of XY Z .

Remark. This is the triangle centerX72 of [6].

Proposition 25. The complement of the Schiffler point is the point S′ which divides
HW in the ratio

HS′ : S′W = 2(2R + r) : −R.
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Proof. We defineKb andKc similarly asKa. SinceKb andKc are the midpoints
of the arcsC′A′ andA′B′, KbKc is perpendicular to theA′-bisector ofA′B′C ′,
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and hence parallel toY Z. The triangleKaKbKc is homothetic toXY Z. The
homothetic center is the common point of the linesXKa, Y Kb, andZKc, which
areXFa, Y Fb, ZFc. This is the complement of the Schiffler point. Since triangles
KaKbKc andXY Z have circumcentersW , H, and circumradiiR2 and2R + r,
this homothetic centerS′ divides the segmentHW in the ratio given above. �
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