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The Eppstein Centers and the Kenmotu Points

Eric Danneels

Abstract. The Kenmotu points of a triangle are triangle centers associated with
squares each with a pair of opposite vertices on two sides of a triangle. Given a
triangle ABC', we prove that the Kenmotu points of the intouch triangle are the
same as the Eppstein centers associated with the Soddy circld3@f

1. Introduction

D. Eppstein [1] has discovered two interesting triangle centers associated with
the Soddy circles of a triangle. Given a triangeBC', construct three circles
with centers atd, B, C, mutually tangent to each other externallyZat T, T,
respectively. These are indeed the points of tangency of the incircle of triangle
ABC, and triangl€l, T, T, is the intouch triangle oA BC. The inner (respectively
outer) Soddy circle is the circleS) (respectively()) tangent to each of these
circles externally af,, Sy, S. (respectively internally as;,, S;, S.).

Theorem 1 (Eppstein [1]) (1) Thelines T..S,, T,Sy, and TS, are concurrent at
apoint M.
(2) Thelines 1;,S!,, Ty,S;, and T..S.. are concurrent at a point M.

See Figures 1 and 2. In [2]\/ and M’ are the Eppstein centers,s; and
X4g2. Eppstein showed that these points are on the line joining the incénter
the Gergonne point:,. See Figure 1.

The Kenmotu points of a triangle, on the other hand, are associated with tri-
ads of congruent squares. Given a trianglBC, the Kenmotu pointk, is the
unigue point such that there are congruent squagds.A,Cy, K.C,ByA,., and
K.A,C.B, with the same orientation as triangleBC, and with 4,, A. on BC,

B., B,onCA, andC,, C, on AB respectively. We call, the positive Kenmotu
point. There is another triad of congruent squares with the opposite orientation as
ABC, sharing a common vertex at the negative Kenmuto piJntSee Figure 3.
These Kenmotu points lie on the Brocard axis of trianglBC', which contains

the circumcente® and the symmedian poirt .

The intouch triangld, T, T, has circumcentef and symmedian poink.. It is
immediately clear that the Kenmotu points of the intouch triangle lie on the same
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line as do the Soddy and Eppstein centers of triarigh”'. The main result of this
note is the following theorem.

Theorem 2. The positive and negative Kenmotu points of the intouch triangle
T,T,T. coincide with the Eppstein centers M and M'.

We shall give two proofs of this theorem.

2. The Eppstein centers

According to [2], the coordinates of the Eppstein centers were determined by
E. Brisse.! We shall work with homogeneous barycentric coordinates and make
use of standard notations in triangle geometry. In particular;, r. denote the
radii of the respective excircles, asdstands for twice the area of the triangle.

Theorem 3. The homogeneous barycentric coordinates of the Eppstein centers are
AWM= (a+2ry:b+2r,:c+2r.),and
Q@M =(a—2rq:b—2r:c—2r).

Figure 1. The Soddy centérand the Eppstein centédl

IThe coordinates aKus1 and Xusz in [2] (September 2005 edition) should be interchanged.
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Remark. In [2], the Soddy centers appear &g;; = S’ and X 76 = S. In homo-
geneous barycentric coordinates

S=(a+r,:b+rp:c+re),

S'=(a—rg:b—rp:c—re).

Figure 2. The Soddy cent&’ and the Eppstein centdr’

3. The Kenmotu points

The Kenmotu pointsk, and K have homogeneous barycentric coordinates
(a%(Sa £ 8) : ¥*(Sp £ 8) : 2(Sc £ S)). They are therefore points on the
Brocard axisO K. See Figure 3.

Proposition 4. The Kenmotu points K, and K, divide the ssgment OK intheratio
OK, : K. K =a®> +b* + % : 28,
OK/: K.K =a® +b* + ¢* : —28.
Proof. A typical point on the Brocard axis has coordinates
K*(0) = (a*(Sa+ S9) : b* (S + Sp) : *(Sc + Sp)).-
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It divides the segmer® K in the ratio
OK*(#) : K*(0)K = (a® +b* + ¢*)sinf : 25 - cos .

The Kenmotu points are the poink§ and K/ are the pointg<*(#) for = T and
—7 respectively. O

AL

Figure 3. The Kenmotu point&. and K,

4. First proof of Theorem 2

We shall make use of the following results.

Lemmas. (1) cos%cos %cos% = 55
(2) cos? é + cos? g + cos? % = 412%1‘%‘7"_
@) ra+ry+re=4R+r.
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The intouch triangld; T, T, has sidelengths
A B C
TyT,. = 2r cos X T. T, = 2r cos 5 1,1y = 27 cos 7

The area of the intouch triangle is

1—- 1 A B C
58 = §T6Ta -ToTy - sin T, = 2r? cos 3 cos Bl cos 5= 22 . é

On the other hand,

Tch2 + TcTa2 + TaTb2 — 472 (cos o) + cos? Bl + cos 5l

g A B 20) 2r2(4R + 1)

Figure 4. The positive Kenmotu point of the intouch triangle
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By Proposition 4, the positive Kenmotu poift, of the intouch triangle divides

the segmenf G, in the ratio

IK.: K.Ge =T,T? + T.T? + T,T¢ : 28
=4R+1r:s
=rq+Tp+TcS.
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It has absolute barycentric coordinates
— 1
K. =
S+ 7Tq+Tp+Te
: (0.5.€) 4 (raurire)
= —(a,0,c TayThy T
S+ 7yt 7yt 2 s Uy ar by e
1
= “(a+2rq,b+ 2rp, c+ 2r.).
Mo rratrirg | “ ’ °)
Therefore, K. has homogeneous barycentric coordindtes- 2, : b + 27, :
+2r.). By Theorem 3, it coincides with the Eppstein centér See Figure 4.
Similar calculations show that the Eppstein cenit€rcoincides with the nega-
tive Kenmotu poim‘T(f3 of the intouch triangle. See Figure 5. The proof of Theorem
2 is now complete.

(s T+ (ra+rp+re) - Ge)

Figure 5. The negative Kenmotu point of the intouch triangle

5. Second proof of Theorem 2

Consider a poinf” with homogeneous barycentric coordinates: v : w')
with respect to the intouch trianglg,7,7.. We determine its coordinates with
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respect to the triangld BC. By the definition of barycentric coordinates, a system
of three masseg’, v" andw’ at the pointsT,, T, andT, will balance atP. The
massu’ atT, can be replaced by a ma$s® - «/ at B and a mas$=> - v’ at C.
Similarly, the mass/ at T; can be replaced by a ma$g® - ' at C' and a mass
53¢ -0 at A, and the mass/ atT. by a mas§%” -w' atAand a mass;? - v’ at

B. The resulting mass & is therefore

s—b , alc(s—c)v +b(s—buw)

/ —
b U—’_c v abe

From similar expressions for the masseBandC, we obtain

(a(c(s—c)v'+b(s=b)w') : bla(s—a)w +c(s—c)u') : c(b(s—b)u' +a(s—a)v"))

S—¢C

for the barycentric coordinates &f with respect taABC.
The Kenmotu poinf, appears the triangle cent&g7; in [2]. For the Kenmotu
point of the intouch triangle, we may take

u =TyT.(cosT, +sinT,)

=2(s —a) siné (sin A + cos é) ,

2 2
B B B

v' =2(s — b) sin ) (sin 3 + cos 5) ,
C C C

w' =2(s — ¢) sin Bl <sin Bl + cos 5) :

Therefore,

u =a(c(s — c)v' + b(s — b)w')

. B(. B B O, C C
=2a(s — b)(s — ¢) <c~sm5 <s1n5 + cos 5) +b~s1n5 <s1n5 + cos E))

B C sin B sinC
_ o o -2 = -2 ~ . .
=2a(s —b)(s — ¢) (csm 5 + bsin 5 +c 5 +b 5 )
B (s —c)(s—a) (s—a)(s—b) be
=2a(s —b)(s — ¢) <c - +b b + R

=2(s —a)(s —b)(s — ¢) <“+ #biaQ

S
=2(s—a)(s—b)(s—c¢) (a + E)
=2(s —a)(s —b)(s — ¢)(a+ 2r,).
Similar expressions for andw give
uiviw=a+2r,:b+2r,:c+re,

which are the coordinates of the Eppstein ceiter
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