Forum Geometricorum

Volume 6 (2006) 17–23.

FORUM GEOM ISSN 1534-1178

A Conic Associated with Euler Lines

Juan Rodríguez, Paula Manuel, and Paulo Semião

Abstract. We study the locus of a point C for which the Euler line of triangle ABC with given A and B has a given slope m. This is a conic through A and B, and with center (if it exists) at the midpoint of AB. The main properties of such an Euler conic are described. We also give a construction of a point C for which triangle ABC, with A and B fixed, has a prescribed Euler line.

1. The Euler conic

Given two points A and B and a real number m, we study the locus of a point C for which the Euler line of triangle ABC has slope m. We show that this locus is a conic through A and B. Without loss of generality, we assume a Cartesian coordinate system in which

A = (−1, 0) and B = (1, 0),

and write C = (x, y). The centroid G and the orthocenter H of a triangle can be determined from the coordinates of its vertices. They are the points G = (x 3 , y 3 ) and H = ( x, −x^2 + 1 y ) . (1)

See, for example, [2]. The vector −−→ GH = ( 2x 3 , −3x^2 − y^2 + 3 3y ) , (2)

is parallel to the Euler line. When the Euler line is not vertical, its slope is given by: m = −3x^2 − y^2 + 3 2xy , x, y ≠ 0.

Therefore, the coordinates of the vertex C satisfy the equation

3x^2 + 2mxy + y^2 = 3. (3)

Publication Date: January 24, 2006. Communicating Editor: Paul Yiu. The authors are extremely grateful to P. Yiu for his help in the preparation of this paper.

This clearly represents a conic. We call this the Euler conic associated with A, B and slope m. It clearly has center at the origin, the midpoint M of AB. Its axes are the eigenvectors of the matrix ( 3 m m 1 ) . The characteristic polynomial being λ^2 − 4λ − (m^2 − 3), its eigenvectors with corresponding eigenvalues are as follows.

eigenvector eigenvalue ( √ m^2 + 1 + 1, m) 2 + √ m^2 + 1 ( √ m^2 + 1 − 1, −m) 2 − √ m^2 + 1

Thus, equation (3) can be rewritten in the form (1) (mx + y)^2 = 3, if m = ± √ 3, or (2) (2 + √ m^2 + 1)(x cos α − y sin α)^2 + (2 − √ m^2 + 1)(x sin α + y cos α)^2 = 3, if m ≠ ± √ 3, where

cos α = √√ m^2 + 1 + 1 2 √ m^2 + 1

, sin α = √√ m^2 + 1 − 1 2 √ m^2 + 1 . Remarks. (1) The pairs (±1, 0) are always solutions of (3) and correspond to the singular cases in which the vertex C coincides, respectively, with A or B, and consequently, it is not possible to define the triangle ABC.

(2) The pairs ( 0, ± √ 3 ) are also solutions of (3) and correspond to the trivial case when the triangle ABC is equilateral. In this case, the centroid, the orthocenter, and the circumcenter coincide.

2. Classification of the Euler conic

The Euler conic is an ellipse or a hyperbola according as m^2 < 3 or m^2 > 3. It degenerates into a pair of straight lines when m^2 = 3.

Proposition 1. Suppose m^2 < 3. The Euler conic is an ellipse with eccentricity ε = √ 2 √ m^2 + 1 √ m^2 + 1 + 2 . The foci are the points ± −sgn(m) · √ 3( √ m^2 + 1 − 1) 3 − m^2 , √ 3( √ m^2 + 1 + 1) 3 − m^2 , where sgn(m) = +1, 0, or −1 according as m >, =, or < 0.

Figure 1 shows the Euler ellipse for m =^3_4 , a triangle ABC with C on the ellipse, and its Euler line of slope m.

M A B

C

O H

Figure 1

Proposition 2. Suppose m^2 > 3. The Euler conic is a hyperbola with eccentricity ε = √ 2 √ m^2 + 1 √ m^2 + 1 − 2 . The foci are the points ± sgn(m) · √ 3( √ m^2 + 1 + 1) m^2 − 3 , √ 3( √ m^2 + 1 − 1) m^2 − 3 , where sgn(m) = +1 or −1 according as m > 0 or < 0. The asymptotes are the lines y = (−m ± √ m^2 − 3)x.

Figure 2 shows the Euler hyperbola for m =^{12}_5 , a triangle ABC with C on the hyperbola, and its Euler line of slope m.

When |m| = √ 3, the Euler conic degenerates into a pair of parallel lines, whose equations are: y = −mx ± √ 3. Examples of triangles for m = √ 3 are shown in Figures 3A and 3B, and for m = − √ 3 in Figures 4A and 4B.

Corollary 3. The slope of the Euler line of the triangle ABC is

m = ± √ 3, if and only if, one of angles A and B is 60^∘ or 120^∘.

20 J. Rodríguez, P. Manuel and P. Semião

M A B

C

O H

Figure 2

M A B

C

O H

Figure 3A

M A B C O

H Figure 3B

M A B

C

O H

Figure 4A

M A B C O

H Figure 4B

3. Triangles with given Euler line

In this section we find the cartesian coordinates of the third vertex C in order that a given line be the Euler line of the triangle ABC with vertices A = (−1, 0) and B = (1, 0).

Lemma 4. The Euler line of triangle ABC is perpendicular to AB if and only if AB = AC. In this case, the Euler line is the perpendicular bisector of AB.

We shall henceforth assume that the Euler line is not perpendicular to AB. It therefore has an equation of the form y = mx + k.

The circumcenter is the intersection of the Euler line with the line x = 0, the perpendicular bisector of AB. It is the point O = (0, k). The circumcircle is x^2 + (y − k)^2 = k^2 + 1 or x^2 + y^2 − 2ky − 1 = 0. (4) Let M be the midpoint of AB; it is the origin of the Cartesian system. If G is the centroid, the vertex C is such that MC : MG = 3 : 1. Since G lies on the line y = mx + k, C lies on the line y = mx + 3k. It can therefore be constructed as the intersection of this line with the circle (4).

O

A B

G G^′ M

C^′

H^′

C

H y = mx + k y = mx + 3k

Proposition 5. The number of points C for which triangle ABC has Euler line y = mx + k is 0, 1, or 2 according as (m^2 − 3)(k^2 + 1) <, =, or > −4.

In the hyperbolic and degenerate cases m^2 ≥ 3, there are always two such triangles. In the elliptic case, m^2 < 3. There are two such triangles if and only if k^2 <^{m2+1}_{3−m2} .

Corollary 6. For m^2 < 3 and k = ±

√_{m2+1}

3−m^2 , there is a unique triangle ABC

whose Euler line is the line y = mx + k. The lines y = mx + 3k are tangent to the Euler ellipse (3) at the points ± ( −2m √ (m^2 + 1)(3 − m^2) , 3 + m^2 √ (m^2 + 1)(3 − m^2) ) .

Figure 6 shows the configuration corresponding to k =

√_{m2+1}

3−m^2 . The other one

can be obtained by reflection in M, the midpoint of AB.

M A B

C

O

H

References

[1] A. Pogorelov. Analytic Geometry. Mir publishers, 1987. [2] M. Postnikov. Lectures in Geometry. Nauka, 1994.

Juan Rodríguez: Dep. de Matemática, Univ. do Algarve, Fac. de Ciências e Tecnologia, Faro, Portugal

E-mail address: jsanchez@ualg.pt

Paula Manuel: Escola Secundária/3 Dr.^a Laura Ayres, Quarteira, Portugal E-mail address: paula manuel@sapo.pt

Paulo Semião: Dep. de Matemática, Univ. do Algarve, Fac. de Ciências e Tecnologia, Faro, Portugal

E-mail address: psemiao@ualg.pt