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Archimedean Adventures

Floor van Lamoen

Abstract. We explore the arbelos to find more Archimedean circles and sev-
eral infinite families of Archimedean circles. To define these families we study
another shape introduced by Archimedes,sddénon.

1. Preliminaries

We consider an arbelos, consisting of three semicir({as, (O2) and (0O),
having radiiry, 7o andr = r1 + r9, mutually tangent in the pointd, B andC' as
shown in Figure 1 below.

A O, C o’ o O2 B
Figure 1. The arbelos with its Archimedean circles

It is well known that Archimedes has shown that the circles tangeriOto

(O1) andC'D and to(O), (O2) andC' D respectively are congruent. Their radius is
ra = 2. SeeFigure 1. Thanksto[1, 2, 3] we know that these Archimedean twins
are not only twins, but that there are many more Archimedean circles to be found
in surprisingly beautiful ways. In their overview [4] Dodge et al have expanded
the collection of Archimedean circles to huge proportions, 29 individual circles
and an infinite family of Woo circles with centers on the Schoch line. Okumura
and Watanabe [6] have added a family to the collection, which all pass through

O, and have given new characterizations of the circles of Schoch and'\Reo.

cently Power has added four Archimedean circles in a short note [7]. In this paper

Publication Date: March, 2006. Communicating Editor: Paul Yiu.

1The circles of Schoch and Woo often make use of tangent lines. The use of tangent lines in the
arbelos, being a curvilinear triangle, may seem surprising, its relevance is immediately apparent when

we realize that the common tangent(6#.), (Oz), (O') andC(2r4) (€ in [6]) and the common
tangent of(O), (W>1) and the incirclgO3) of the arbelos meet 0AB.
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we introduce some new Archimedean circles and some in infinite families. The
Archimedean circle§lV,,) are those appearing in [4]. New ones are lab¢led).
We adopt the following notations.

P(r) circle with centerP and radiug
P(Q) circle with centerP and passing throug®
circle with centerP and radius clear from context
) circle with diameterPQ
R) circle throughP, Q, R

In the context of arbeloi, these are often interpreted as semicircles. Thus, an
arbelos consists of three semicirclgd,) = (AC), (02) = (CB), and(0O) =
(AB) on the same side of the linéB, of radiir, 7o, andr = r;+re. The common
tangent at’ to (O;) and(Oz) meets(O) in D. We shall call the semicirclg)') =
(O102) (on the same side of B) the midway semicircle of the arbelos.

It is convenient to introduce a cartesian coordinate system, @its origin.
Here are the coordinates of some basic points associated with the arbelos.

A (=(r1+12),0) B (r1 +19,0) C (ry — r,0)
01 (—7“2,0) 02 (7“1,0)

M (=rg, 1) M (rq, 72) M (0,71 +72)
O (5] (A

D (7“1 —T9, 2\/?”17“2) ) (?”1 — Ta, \/7“1?”2)

2. New Archimedean circles

2.1 (K;) and (K32). The Archimedean circléls) hasC' as its center and is tan-
gent to the tangent9; K, andOy K to (O) and(O,) respectively. By symmetry
itis easy to find from these the Archimedean cirdl&$) and(K>) tangent taC' D,
see Figure 2. A second characterization of the poijteind K5, clearly equiv-
alent, is that these are the points of intersectioi@f and (O2) with (O’). We
note that the tangent td(C') at the point of intersection od(C'), (W) and(O)
passes throughs, and is also tangent td<; ). A similar statement is true for the
tangent taB(C) at its intersection witt{i¥14) and(O).

To prove the correctness, [&tbe the perpendicular foot df; on AB. Then,

making use of the right triangl®, O, K, we find 01T = rlfm and thus the
radius of(K7) is equal toO,C — O1T = r4. By symmetry the radius ofK>)
equalsry as well.

The circles(K;) and (K>) are closely related toiW,3) and (1W14), which are
found by intersectingd (C') and B(C') with (O) and then taking the smallest circles
through the respective points of intersection tangert®'fa. The relation is clear
when we realize thati(C), B(C') and (O) can be found by a homothety with
centerC, factor 2 applied tqO; ), (O2) and(O’).
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Figure 2. The Archimedean circl¢&;) and(K>2)

2.2 (K3). In private correspondence [10] aboik;) and (K3), Paul Yiu has
noted that the circle with center @D tangent to(O) and(O) is Archimedean.
Indeed, ifz is the radius of this circle, then we have

(r—af ~ (-t = (5 +2) ~ <%>

and that yieldst = r4.

K3

A 0, c o’ o O2 B

Figure 3. The Archimedean circlés)

2.3 (Ky)and (K5). Thereis aninteresting similarity betwegfi;) and Bankoff's
triplet circle (W3). Recall that this is the circle that passes throG#nd the points
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of tangency of O;) and(O-) with the incircle(Os) of the arbelos? Just like(K3),
(W3) has its center o@'D and is tangent t¢('), a fact that seems to have been
unnoted so far. The tangency can be shown by using Pythagoras’ Theorem in trian-

gle CO'Ws3, yielding thatO'W3 = # This leaves for the length of the radius
of (O’) beyondWs:
T r% + r% . rire

2 2r r
This also gives us in a simple way the new Archimedean cifalg: the circle
tangent toAB at O and to((') is Archimedean by reflection ¢#¥3) through the
perpendicular toAB in O'.

M,

A 01

Figure 4. The Archimedean circl¢&4) and(Ks)

Let T3 be the point of tangency @fY) and (W3), and F; be the perpendicular
foot of 73 on AB. Then

/ 3 1 (ra—m)r
BT T T

and from this we see thad, Fs : F30, = 2 : 13, so thatO T3 : T302 = 71 : 19,
and hence the angle bisector 40,750, passes throught'. If Z is the point
of tangency of(Os;) and (O) then [9, Corollary 3] shows the same for the angle
bisector ofZAZ B. But this means that the poin€$, Z and7Z; are collinear. This
also gives us the circléK;) tangent to(O’) and tangent to the parallel td B
throughZ is Archimedean by reflection @¢#13) throughT;. See Figure 4.

There are many ways to find the interesting pdintLet me give two.

(1) Let M, M’, M; and M, be the midpoints of the semicircular arcs(6f),
(0", (01) and (O,) respectively. T is the second intersection 6f) with line
M, M' My, apart fromM’. This line My M’ M, is an angle bisector of the angle
formed by linesA B and the common tangent &), (O;) and(Wa;1).

(2) The circle (AM;0-) intersects the semicirclé),) atY, and the circle
(BM,0,) intersects the semicirclg); ) at X. X andY are the points of tangency

2

)

2For simple constructions @fJs), see [9, 11].
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of (O3) with (O1) and(O,) respectively. Now, each of these circles intersects the
midway semicirclgO’) atT5s. See Figure 5.

D
M
Mo
O3
. a

T5

M, 3

/A . c o o0 o

Figure 5. Construction df3

2.4 (Kg) and (K7). Consider again the circled(C') and B(C'). The circle with
centerK on the radical axis ofi(C') and(O) and tangent to{(C') as well agO)

is the Archimedean circléKg). This circle is easily constructed by noticing that
the common tangent ol (C) and (Ks) passes through,. Let Tg be the point
of tangency, thenks is the intersection of the mentioned radical axis atifj.
Similarly one findg k). See Figure 6.

A SG O] C O’ O S7 02 B
Figure 6. The Archimedean circl¢&s) and(K~)

To prove that Ks) is indeed Archimedean, & be the intersection o B and
the radical axis ofA(C') and(O), thenO' S = 214+ 25 and ASg = 2(r1 —74).
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If xis the radius of K;), then

2 2
(L ;TQ +x> — <2rA + 12 5 Tl) = (2r —2)% —4(r; —ra)?

which yieldsx = r4.
For justification of the simple construction note that

AS(; 2’!”1 - 2TA 2T1 AT(;
€08 AS6K6A N AK6 N 27“1 —TA N 2?”1 + 719 N A02
2.5 (Kg) and (Ky). Let A" and B’ be the reflections of’ through A and B re-
spectively. The circle with center aAB, tangent to the tangent from to (O2)
and to the radical axis od(C') and(O) is the circle(Kg). Similarly we find(Ky)
from B’ and (O ) respectively.
Let = be the radius of Ks). We have

dri+ry  4rp—2rpa-—vw

= cos LAOTg.

T9 X
implying indeed that: = r4. And (K3) is Archimedean, while this follows for
(Ky) as well by symmetry. See Figure 7.

A’ WOI C c o' O [029:€) B B’

Figure 7. The Archimedean circl¢&’s) and(Ky)

2.6. Four more Archimedean circles from the midway semicircle. The pointsM,
M, My, O, C and the point of tangency ¢©) and the incirclg 05 ) are concyclic,
the center of their circle, themid-arc circle is M. This circle (M') meets(0’)
in two points Ky and K1;. The circles withK ¢ and K1, as centers and tangent
to AB are Archimedean. To see this note that the radiug)f\4 Ms) equals
2.

length ‘/(T%HT”E;FTS)(T%”%) and dividesO’ M’ indeed in segments 6#2;;—7"3 and
r 4. Of course by similar reasoning this holds fdt;;) as well.

Now the circleM (C') meets(O) in two points. The smallest circlgg;2) and
(K13) through these points tangent #08 are Archimedean as well. This can be
seen by applying homothety with centéwith factor 2 to the pointgs;, and K71, .

Now we know the sides of triangle’ M’ K. The altitude fromi( has
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] o l
A 0, c Oz B

Figure 8. The Archimedean circlé&10), (K11), (K12) and(Ki3)

The image points are the points whev&(C') meets(O) and are at distancery
from AB. See Figure 8.

2.7. (K14) and (K5). Itis easy to see that the semicirclasC'), B(C) and(O)

are images ofO; ), (0O2) and(O") after homothety throughy’ with factor 2. This
shows thatA(C'), B(C) and(O) have a common tangent parallel to the common
tangentd of (Oy), (O2) and(0’). As aresult, the circleéK;4) and(K;5) tangent
internally to A(C') and B(C) respectively and both tangent #bat the opposite

of (01), (O2) and(0’), are Archimedean circles, just as is Bankoff's quadruplet
circle (Wy).

Al A O1 CcCo'Oo O3z B B’

Figure 9. The Archimedean circl¢&14) and(K5)

An additional property of K14) and(K5) is that these are tangent(tO) exter-
2
nally. To see this note that, using linearity, the distance febto d equalsQ%, SO

AKqy = M Let F'14 be the perpendicular foot df;, on AB. In triangle
COD we see thaU D = 2,/rir5 and thus by similarity oCOD and Fi4AK14
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we have
2./T173 2r1y/rire(2r1 + 72
Ki4Fy = " AKyy = T(Q )7
3 2 2 3
Ty — 7T ry +4rir; +4riro — r
OF14:’I”—|— 274 1AK14 — 2 12/]42 12 1’

and now we see tha14F2, + OF% = (r +r4)? In the same way it is shown
(K15) istangent tdO). See Figure 9. Note thay, K5 passes through the point of
tangency ofl and(O,), which also lies orO; (D). We leave details to the reader.

2.8 (Ki6) and (K17). Apply the homothetyh(A4, \) to (O) and (O,) to get the
circles (2) and (€,). LetU(p) be the circle tangent to these two circles and to
CD, andU’ the perpendicular foot d on AB. Then|U'Q2| = Ar — 2r; + p and
|U'Q| = (A — 2)r + p. Using the Pythagorean theorem in triangl&’<) and
UuU’'Q, we find

(A1 +p)? = (A =2)r1+p)? = (\r = p)* = (\r = 2r1 + p)*.

This yieldsp = r4.

By symmetry, this shows that the twin circles of Archimedes are members of a
family of Archimedean twin circles tangent @D. In particular,(Wg) and (1)
of [4] are limiting members of this family. As special members of this family we
add (Ki¢) as the circle tangent t6'(A), B(A), andCD, and (K;7) tangent to
C(B), A(B), andCD. See Figure 10.

Figure 10. The Archimedean circlé&:s) and(Ki7)
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3. Extending circlesto families

There is a very simple way to turn each Archimedean circle into a member of
an infinite Archimedean family, that is by attaching(@) a semicircle(O’) to be
the two inner semicircles of a new arbelos. WHiéX) is chosen smartly, this new
arbelos gives Archimedean circles exactly of the same radii as Archimedean circles
of the original arbelos. By repetition this yields infinite families of Archimedean
circles. Ifr” is the radius of O”), then we must have

"

r1ro . rr
T
which yields
" rriro
T T rire’

surprisingly equal tos, the radius of the incircl¢Os) of the original arbelos, as
derived in [4] or in generalized form in [6, Theorem 1]. See Figure 11.

Figure 11

Now let(O1 (X)) and(O2 (X)) be semicircles with center ofiB, passing through
C and with radiiAr; and \ry respectively. From the reasoning §#.7 it is clear
that the common tangent 60, (\)) and(O2())) and the semicircle€); (A +1)),
(O2(A+ 1)) and(O1 (A 4+ 1)O2(A + 1)) enclose Archimedean circlégi4()\)),
(K15(X)) and (W4(X)). The result is that we have three families. By homothety
the point of tangency of K14(A)) and (O1 (A + 1)) runs through a line through
C, so that the centerK;4(\) run through a line as well. This line and a similar
line containing the centers dfi5(\) are perpendicular. This is seen best by the
well known observation that the two points of tangency(©f) and (O) with
their common tangent together withand D are the vertices of a rectangle, one of
Bankoff’s surprises [2]. Of course the cent&F3()\) lie on a line perpendicular to
AB. See Figure 12.
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O1(A+1) A 0, CO 0, B 03(\) Os(A+1)

Figure 12

4. A family of salina

We consider another way to generalize the Archimedean circles in infinite fam-
ilies. Our method of generalization is to translate the two basic semicif€lgs
and(O2) and build upon them a (skewgalinon. We do this in such a way that to
each arbelos there is a family of salina that accompanies it. The family of salina
and the arbelos are to have common tangents.

This we do by starting with a poir®, that dividesO; 05 in the ratioO,0; :

0,0, =t : 1 —t. We create a semicircl@);) = (Oy10;,2) with radiusr; = (1 —
t)r1+try, SO that it is tangent td. This tangent passes through see [6, Theorem
8], and meetsAB in N, the external center of similitude ¢f) ) and(O,). Then
we create semicircle@); ;) and (O, 2) with radii r; andry respectively. These
two semicircles have a semicircular hold,) = (A, B;) and meetAB as second
points inC; ; andC} » respectively. Through these we draw a semici(cle,) =
(Ct2C¢.1) opposite to the other semicircles with respectitB. Assumer; < 7.
Cy1 is on the left ofC; » if and only if ¢ > % 3 In this case we call the region
bounded by the 4 semicircles thaalinon of the arbelos. See Figure 13.

Here are the coordinates of the various points.

Oy (tr1 + (t — 1)r2,0)

Ot71 ((Qt - 1)T1 — o, 0) Ot,g (Tl + (Qt - 1)T2, 0)

At ((Qt - 2)T1 — T, 0) Bt (Tl + 2tT2, 0)

Ct71 (2t7”1 —T9, 0) Ct,g (7”1 + (Qt — 2)7”2, 0)

O ((t=3)m 0) Ova ((t+3)ry + (t = 11)r2,0)

Ct (r%—r%—i—(?t—l)rl ro ’ O)

T

The radical axis of the circles
(0f) : (x —try — (t — Dro)> + 9% = (1 — t)ry + tro)?
8If ¢ < % we can still find valid results by drawin@: 4) on the same side ol B as the other

semicircles. In this paper we will not refer to these results, as the resulting figure is not really like
Archimedes’ salinon.
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A O1 A
Figure 13. At-salinon

and

r —7T9 2 ?”2
0): - 2=
(©) (a-252) +0 =7
is the line
/- . (2t — )rirg + 12 — 13
t . ’r .
So is the radical axis of
(O): 2+ y? =r?

and

o (e () o= (3 (o))

On this common radical axig, we define points the points, on AB and D; on
(O). See Figure 13.

5. Archimedean circles in the t-salinon

5.1 Thetwin circles of Archimedes. We can generalize the well known Adam and
Eve of the Archimedean circles to adjoint salina in the following way: The circles
W1 and W, o tangent to boti{O,) and/; and to(O;) and (O-) respectively are
Archimedean.

This can be proven with the above coordinates: The semiciéglgss —t)r; +
(t+ 3)ra —ra)) andO; (r1 + r4) intersect in the point

2% — 2 2 _p2 2
Wi (( Jrirs 4 i T2, ?”A\/(S—Qt)(Qt—Fl‘Fﬂ))a

T T9
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which lies indeed-4 left of ¢;. Similarly we find for the intersection cﬂ)t((l% —
try + (6 + %)7“2 —ra))andOa(ry +14)

2 4L 9 rot — 12 2
Wi <T1+ ﬁrm 2 m\/(2t+1)(3—2t+%)>,

which liesr 4 right of /;. See Figure 14.
These circles are real if and onlydif< ¢ < 2.

Figure 14. The Archimedean circl¢®/’; 1) and (W, 2)

Two properties of the twin circles of Archimedes can be generalized as well.
Dodge et al [4] state that the circlé(D) passes through the point of tangency of
(O2) and (W>), while Wendijk [8] and d’lgnazio and Suppa in [5, p. 236] ask
in a problem to show that the poid, where O,Ws meetsCD lies on Oz(A)
(reworded). We can generalize these to

e the circleA(D;) passes through the point of tangency(@dt 2) and(Os);
e the pointV; » whereO,W; » meets the perpendicular #B through(; ;
lies onO2(A).
Of course similar properties are found fidf ;.
To verify this note that); has coordinates

D, <r§ — 3+ (2t = Dryry \/rira((3 — 20)r1 + 2ra) (2r1 + (2t + 1)7«2))

T T

while the point of contact?, of (1, 2) and(Os) is

r2
Wio—O

ot 1 W2~ 02)

B (27“% — 13 + 2trire \/(1 + 2t)r1r3((3 — 2t)r1 + 27“2))

Os +

2r;1 +re ’ 2r1 + 19
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Straightforward verification now shows that
d(A, Dt)2 = d(A, R2)2 = 2r (27“1 + (1 + 2t)7“2).

Furthermore, we see that the poifits = O3 + 2”7,—”2(}%2 — O2) has coordinates

Nio = (2757“1 — 1o,/ (1 +20)r((3 — 2t)r, + 21“2))

so that this point lies indeed am W, 2, onO2(A) and on the perpendicular 1B
throughC; ;.

5.2 (W;3). Consider the circle through’' tangent to(0}) and with center on
C:D;. Whenu is the radius of this circle we have

(r't —u)? = O'tCt* = u* - CCt?

B 2 2
(1= t)ry + try —u)? — (@m«%%)g = (2t~ 1)ra)?

which yieldsu = r4. This shows that this circlél¥; 3) is an Archimedean circle

and generalizes the Bankoff triplet cirgl#53), using the tangency @¢#1s) to (O')

shown above. See Figure 15. These circles are real if and o%mly if <1.

A Ay O1 O¢,1 W O; O, Oz Oy 2 B By

Figure 15. The Archimedean circ{&; 3)

5.3 (W;4). Togeneralize Bankoff's quadruplet cirdl#/;) we start with a lemma.

Lemma 1. Let (K) be a circle with center K and ¢ and ¢, be two tangents to
(K') meeting in a point P. Let L be a point travelling through the line PK . When
L travelslinearly, then the radical axis of (K') and thecircle (L) tangent to 4 and
£5 moveslinearly aswell. The speed relative to the speed of L depends only on the
angle of ¢; and /.
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Proof. Let P be the origin for Cartesian coordinates. Without loss of generality let
¢, and/, be lines making angles ¢ with the z—axis and letK (z;,0), L(x2,0).
With v = sin ¢ the circles(K') and(L) are given by

(x — x1)2 +y? = UQ.T%,
(x —29)* +9* = 0?1}
The radical axis of these is = 1‘2”2 (r1 + x2) = % cos? (w1 + x2). O

It is easy to check that the slope of the line through the midpoints of the semi-
circular arcs(O) and(0Oy) is equal to™—"t and thus equal to te slope of the line
throughM; and M. This shows that the common tangent 6f) and () is par-
allel to the common tangent 00, ) and(0-), i.e. d, also the common tangent of
(O") and(0Oy). As a result of Lemma 1, it is now clear why the the radical axes of
(0) and(0O;) and of(0’) and(O;) coincide for allt. Another consequence is that
the greatest circle tangent tbat the opposite side ¢f0;) and(Oz) and to(O;)
internally is, just as the famous example of Bankoff's quadruplet cifidlg, an
Archimedean circlgW; 4). See Figure 16. Of course this means that the circles
(K12) and(K;3) are found as members of the fami{ly; 4).

Figure 16. The Archimedean circ(éV; 4)

We note that the the Archimedean circlg$; 4) can be constructed easily in
any (skew) salinon without seeing the salinon as adjoint to an arbelos and without
reconstructing (parts of) this arbelos. To see this we noteXhiatexternal center
of similitude of (O;,;) and (O 2), andd is the tangent fronV to (O;).

5.4 (Wtﬁ), (Wt77), (Wt713) and (Wt714). Whereas(ng), (W14), (Kl) and(Kg)

are defined in terms of intersections of (semi-)circles or radical axes, with Lemma
1 their generalizations are obviou§:D, (O) and (O') can be replaced bg; D;,

(O;) and(0y). The generalization ofiVs) and(W7) as Archimedean circles with
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center onAB and tangent ta@'tDt keep having some interest as well. The tan-
gents fromA to (O;2) and fromB to (O ;) are tangent tqW;s) and (W, 7)
respectively. This is seen by straightforward calculation, which is left to the reader.
As a result we have two stacks of three families. See Figure 17.

Figure 17. The Archimedean circlé®’ ), (We,7), (We,13) and(Wy 14)

We zoom in on the familie§lV; 13) and (W, 14). LetT; 13 be the point where
(Wia3), A(C) and(O,) meet and similarly defin&; 4. We find that

A T

T r2+(2t—3)r1ro—1r2 7“1\/—7‘2((8t—12)7“1+(4t2—4t—3)7“2)
t,13 ) ’

T T

T r24+(2t+1)r1ro—12 T2 \/—rl ((4t2—4t—3)r1 —(8t+4)r2)
t,14 ) .

The slope of the tangent t4(C) in 1T; ;3 with respect to the—axis is equal to
TA— XT3
a 0— YT 13
and thex—coordinate of the poink; where this tangent meettB is equal to
YT, 13 _ r(2r; + (1 — 2t)rg)
sA 2r1 + (2t — 1)ry
Similarly we find for the point_; where the tangent t&(C) in 7; 14 meetsAB

sS4 =

TRy = TTy 13 —

(2t = 1)ry + 2r)
t (2t — 1)7“1 — 2r9
The coordinates of are given by

r2 (ri —re) 2rrire
, .
T‘% + T‘% ’I“% + ’I“%
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By straightforward calculation we can now verify that? + Z R? = L, R? and
we have a new characterization of the famili€g ;3) and (W, 14).

Theorem 2. Let K beacirclethrough Z with center on AB. Thiscircle meets AB
in two points L on the left hand side and R on the right hand side. Let the tangent
to A(C) through R meet A(C) in P, and similarly find P, on B(C'). Let k bethe
line through the midpoint of P, P, perpendicular to AB. Then the smallest circles
through P, and P, tangent to k are Archimedean.

Remark. Similar characterizations can be found {dy; ;) and (K 2).

A Ay O, Ot,l C CU O; O, Oz Otyg B By

Figure 18. The Archimedean circlé&, 1) and (K¢ 2)

5.5. More corollaries. We go back to Lemma 1. Since the distance betwkend

the common tangent ¢D), (O,), A(C) andB(C) is equal ta2r4, we notice that

for instanceA(2r; — r4) andO;(r; 4+ r4) have a common tangent paralleldas

well. But that implies that we can use Lemma 1 on their intersection (and radical
axis). This leads for instance to easy generalizationigf and (k7). See Figure

19. The lemma can also help to generalize for instgri¢g and (Ky), but then
some more work has to be done. We leave this to the reader.

5.6. Archimedean circlesfromthe mid-arc circle of the salinon. We end the adven-
tures with a sole salinon. We note that the midpoibs M; 1, M; » and M; 4 of
the semicircular arcg);), (O:1), (O:2) and(Oy 4) are concyclic. More precisely
they are vertices of a rectangle. Their circle, the mid-arc cif€lg of the sali-
non and the circl¢O, ;O; 2) meet in two points, that are centers of Archimedean
circles (K 10) and (K 11). (Of course the parametedoes not really play a role
here, but for reasons of uniformity we still use it in the naming).

To verify this, denote by, the distance between ; andO; ». Then the distance

between)M; ; and M, ; equals,/u? + (r2 — r1)? and the distance fro®’ to AB
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Figure 20. The Archimedean circlé&,10) and (K¢, 11)

equals™’2. If z is the distance from the intersections(6% 10, 2) and(Os) to
AB, then

5  u? B <T1+T2 _x)2_u2+(r2—r1)2

Ty 2 1

which leads tar = ;72 = r4. We can generalizeKi2) and(K3) in a similar
way. To see this we note that the circle with centertpi/; in the pencil generated
by (M;4) and(Os) intersects(O;) in two points at a distance @4 from AB.
See Figure 21.
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Figure 21. The Archimedean circlé&,12) and (K¢,13)
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