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Abstract. We show that each cubic of typeC which is not of typeckC can

be described as a Grassmann cubic. The geometry associates with each such
cubic a cubic of type/C. We call this the parent cubic. On the other hand, each
cubic of typepC has infinitely many child cubics. The key is the existence of

a desmic structure associated with parent and child. This extends work of Wolk
by showing that, not only do (some) points of a desmic structure lie on a cubic,
but also that they actually generate the cubic as a locus. Along the way, we meet
many familiar cubics.

1. Introduction

In Hyacinthos, #3991 and follow-up, Ehrmann and others gave a geometrical
description of cubics as loci. They showed that each cubic of tyfiehas an
associated sister of type/C, and that each cubic of type/C has three sisters of
type nkCy. Here, we show that each cubic of typ& but not of typecK has a
parent of typep/C, and every cubic of type/C has infinitely many children, but
just three of typen K. Our results do not appear to extend to cubics of feso
the geometry must be rather different. Throughout, we use barycentric coordinates.
We write the coordinates d? asp : ¢ : . We are interested in isocubics, that is
circumcubics which are invariant under an isoconjugation. The theory of isocubics
is beautifully presented in [1]. There we learn that an isocubic has an equation of
one of the following forms :

pK(W,R) :  rz(wy? — v2?) + sy(uz? — wz?) + tz(va? — uy?) = 0.
nkK(W, R, k) ra(wy? +v2?) + sy(uz? + wz?) + tz(va? + uy?) + kayz = 0.

The pointR = r : s : t is known as the pivot of the cubie/’, and the root of
the cubicnK W = w : v : w is the pole of the isoconjugation. This means that the
isoconjuagte of =z :y: zis : 5 : 7. We may viewlV as the image of~
under the isoconjugation. The constann the latter equation is determined by a
point on the curve which is not on a sideline. Another interpretatioh appears
below. One important subclass of typ& occurs wherk = 0. We have

nfCo(W, R) : re(wy?® +vz2?) + sy(uz? + war?) + tz(va® + uy?) = 0.
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Another subclass consists of the conico-pivotal isocubics. These are defined in
terms of the roofR and nodeF’ = f : ¢ : h. The equation has the form

cK(#F,R) : ra(hy — g2)% + sy(fz — hx)? + tz(gz — fy)* = 0.
Itis then/C(W, R, k) with W = f2 : ¢ : h?, soF is a fixed point of the isoconju-
ation, andk = —2(rgh + shf + tfg). We require a further concept from [1], that
of the polar conic ofR for p/C(W, R). In our notation, this has equation

pC(W,R) : (vt? — ws?)x? + (wr? — ut?)y? + (us? —vr?)2% = 0.

Notice that,pC(W, R) contains the four fixed points of the isoconjugation, so is
determined by one other point, suchfasHence, as befits a polar objectSiiis on

pC(W, R), thenR is onpC(W, S). Also, for fixedW, the class of cubics of type

pK splits into disjoint subclasses, each subclass having a common polar conic. We
also remark that the equation for the polar conic vanishes identically Whes

the barycentric square @. In such a case, it is convenient to regard the class of
pKC(W, R) as consisting of jush/C(W, R) itself.

Definition 1. (a) For a point X with barycentrics x : y : z, the A-harmonic of X
is the point X4 with barycentrics —z : y : z. The B- and C-harmonics, Xz and
X, are defined analagously.

(b) The harmonic associate of the triangle A PQR isthetriangle APAQ s Rc.

Observe thath X 4 X5 X is the anticevian triangle oK. Also, if X is on
pC(W, R) thenX 4, Xp, X¢ also lie onpC(W, R). In the preamble toX (2081)
in [5] we meet Gibert'sPK- and N K -transforms. These are defined in terms of
isogonal conjugation. We shall need the general cas@/fasoconjugation.

Definition 2. Suppose that I is a fixed point, let P* denote the W-isoconjugate of
P.
(&) The PKW -transform of P is PK(W,P), the intersection of the tripolars of P
and P* (if P # P*).
(b) The N KW -transform of P is N K (W, P), the crosspoint of P and P*.
Note thatPK (W, P) is the perspector of the circumconic throughand P*.
PK (W, P) occurs several times in our work, in apparently unrelated contexts.
From these definitions, iV =u:v:wandP =p:q: r,then

PK(W,P) = pu(r®v — ¢*w) : qu(p*w — r*u) : rw(q*u — p*v),
NEK(W,P) = pu(r®v+ ¢*w) : qu(p*w + r’u) : rw(q*u + p*v).
Note thatPK (W, R) is undefined ifit = R?.

2. Grassmann cubics associated with desmic Structures

Definition 3. Let A = AABC be the reference triangle. Let A = AA'B'C’
where A’ isnot on BC, B’ isnoton C A and C" isnot on AB.

(@) GP(A’) = {P : thetriangle with vertices AP N BC, B PNCA,C'PN AB
is perspective with A},

b)GN(A")={P: AAPNBC, BPNCA, C'"Pn AB arecollinear}.
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We note thatGZ N (A) is a special case of a Grassmann cubic. There are three
examples in the current (November 2004) edition of [2]. The Darboux cubic
pK (K, X(20)) is K004 in Gibert's catalogue. Under the properties listed is the
fact that it is the locus of points whose pedal triangle is a cevian triangle. This
is GP(AA'B'C’), where the vertices are the infinite points on the altitudes. The
corresponding= N is then the union of the line at infinity and the circumcircle, a
degenerate cubic. In the discussion of the cutiig K, X (5)) - Gibert's K216 -
it is mentioned that it ig7 NV for a certain triangle, and that the corresponding
is the Neuberg cubigy/C(K, X (30)) - Gibert's K001. As we shall see, there are
other examples where suitable triangles are listed, and others where they can be
identified.

Lemma l. If A = AA'B'C'"has A" = a; : as : a3, B = by : by : ba,
C' = Cl:Cy:C3, then,

(a) GP(A’) has eguation

(aex — a1y)(bsy — bez)(c1z — cs3x) + (a1z — agx)(bry — bax)(caz — c3y) = 0,
(b) GN(A') has equation

(aex — a1y)(bsy — bez)(c1z — cs3x) — (a1z — agx)(bry — bax)(coz — csy) = 0.
(c) Each locus contains A, B,C and A', B’, C".

Proof. Itis easy to see that,i® = x : y : z, then
Ap = APNBC=0:ax —a1y: asr — a2,
Bp = B'PNCA=by—byx:0:b3y—byz,
Cp = C'PNAB=c1z—c3x:coz—c3y:0.

The condition iINGN (A) is equivalent to the vanishing of the determinant of the
coefficients of these points. This gives (b).

The condition inGP(A) is equivalent to the concurrence dfdp, BBp and
CCp. This is another determinant condition. The determinant is formed from the
previous one by changing the sign of one entry in each row. This gives (a). Once
we have the equations, (c) is clear. O

We will also require a condition for a trianglé A B’C” to be perspective with
NABC.

LemmaZ2. If A = AA'B'C'has A’ =ay1:a0:a3, B =b; :by:03,C' =¢y :
Ccy : C3, then,

(a) AA'B'C" is perspective with AABC if and only if axbzc; = asbico.

(b) AA'B'C" istriply perspective with AABC' if and only if a;bocs = asbze; =
agblcg.

Proof. We observe that the perspectivity in (a) is equivalent to the concurrence of
AA’, BB’andCC’. The given equality expresses the condition for the intersection
of AA’ and BB’ to lie onCC’. Part (b) follows by noting that\ A’ B’C” is triply
perspective wit\ ABC'if and only if each ofA A B'C’, AB'C' A’ andAC'A’'B’

is perspective witth ABC. O
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We observe that each of the equations in Lemma 1 has the form
z(fiy’ + f22°) + y(912° + go2®) + 2(haa® + hoy®) + kayz =0. (1)
This has the correct form for the cubic to be of typ€ or nX.

Theorem 3. For atriangle A’ = AA’B'C’,

(@) GP(A) isof type pK if and only if A’ is perspective with AABC.

(b) If A" isdegenerate, then GN (A') is degenerate.

Suppose that GNN (A’) is non-degenerate. Then

(c) GN(A') isof typenk if and only if A’ is perspective with AABC.

(d) GN(A') isof typenKy if and only if A’ istriply perspective with AABC.

Proof. Suppose thatl’ = a1 : as : a3, B' = by : by : b3, C' = ¢y : ¢3 : c3, With
a1b263 7& 0.

(a) We begin by observing that equation (1) gives a cubic of p/péf and only
if f191f1 + fogohe = 0 andk = 0. The equation in Lemma 1(a) h&as= 0 if and
only if asbsc; = asgbica. By Lemma 2(a), this is the condition for the triangles
to be perspective. A Maple calculation shows that the other condition pé¢ &
satisfied if the triangles are perspective. This establishes (a).

(b) If A’ is degenerate, thed, B’ andC’ lie on a lineL. For anyP on L, the
intersection ofP A’ with BC lies onL, as do those oP B’ with C A, andPC’ with
AB. Thus, these intersections are collinear,/536s on GN (4A'). Now the locus
contains the lineC, so that it must be degenerate.

Now suppose that the locdsN (A') is non-degenerate.

(c) Equation (1) gives a cubic of typeC if and only if fig1 f1 — fogoho = 0.
The equation in Lemma 1(b) has this property if and only if

(agbgcl - agblcz)D == O,

whereD is the determinant of the matrix whose rows are the coordinates 6f
andC’. Now, D = 0 if and only if A’, B’ andC" are collinear, s\’ and hence
GN(A') are degenerate. By Lemma 2(a), the other condition is equivalent to the
perspectivity of the triangles.

(d) For a cubic of typen Xy, we requireasbsc; — agbico = 0, as in (c). We also
require thatt = 0. From the equation in Lemma 1(b), = axbszcy + asbico —
2a1boc3. These two conditions are equivalent to triple perspectivity by Lemma
2(b). O

Our work so far leads us to consider triangles! B'C’ perspective ta\ ABC,
with A’ not onBC, B’ not onC A, andC’ not on AB. Looking at our loci, we are
led to consider a further triangle, also perspective witd BC'. This turns out to
be the desmic mate df A’ B'C’, so we are led to consider desmic structures which
include the pointsd, B andC.

Theorem 4. Suppose that A A’ B’'C’ is perspective to AABC', with A’ not on BC,
B’ noton CA, and C’ not on AB. Let the perspector be P, = p1; : p12 : p13.
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(a) Suitably normalized, we have

A = P21 * P12 - P13,
B' = P11 - P22 : P13,
C = P11 : P12 - P23-
Let
W = Dpiipo1 : p12p22 : P13DP23,

=

= P11 — P21 P12 — P22 : P13 — P23,
S = pi1+Dp21:pi2 + P22 pi3 + pos.

(b) GP(AA'B'C") = pK(W, S),
() GN(AA'B'C") = nK(W, R, 2(p21p22p23 — P11P12P13))-

Let A” = p11 = p2 @ pa3, B” = pa1 : p12 = pa3, C” = pay < po2 : p13. These are
the TW-isoconjugates of A’, B’ and C".
(d) AA”B"C" is perspective with AABC, with perspector P, = po1 : p22 : p23.
(e) AA”B"C" is perspective with A A’ B'C’, with perspector S.
() (P1, P, R, S) isaharmonic range.
Q) GP(AA"B"C") = GP(AA'B'C'). The common locus includes P, P, and
S

(h) GN(AA"B"C") = GN(AA'B'C’). The common locus includes the inter-
sections of the tripolar of R with the sidelines.

() AABC, ANA’B'C" and A A” B”C" have common perspectrix, the tripolar of
R.

() P and P, lieon pK(W, R).

Proof. (a) Since we have the perspector, the coordinates of the veHicBs, C’
must be as described.

(b),(c) These are simply verifications using the equations in Lemma 1.

(d) This follows at once from the coordinates 4f, B”, C".

(e) This requires the calculations that the liréd”, B’B” andC’C” all pass
throughsS.

(f) The coordinates of the points make this clear.

(9),(h) First, we note that, if we interchange the roles?oaind P,, we get the
same equations. The fact that the given points lie on the respective loci are simply
verifications.

(i) Once again, this can be checked by calculation. We can also argue geometri-
cally. Suppose that a poidf on B'C’ lies on the locus. The& B’ and X C' are
B'C’, so this must be the common line. Th&M' must meet3C on this line. But
XisonB'C',soX = BCNB'C'. If X also liesonB”’C"”,thenX = BCNB"C".
This shows that we must have a common perspectrix. The identification of the per-
spectrix uses the fact that the cubic meets the each sidelinedd C in just three
points, two vertices and the intersection with the given tripolar.

() This is a routine verification. O
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In the notation of Theorem 4, we have a desmic structure with the twelve points
described as vertice$, B, C, A, B',C’, A”, B", C", perspectord?, P, S.

Many authors describg as the desmon, anl as the harmon of the structure.
Some refer taP; as the perspector, arél as the coperspector. This description of
a desmic structure with vertices including B, C is discussed by Barry Wolk in
Hyacinthos #462. He observed that the twelve points all lig&iW, S). What
may be new is the fact that the other vertices may be used to generate this cubic as
a locus, and the corresponding’ as a Grassmann cubic.

Notice that the desmic structure in not determined by its perspectors. If we
choose barycentrics faP, we need to scalé> so that the barycentrics of the
desmon and harmon are, respectively, the sum and difference of thdseaod
P,. WhenP, is suitably scaled, we say that the perspectors are normalized. The
normalization is determined by a single vertex, provided neither perspector is on a
sideline.

There are two obvious questions.

(1) Is every cubic of typepX a locus of typeG P associated with a desmic
structure?

(2) Is every cubic of typen/C a locus of typeGN associated with a desmic
structure?

The answer to (1) is that, with six exceptions, each point pit@s a perspector
of a suitable desmic structure. The answer to (2) is more complicated. There is a
class ofnC which do not possess a suitable desmic structure. This is the class of
conico-pivotal isocubics. For each other cubic of ty@ there is a unique desmic
structure.

Theorem 5. Suppose that P is a point on p/C(W,.S) which is not fixed by W-
isoconjugation, and isnot S or its W-isoconjugate. Then there is a unique desmic
structure with vertices A, B, C' and perspector B = P withlocusGP = pK(W, 5).

Proof. For brevity, we shall writeX* for the W -isoconjugate of a poink. As P
isonpKC(W,S), SisonPP*. ThenS = mP + nP*, for some constants, n,
withmn #0. fP=p:q:r,W =u:v:w putdA = nu/p: mq: mr,
B'=mp :nv/q: mr,C" = mp : mq: nw/r. From Theorem 4, this has locus
GP(AA'B'C’) = pK(W, S). O

Note that the conditions oR are necessary to ensure tisatan be expressed in
the stated from. For the second question, we proceed in two stages. First, we show
that a cubic of typa/C has at most one suitable desmic structure. This identifies the
vertices of the structure. We then show that this choice does lead to a description
of the cubic as a Grassmann cubic. The first result uses the idéehafmonics
introduced in the Introduction.

Theorem 6. Throughout, we use the notation of Theorem 4.

(a) The vertices of the desmic structure on n/C(W, R, k) are A, B, C' and intersec-
tions of n/C(W, R, k) with the cubics pXC(W, Ry), pIC(W, Rg), pK(W, R¢).

(b) nK(W, R, k) and pIC(W, R4) touch at B and C, intersect at A, at the inter-
sections of the tripolar of R with AB and AC, and at two further points.
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() If W = f2: g% : h?, then cK(#F, R) and pX(W, R4) touch at B and C, and
meet at A, at the intersections of the tripolar of R with AB and AC, and twice at
F.

(d) If the final two pointsin (b) coincide, then n/C(W, R, k) = cK(#F, R), where
Fissuchthat W = F?2.

(e) If either of the final pointsin (b) lie on a sideline, then k& = 2ust/r, 2urt/s or
2wrs/t,where W =wu:v:w, R=r:s:t.

Proof. We observe that the vertices of the desmic structure can be derived from the
normalized versions of the perspectdisand P,. The normalization is such that

R =P —P,andS = P, +P,. Now consider the loci derived from the perspectors

P, and —P,. From Theorem 4, the cubics apdC(W, R) andnX(W, S, ), for
somek’. The pointA/ = P21 : P12 : P13 is onnlC(W, R, k), SO thatA;‘ = —p21 :

p12 : pis is onpK(W, R). Then A’ is onpK(W, R4) as only the first term is
affected by the sign change, and this involves the product of the first coordinates.
Thus (a) holds.

Part (b) is largely computational. Obviously the cubics meeti a3 andC.

The tangents aB andC' coincide. The intersections with the sidelines in each case
include the stated meetings with the tripolarffSince two cubics have a total of
nine meets, there are two unaccounted for. These are cléaisoconjugate.

For part (c), we use the result of (b) to get seven intersections. Then we need
only verify that the cubics meet twice & Now F is clearly onp/C(WW, Ry). But
F is a double point or/C(#F, R), so there are two intersections here.

Part (d) relies on a Maple calculation. Solving the equations:f6(\V, R, k)
andp/C(W, R4) for {y, z}, we get the known points and the solutions of a qua-
dratic. The discriminant vanishes precisely whe®(W, R, k) is of typeckC.

Part (e) uses the same computation. The quadratic equation in (d) has constant
term zero precisely wheh = 2vrt/s. Looking at othep/C(W, Rp), pK(W, R¢)
gives the other cases listed. O

To describe a cubic of type/C as a Grassmann cubic as above, we require two
perspectors interchanged bij-isoconjugation. Provide®” is not on a sideline,
we need six vertices not on a sideline. After Theorem 6, there are at most six
candidates, with two on each of the associgi&dW, Rx), X = A, B,C. Thus,
there is at most one desmic structure defining the cubic. Also from Theorem 6,
there is no structure if the cubic is@C(#F, R), for then the “six” points and
the perspectors are alf. We need to investigate the cases where either of the
final solutions in Theorem 6(b) lie on a sideline. Rather than interrupt the general
argument, we postpone the discussion of these cases to an Appendix. They still
contain a unique structure which can be used to generate the cubics as Grassmann
loci. The structure is a degenerate kind of desmic structure. We show that, in any
other case, the six points do constitute a suitable desmic structure. In the proof,
we assume that we can choose an intersectiorkg#V, R, k) andpX(W, R4 ) not
on a sideline, so we need the discussion of the Appendix to tidy up the remaining
cases.
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Theorem 7. If a cubic C is of type nkC, but not of type c/C, then there is a unique
desmic structure which defines C as a Grassmann cubic.

Proof. Suppose thaf = n (W, R, k) with W =u : v : w,andR =r : s : t.

We require perspectorB, = pi11 : p12 : p13, and Py = po1 : pag : pog Such that
r:s:t=pi1 — po1: P12 — P22 : P13 — p23. This amounts to two linear equations
which can be used to solve fpr, andpss in terms ofp; 1, p12, p13 andpy;. We also
require thatu : v : w = p11po1 : P1aPas : P13p23- This gives three relations im;
andp»; in terms ofp;» andp;3. These are consistent providdti= po; : p12 : p13

is onp/C(W, R4). This uses a Maple calculation. We can solvezfgrin terms of

p12, p13 andpe;, provided we do not have (after scalingy = —u/r, p13 = v/s
andpe; = w/t. So far, we have shown that, # is on pC(W, R4), then we

can reconstruct perspectors which give rise to safié\lW, R, ¥). Provided that

we can choose!’ also onC, but not on a sideline, thed = k& directly, so we

getC as a Grassmann cubic. As we saw in Theorem 6, there are just two such
choices ofA4’, and these are isoconjugate, so we have just one suitable desmic
structure. We could equally use a point of intersection of C witi(W, Rp) or

with p/IC(W, R¢). It follows that there is a unique desmic structure uniédsas

the points—u/r : v/s : w/t, u/r : —v/s : w/t andu/r : v/s : —w/t. But then

k = 2ust/r = 2urt/s = 2wrs/t, so that = Ry, andk = 2rst. It follows that

C'is the degenerate cubity + sz)(rz + tz)(sx 4+ ry) = 0. Itis easy to check

that this is given as a Grassmann cubic by the degenerate desmic structure with
A= A" = —r: s:t,and similarly forB’, B”, S’ andC”. This has perspectors,
desmon and harmon equal & TheGP locus is the whole plane. 0

3. Parents and children

The reader will have noted the resemblance between the equations for the cubics
GP(A") andGN(A'). In [2, notes on K216], Gibert observes this @001 and
K?216. He refers taK216 as a sister of{001. In Theorem 7, we saw that each
cubicC of typen/C which is not of typecK is the Grassmann cubic associated with
a unique desmic structure, and hence with a unique alilw€type pK. We call
the cubicC’ the parent ofC. On the other hand, Theorem 5 shows that a cubic
C of type pK contains infinitely many desmic structures, each defining a cubic of
typenK. We call each of these cubics a child@f Our first task is to describe
the children of a cubip/C(W, S). This involves the equation of the polar conic of
S, see§l. Our calculations also give information on the parents of the family of
cubics of typen/C with fixed pole and root.

Theorem 8. Suppose that C = pK(W, S)withW =w:v:w,and S =7r:s:t.
(@) Any child of C is of the form n/C(W, R, k), with R on

pC(W,S) : (vt? —ws*)a® + (wr? — ut?)y? + (us® — vr?)z? = 0.

(b) If R isapoint of pC(W, S) which isnot .S and not fixed by 17/ -isoconjugation,
then there isa unique child of C of the form n/C(W, R, k).

(c) Any cubic nK(W, R, k) whichisnot of type c/C has parent of the form p/C(W, .S)
with .S on pC(W, R).
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(d) If n/C(W, R, k) has parent p/C(W, S), then the perspectors are the non-trivial
intersections of p/C(W, R) and p/C(W, S).

Proof. (a) We know from Theorem 7 that a chitdC(W, R, k) of C arises from
a desmic structure. Suppose the perspectordiaead . From Theorem 4(f)
(P1, P», R, S) is a harmonic range. It follows that there are constantandn
with P, = mR + nS and P, = —mR + nS. From Theorem 4(a)lV is the
barycentric product o, and %». Suppose thak = = : y : z. Then we have

m2z? — 22 m2y? —n2s2  m2s2 — n2t2

u v w

If we eliminatem? andn? from these, we getC(W, S) = 0.

(b) Given such ar?, we can reverse the process in (a) to obtain a suitable value
for (m/n)2. Choosing either root, we get the required perspectors.

(c) is really just the observation thatis on pC(W, R) if and only if R is on
pC(W,S).

(d) In Theorem 4, we noted that the perspectors lip&(IV, S) and onp (W, R).
Now these cubics meet att, B, C' and the four points fixed bi# -isoconjugation.
There must be just two other (non-trivial) intersections. O

Example 1. In terms of triangle centers, the most prolific parent seems to be the
Neuberg cubic (K, X (30)), Gibert's K001.

The polar cubipC (K, X (30)) is mentioned in [5] in the discussion of its center,
the Tixier point, X476. There, it is noted that it is a rectangular hyperbola passing
through!, the excenters, anll (30). Of course, being rectangular, the other infinite
point must beX (523). Using the information in [5], we see that its asymptotes pass
throughX' (74) and X (110). The perspectors;, P, of desmic structures oR 001
must be its isogonal pairs other thi (30), X (74)}.

By Theorem 4(f), the root of the child cubic must be the mid-poinfjoand
P,. The pair{O, H} gives a cubic of the fornm/C(K, X (5), k). The informa-
tion in [2] identifies it asK'216. The pair{ X (13), X(15)} gives a cubic of the
form nC(K, X (396),k). The pair{X(14), X(16)} gives a cubic of the form
nk (K, X (395), k).

As noted aboveX (523) is on the polar conic, so we also have a child of the form
n/C(K, X (523), k). SinceX (523) is not on the cubic, the perspectors must be at
infinity. As they are isogonal conjugates, they must be the infinite circular points.
These have already been noted as lyingst1. We now have additional centers
onpC(K, X (30)), X(5), X(395), X(396), as well asX (1), X (30), X (523). We
also have the harmonic associates of each of these points!

4. Roots and pivots

If we have a cubia/C(W, R, k) defined by a desmic structure, then it has a
parent cubicp/C(W, S). From Theorem 8(c), we know th& is on pC(W, R).
SinceR is also on the conic, we can identifyfrom an equation foRS. Although
the results were found by heavy computations, we can establish them quite simply
by “guessing” the pole oRRS with respect toC (W, R).
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Theorem 9. Suppose that W = w : v : w, R = r : s : t and k are such
that n/C(W, R, k) is defined by a desmic structure. Let p/C(W, .S) be the parent of
n/C(W, R, k).
(@) Theline RS isthepolar of P = 2ust — kr : 2utr — ks : 2wrs — kt with respect
to pC(W, R).
(b) The point S has first barycentric coordinate 4r(—r2vw + s2wu + t2uv) —
dkstu + k2r.

Proof. Suppose that the desmic structure has normalized perspéttery : g :
handP, = f': ¢ : h'. Then we have
r=f—1f, s=9—4, t=h—n,
u=ff, v =gg, w = hh/,
k=2(f'g'h — fgh).

(a) The first barycentric aP is then
2ff'(g =) =1) = (f'gW — fgh)(f = f) =2(fg — f'g")(fh— ).
The coefficient ofe? in pC(W, R) is
vt? —ws? = (gh — ¢'B')(hg' — gh').

If we discard a symmetric factor the polar Bfis the lineR P, i.e., the lineRS.

(b) We know thatS = f+ f' : g+ ¢ : h+ k. If we substitute the above values
for r, s, t, u, v, w, k, the expression becomés(f + f), whereK is symmetric
in the variables. Thus, S is as stated. O

This result allows us to find the parent of a cubic, even if we cannot find the
perspectors explicitly. It would also allow us to find the perspectors since these
are thel¥-isoconjugate points on the linBS. Thus the perspectors arise as the
intersections of a line and (circum)conic.

Example 2. The second Brocard cubid( (K, X (523)), Gibert's K018. We can-
not identify the perspectors of the desmic structure. They are complex. Theorem
9(b) gives the parent ggC( K, X (5)) - the Napolean cubic, and Giber#s005.

Example 3. The kjp cubicn/Cy (K, K), Gibert's K024.

Theorem 9(b) gives the parent p& (K, O) - the McCay cubic and Gibert’s
KO003. Theorem 9(a) give®S as the Brocard axis. It follows that the perspectors
of the desmic structure are the intersections of the Brocard axis with the Kiepert
hyperbola.

Our next result identifies the children of a givek (1V, R) which are of the form
n/Co(W, R). It turns out that the perspectors must lie on another cuki¢\W, 7).
The rootT" is most neatly defined using the generalization of Gibdtfs-transform.

Theorem 10. Suppose that { P, P*} # {S,S*} area pair of W-isoconjugates on
p/C(W, S). Then they define a desmic structure with associated cubic of the form
n/Co(W, R) if and only if P, P* lieon nkCo(W, PK (W, S)).
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Proof. SupposethaP =z :y:2, S=7r:s:¢, W =wu:v:w. Then the point
P*isu/z : v/y : w/z. As P is onpK(W,S), there exist constants, n with
P + mP* = nS. Then the normalized forms for the perspectors of the desmic
structure are® andmP*, andR = P — mP*. If we look at a pair of coordinates
in the expressio® + mP* = nS, we get an expression fer in terms of two of
x, v, z. These are

~ (yt = 2t)yx I (zr — xt)xz S (xs —yr)xy

T — ) Yy — ) z — .
Ysw — 2tv ztu — xrv Trv — ysu

We can now compute thiesuch that the cubic is/C(W, R, k) as

9 (w _ xyz) '
TYz
We have amK if and only if this vanishes. Maple shows that this happens pre-
cisely whenP (and hence&”) is on the cubiaXy(W, T"), where

T = ur(vt? — ws?) : vs(wr® — ut?) : wt(us® — vr?) = PK(W, S).
0

Note that we get anky whenP, P* lie onp/C(W, .S) andn/Cy(W, PK (W, S)).
Then there are three pairs and three cubics. AE(W, S) = PK(W, S*) - see
§5 - sop/C(W, S) andp/C(W, S*) give rise to the samekCy.

Example 4. Applying Theorem 10 to the McCay cubiek’(K, O) and the Or-
thocubicp/C(K, H) we get the second Brocard cubié019 = nky (K, X (647)).

In the former case, we can identify the perspectors of the desmic structures. From
[2, KO19], we know that the points dK019 are the foci of inconics with centers

on the Brocard axi®) K. Also, if P is on the McCay cubic, the P* passes
throughO. If PP* is notOK, then the center is o P* and onOK, so must

be O. This gives four of the intersections, two of which are real. Otherwise,

and P* are the uniqud<-isoconjugates oW K. These are the intersections of the
Brocard axis and the Kiepert hyperbola. Again these are complex. They give the
cubicn/Cy (K, K) - see Example 3. 165, we meet these last two points again.

Example 5. The Thomson cubip/K (K, G) and the Grebe cubipC(K, K) give
the cubicnCy (K, X (512)). We will meet this cubic again if5.

5. Desmic structures with triply perspective triangles

As we saw in Theorem 3, a cubic of typé, arises from a desmic structure in
which the triangles are triply perspective with the reference triangleBC. We
begin with a discussion of an obvious way of constructing such a structure. It turns
out that almost all triply perspective structures arise in this way.

Lemma1ll. Supposethat P =p:q:rand Q = u : v : w are points with distinct
cevians.
(a)Let

A'=BPNCQ, B'=CPn AQ, C'= AP N BQ,

A" =BQNCP, B"=CQnN AP, C" = AQ N BP.
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Then the desmic structure with vertices A, B, C, A, B, C', A", B”, C", and
perspectors P = = : L p% and P, = L : ﬁ : qlu has triangles AABC,
NA'B'C’, ANA” B"C" which are triply perspective.

(b) Each desmic structure including the vertices A, B, C' inwhich

(i) the triangles are triply perspective, and

(i) the perspectors are distinct arises from a unique pair P, Q with P # @, and
perspectors normalized asin (a).

Proof. (a) We begin by looking at the desmic structure which is derived from the
given P, and P, as in Theorem 4. Thus, the first three vertices are obtained by
replacing a coordinate af, by the corresponding coordinate Bf. This has the
vertices named, for example the first verteyis L. : ﬁ. This is onBP andCQ,
soisA’. Itis easy to see that the triangles doubly perspective, with perspdetors
and(@), and hence triply perspective.

(b) Suppose we are given such a desmic structure. Then the perspectors are
Pi=f:g:handP, = f': ¢ : W withfgh = f'¢'h' (see Lemmata 2 and 3). We
find points P and @ which give rise to these as in part (a). From the coordinates
of P, we can solve fow, v andw in terms ofp, ¢, » and the coordinates df.
Then, using two of the coordinates £f, we can findg andr in terms ofp. The
equality of the third coordinates follows from the conditigph = f¢’'h’. As the
perspectors are distinc®, # Q. O

Note that from the normalized perpsectors, we can recover the vertices, even if

some cevians coincide. For exampléjs L : L . 1

rv " ru ’ p_v
Definition 4. The desmic structure defined in Lemma 11 is denoted by D(P, Q).

Theorem 12. If P and Q aretriangle centerswith functions p(a, b, ¢) and ¢(a, b, ¢),
then the desmic structure D(P, @) has

(a) perspectors Py, P» with functions h(a, b, c) = m and h(a, c,b).

(b) {P,, P,} isabicentric pair.

(c) The vertices of the triangles are [h(a, ¢, b), h(b, ¢, a), h(c, a,b)], and so on.

The proof requires only the observation thatPaand@ are centersy(a, b, c) =
p(a,c,b) andq(a,b,c) = q(a,c,b).

We leave it as an exercise to the reader tha{ AfQ} is a bicentric pair, then
Py, P, are centers. It follows that, iP, () are centers an®(P, Q) has perspec-
tors P, P, thenD(P;, P») has triangle centerf’, Q" as perspectors. As further
exercises, the reader may verify that Q' are theQ?-isoconjugate ofP and the
P2-isoconjugate of). The desmon of the second structure is fhlirst inverse
of Q.

We can compute the equations of the cubics from the information in Lemma
11(a). These involve ideas introduced in our Definition 2.

Theorem 13. Suppose that P # (). The cubics associated with the desmic struc-
ture D(P, Q) are pK(W, NK (W, P)) and nKo(W, PK (W, P)), where W isthe
isoconjugation which interchanges P and Q).
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Proof. We have the perspectofd and P, of the desmic structure from Lemma
11(a). These give isoconjugation as that which interchaigyesd P, - see The-
orem 4. Now observe that this also interchangeand @, so@Q = P*. From
Theorem 4, we have coordinates for the desrfaand the harmorR in terms of
those of P, and . Using our formulae foi?; and P, we get the stated values of
S andR. O

Definition 5. Suppose that P # @, and that C = nky (W, R) is associated with
the desmic structure D(P, Q). Then

(a) P, Q arethe cevian points for C.

(b) The perspectors of D(P, Q) are the Grassmann points for C.

Theorem 14. Suppose that C = nky (W, R) is not of type ck, and does not have
W = R%

(a) The cevian points for C are the TW-isoconjugate points on 7 (R*). These are
the intersections of C(R) and 7 (R*).

(b) The Grassmann points for C are the 1¥-isoconjugate points on the polar of
PK (W, R) with respect to C(R).

Proof. From Theorems 3 and 7, we know tltats a Grassmann cubic associated
with a desmic structure which has triply perspective triangles. If the perspectors of
the structure coincide aX, then the equation shows thBt= X andW = X2
But we assumed that” # R?, so we do not have this case.

(a) From Theorem 13, this structure I¥(P,Q) with @ = P*, andR =
PK(W,P) = PK(W,Q). From a remark following Definition 2P andQ lie
on the conicC(R). Since they ardV-isoconjugates, they also lie on th&-
isoconjugate ofC(R). This is7(R*). The conic and line have just two inter-
sections, so this gives precisely the pait,@}. These are precisely the pair of
W-isoconjugates off (R*).

(b) By Theorem 4, the Grassmann points #reisoconjugate and lie oS,
whereS is the desmon of the desmic structure.Ais annkj, Theorem 9 gives§
as a point which we recognize as the pol&df*) with respect to the coni€(R).
Now R is the pole of7 (R) for this conic, saRS is the polar of7 (R) N 7T (R*) =
PK(W,R). O

In Theorem 14, we ignored cubics of typé(R?, R, k). To make the algebra
easier, we replace the constanby ¥ rst, whereR = r : s : t.

Theorem 15. If C = nk(R?, R, k'rst) is not of type ckC, then C is the Grassmann
cubic assaociated with the desmic structure having perspectors R and a R, where a
isaroot of

k/
x2+(1+§>x+1—0.

When £/ = 2, a = —1, the desmic structure and C are degenerate.
When k' # 2, —6, the corresponding pK is pK(R?, R), which is the union of
the R-cevians.
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Proof. When we use Maple to solve the equations to identifand A”, we dis-
cover them as : as : at, with a as above. This identifies the perspectors as
R andaR. It is easy to verify that this choice leads €0 Note that the two
roots are inverse, so we get the same vertices from either choice. The quadratic
has equal roots whek = 2 or —6. The latter gives the in the class. In
this case, the “cubic” equation is identically zerosas= 1. In the former case,
a = —1, so we do get thak as a Grassmann cubic, but the equation factorizes as
(ty 4+ s2)(rz + tz)(sz + ry) = 0. In the “desmic structured’ = A", B’ = B”,
C'=C"asa = —1.

Note that here the cubic is not of typé as it contains three fixed poinf3y,
Rp, Rc of R*-isoconjugation. Whe’ # 2, —6, the desmon is defined, and is
againR. Finally, pXC(R?, R) is (ty — sz)(rz — tx)(sz — ry) = 0. O

Example 6. The third Brocard cubicn/Cy (K, X (647)), is K019 in Gibert's list.
As it is of typenKy, but not of typec/C, Theorem 12(b) applies. The cori¢R) is
the Jerabek hyperbola. Alsf; is X (648), so that the lin& (R*) is the Euler line.
These intersect in (th& -isoconjugatesy) and H. This gives some nhew points on
the cubic:

A'=BONCH, B'=COnNAH, C'=AONBH,

A" =BHNCO, B"=CHNAO, C" = AH N BO.

Also, the cubic can be described as the Grassmann cbi¢cAAB'C’) or
GN(AA”B"C"). The associated P has the pivotNK (K,0) = NK(K,H) =
X (185). The cubicpK(K, X (185)) is not (yet) listed in [2], but we know that it
has the pointst’, B’, C’, A”, B”, C"”, the perspector® and P, as well as/, the
excenters and (185).

Example 7. The first Brocard cubicn/Cy (K, X (385)), is K017 in Gibert's list.
Here, the vertices!, B’, C’, A”, B”, C" have already been identified. They are
the vertices of the first and third Brocard triangles. The poftand Q are the
Brocard points. The associatédP is pK(K, X (384)), the fourth Brocard cubic
and K020 in Gibert's list. Again, Gibert's website shows the points Ai020,
together with{ P, P»} = {X(32), X(76)}.

Example 8. The cubicsp/C(K, X (39)) andnkKy(K, X (512)). These cubics do

not appear in Gibert’s list, but the associated desmic structure is well-known. Take
= G, ) = K in Lemma 11(a). Again we get isogonal cubics. The vertices of
the structure are the intersections of medians and symmedians. From the proof of
Lemma 11,P,, P, are the Brocard points. This configuration is discussed in, for
example, [4], but the proof that the triangles obtained from the intersections are
perspective wit\ ABC' uses special properties 6f and K. Here, our Lemma

8(a) gives a very simple (geometric) proof of the general case. &K, G) =
PK(K,K) = X(512),andNK(K,G) = NK(K,K) = X(39).

The pointsP and(@ for a cubic of typenKy are identified as the intersections of
a line with a conic. Of course, it is possible that these have complex coordinates.
This happens, for example, for the second Brocard culfig( /&, X (523)). There,
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the line is the Brocard axis and the conic is the Kiepert hyperbola. A Cabri sketch
shows that these do not have real intersections. We have met these intersections in
64,

Example 9. The kjp cubicn/Cy (K, K) is K024 in Gibert's list. The desmic struc-

ture isD(P,Q), where P, Q are the intersections of the line at infinity and the
circumcircle. These are the infinite circular points. We met this cubic in Example
3, where we identified the perspectors of the desmic structure as the intersections
of the Brocard axis with the Kiepert hyperbola.

6. Harmonic associates and other cubics

In the Introduction, we introduced the idea of harmonic associates. This gives a
pairing of our cubics. We begin with a result which relates desmic structures. This
amplifies remarks made in the proof of Theorem 6.

Theorem 16. Suppose that D is a desmic structure with normalized perspectors
Py, P, and cubics niC(W, R, k), pK(W, S). Then the desmic structure D) with
normalized perspectors P, — P, has

(a) vertices the harmonic associates of those of D, and

(b) cubics nkC(W, S, k'), pK(W, R).

Proof. We refer the reader to the proof of Theorem 6(a), which in turn uses the
notation of Theorem 4(a). O

We refer to the cubia/C(W, S, k') obtained in this way as the harmonic asso-
ciate ofn/C(W, R, k).

Corollary 17. If nK(W, R, k) = GN(A), then pK(W, R) = GP(A'), where A’
is the harmonic associate of A.

Example 10. The second Brocard cubidC(K, X (385)) = K017 was discussed

in Example 7. It isGN(A), whereA is either the first or third Brocard trian-

gle. From Corollary 17, the cubig/C(K, X (385)) = K128 is GP(4A'), where

A’ is the harmonic associate of either of these triangles. This gives us six new
points onK'128. The cubicn/y (K, X (512)) was introduced in Example 8. It is
GN(A), whereA is formed from intersections of medians and symmedians. From
the Corollary, the fifth Brocard cubigkC(K, X (512)) = K021 is GP(4A'). Now

the Grassmann points farky (K, X (512)) are the Brocard points, so these lie on
K021, as do the vertices ak'.

Example 11. LetC = K216 of [2]. This was mentioned ig3. It is of the form
n/C(K, X(5), k) with parentp/C(K, X (30)) = K001. From Theorem 16, the
harmonic associate is of the formkC( K, X (30), /) with parentpK(K, X (5)) =
K005. Using Theorem 9(b), a calculation shows th&i67 = nK(K, X (30), k)
has parenf{005. From Theorem 8(b)i005 has a unique child with roaX (30).
Thus K067 is the harmonic associate &f216. This gives us six points oA 067
as harmonic associates of the points identified in [2] as being 6. We will
give a geometrical description of these shortly.
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Three of the vertices of the desmic structure f6216 are the reflections of
the verticesA, B, C'in BC, CA, AB. These give a triangle with perspectar.
We can generalize these to a geneXahs the result of extending each-cevian
by its own length. IfX = = : y : z, then, starting fromA, we get the point
y+z: —2y: —2z. TheA-harmonic associate is+ z : 2y : 2z, the intersection of
the H-cevian atA with the parallel toBC throughG. This suggests the following
definition.

Definition 6. For X = z : y : z, the desmic structure D(X) is that with normal-
ized perspectorsy + z: z+x: x+yand -2z : —2y : —2z.

Note that the first perspector is the complemekitof X and the second iX.
We can summarize our results on such structures as follows.

Theorem 18. Suppose that X = x : y : z. The cubics associated with D(X) are
n/C(W, R, k) and p/C(W, S), where
()W =z(y+2):y(z+x): z(x +y), the center of the inconic with perspector
X,
(D R=2x+y+z:x+2y+z2:x+y-+ 2z themid-point of X and cX,
(i) S=—-2z+y+z:2x—2y+z:x+y— 2z theinfinite point on GX.

The harmonic associate of n/C(W, R, k) passes through G, the infinite point of
7 (X), and their W-isoconjugates.

Proof. The coordinates dfi”, R andsS follow at once from those of the perspectors
and Theorem 4. The final part needs an equation for the harmonic associate. This
is given by Theorem 4. The fact thatandz(y — z) : y(z — z) : z(z — y) lie on

the cubic is a simple verification using Maple. O

For X = H, we getK216 and K001 and their harmonic associat&é)67 and
K005. The desmic structures and the points given in Theorem 18 account for most
of the known points o216 and K 067.

There is one further example in [2]. In the notesion22 = nkC(O, X (524), k),
it is observed that the cubic contains the vertices of the second Brocard triangle,
and hence theiD-isoconjugates. The latter are the the intersections okt(@9)-
cevians with lines througld: parallel to the corresponding sidelines. These are
the harmonic associates of three verticesDgfX (69)). The other perspector is
K = cX(69). The mid-point ofX (69) and K is X (141), so K022 is the harmonic
associate of the cubiekC(O, X (141), ¥) with parentp/C(O, X (524)). These cu-
bics contain the vertices dP(X(69)), including the harmonic associates of the
second Brocard triangle. Also, the parent?6622 is p/C(O, X (141)).

In the Introduction, we mentioned that the Darboux cupic(K, X (20)) is
GP(A), whereA has vertices the infinite points on the altitudes. Of coursé\ as
is degenerateg7 N (A) degenerates. Itis the union of the circumcircle and the line
at infinity. The harmonic associat¥ has vertices the mid-points of the altitudes,
and this leads to anC( K, X (20), k), and its parent which is the Thomson cubic
pK(K,G) = K002. This will follow from our next result. The fact that the mid-
points lie onK 002 is noted in [5], but now we know that those points can be used
to generatek002 as a locus of type&7P. We can replace the vertices of or
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A by their isogonal conjugates. In the case/ofthe isogonal points lie on the
circumcircle. For any poin = z : y : z, the mid point of the cevian at is
y+ 2y : z. We make the following definition.

Definition 7. For X =z : y : z, thedesmic structure £(X) isthat with normalized
perspectorsy +z: z+x:zx+yandx :y: 2.

Theorem 19. Suppose that X = z : y : 2. Let A bethetriangle AAB'C’ of
E(X). Then GN(A) = nK(W, R, k) and GP(A) = pK(W, G), where
W =uxz(y+z2):y(z+z):z(z+y), thecomplement of the isotomic conjugate of
X,
R=—-2x4+y+z:x—y+z:z+y— z theanticomplement of X,
E=2((y+2)(z+x)(x+y) —zyz).

The harmonic associates are GN (A') = nkC(W, G, k'), which degenerates as
C(W) and theline at infinity, and GP(A’) = pK(W, R), which isa central cubic
with center the complement of X.

Most of the result follow from the equations given by Theorem 4. The fact
that p/C(W, R) is central is quite easy to check, but it is a known result. In [6],
Yiu shows that the cubic defined &yP(A’) has the given center. Yiu derives
interesting geometry related paC(W, R), and these are summarized in {3,1.3].

The caseX = H givesW = K, R = X(20), so we getGP(A) = K002, the
Thomson cubic, and?P(A’) = K004, the Darboux cubic.

Remarks. (1) From [1, Theorem 3.1.2], we know thatWif # G, there is a unique
centralp/C with pole W. After Theorem 19, this arises from the desmic structure
E£(X), whereX is the isotomic conjugate of the anticomplementiof The center
is then the complement of, and hence thé&/-Ceva conjugate ofV. It is also
the perspector of(X) other thanX. The pivot of the centrapk is then the
anticomplement o, and hence the anticomplement of the isotomic conjugate of
the anticomplement of the pole.

(2) The cubicp/C(W, G) clearly containgz and1V. From the previous remark,
it contains theGG-Ceva conjugate ofi and itsW¥/-isoconjugate (the poink). It
also includes the mid-points of th€-cevians and theil -isoconjugates. The last
six are the vertices of a defining desmic structure. Finally, it includes the mid-
points of the sides ah ABC.

We have seen that there are several pairs of cubics ofptipehich are loci of
type G P from harmonic associate triangles. We can describe when this is possible.

Theorem 20. For a given W, suppose that R and .S are distinct points, neither
fixed by W -isoconjugation.

(a) There exist harmonic triangles A and A’ with p(W,R) = GP(A) and
pK(W,S) = GP(A') ifand only if pC(W, R) = pC(W, S).

(b) If pC(W, R) = pC(W, S), then the Grassmann points are

(i) the non-trivial intersections of p/C(W, R) and p/C(W, S),

(i) the W-isoconjugate pointson RS.
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Proof. (a) If pIC(W, R) andpK (W, S) are loci of the given type, the@ N (A) =
n/C(W, R, k) by Theorem 16. Thus thisK has parenp/C(W,S). By Theorem
8, pC(W, R) = pC(W,S). Now suppose thatC(W, R) = pC(W,S). ThenR
is onpC(W, S). By Theorem 8, there is a unique child o (W, R) of the form
nC(W, S, k"). From Theorem 7TnC(W, S, k') = GN(A) for a triangleA, and
GP(A) = pK(W, R). By Theorem 16GGP(A’) = pK(W, S).

(b) The Grassmann points are the sameZoand &', and lie on both cubics.
There are just two non-trivial points of intersection, so these are the Grassmann
points. The Grassmann points af&isoconjugate, and lie oR.S, giving (ii). O

We already have some examples of pairs of this kind:
K001 and K005 with Grassmann point®, H. The desmic structures are those
for K067 and K 216.
K002 and K004 with Grassmann point§), H. The desmic structures appear
above.
K020 and K128 with Grassmann pointX (32), X (76). See the first of Example
10.
From Example 1, we found children df001 with roots X (395), X (396),
X (523). We then have
K001 andK129a = pK(K, X (395)) with Grassmann pointX (14), X (16);
K001 and K129b = pK(K, X (396)) with Grassmann pointX (13), X (15);
K001 andpKC(K, X (523)) with Grassmann points the infinite circular points.

In Example 3, we showed thdt024 = n/Cy (K, K) is a child of K003. We
therefore have< 003 and K102 = pK(K, K), the Grebe cubic. The Grassmann
points are the intersection of the Brocard axis and the Kiepert hyperbola. These
are complex.

7. Further examples

So far, almost all of our examples have been isogonal cubics. In this section, we
look at some cubics with different poles. We have chosen examples where at least
one of the cubics involved is in [2]. In the latest edition of [2], we have the class
CLO041. This includes cubics derived froM¥ = p : ¢ : r. In our notation, we
have the cubim/Cy(W, R), whereR = p? — qr : ¢*> — pr : r? — pq, the G-Hirst
inverse of’. The parent ip/C(W, S), whereS = p? +qr : ¢ +pr : 2 +pq. The
Grassmann points are the barycentric square and isotomic conjugtte dhe
cevian points are the bicentric paifr : 1/p: 1/qandl/q : 1/r : 1/p. Example
7 is the case wherd/ = K, so that the Grassmann points are the centgi32),

X (76), and the cevian points are the Brocard points. Our first two examples come
from C'L041.

Example 12. If we put W = X (1) in constructionC'L041, we getn/y(X (1),

X (239)) with parentK'132 = pK(X (1), X(894)). The Grassmann points aré,
X(75), and the cevian points are those described in [3] as the Jerabek points. A
harmonic associate df 132 is then K323 = p/C(X (1), X (239)).
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Example13. If we putiV = H in construction of”' L041, we getn Xy (H, X (297))
with parentp/C(H, S), whereS is as given in the discussion 6fL041. The Grass-
mann points areX (393), X (69), and the cevian points are those described in [3]
as the cosine orthocenters.

Example 14. The shoemaker’s cubics al070a = pX(H, X (1586)) and K 070b
= pK(H,X(1585)). As stated in [2], these meet & and H. If we normalizeG
asl : 1:1andH asAtanA : Atan B : AtanC, with A = £1, we get an
n/C(H, X (1585), k) with parentK070a, and am/C(H, X (1585), k') with parent
KO070b. The Grassmann points afeand H. Note thatK070a and K070b are
therefore harmonic associates.

The next five examples arise from Theorem 19. Further examples may be ob-
tained from the page on centakC in [2].

Example 15. The complement ofX (1) is X (10), the Spieker center, the anti-
complement ofX (1) is X (8), the Nagel point. The center of the inconic with
perspectorX (1) is X (37). If we apply Theorem 19 witlX = X (1), then we
get a cubicC = nkC(X (37), X (8), k) with parentp/C(X (37), G). The Grassmann
points areX (1) and X (10). The cubicp/C(X (37), G) does not appear in the cur-
rent [2], but containsX (1), X (2), X(10) and X (37). The harmonic associate of
C degenerates as the line at infinity and the circumconic with persp&qieir),
and has parenk 033 = pK(X (37), X (8)).

Example 16. The complement ofX (7), the Gergonne point, iX(9), the Mit-
tenpunkt, the anticomplement &f(7) is X (144). The center of the inconic with
perspectorX (7) is X (1). If we apply Theorem 19 wittX = X (7), then we get
a cubicC = nK(X(1), X(144), k) with parentpK(X(1),G). The Grassmann
points areX (7) and X (9). The cubicp/X(X (1), G) does not appear in the current
[2], but containsX (1), X (2), X(7) and X(9). The harmonic associate 6fde-
generates as the line at infinity and the circumconic with perspécfoy, and has
parent/K202 = p/(X (1), X (144)).

Example 17. The complement ofX (8), the Nagel point, isX (1), the incenter,
the anticomplement ok (8) is X (145). The center of the inconic with perspector
X(1) is X(9). If we apply Theorem 19 withX = X (8), then we get a cubic
C = nk(X(9), X (145), k) with parentp/C(X (9), G). The Grassmann points are
X (8) and X (1). The cubicpX(X(9),G) does not appear in the current [2], but
containsX (1), X(2), X(8) and X(9). The harmonic associate 6fdegenerates
as the line at infinity and the circumconic with perspeciof9), and has parent
K201 = pK(X(9), X(145)).

Example 18. The complement ofX (69) is K, the anticomplement ok (69) is

X (193). The center of the inconic with perspect&69) is O. If we apply Theo-

rem 19 withX = X (69), then we get a cubi€ = nkC(O, X (193), k) with parent
K168 = pK(O,G). The Grassmann points af(69) and K. The harmonic as-
sociate ofC degenerates as the line at infinity and the circumconic with perspector
O, and has parentK (0, X (193)).
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Example 19. The complement ofX (66) is X (206), the anticomplement is not

in [5], but appears in [2] a$’161 - see K161. The center of the inconic with
perspectorX (66) is X (32). From Theorem 19 wittlX' = X (66), we get a cubic

C = nK(X(32), P161, k) with parentK177 = pK(X(32),G). The Grassmann
points areX (66) and X (206). The harmonic associate of C degenerates as the line
at infinity and the circumconic with perspectar(32), and has parenk'161 =
pK (X (32), P161).

In Examples 3 and 9, we met the kjp culfid®24 = nky(K, K). The parent
is the McCay cubidf003 = p/ (K, O). It follows that the harmonic associate of
K024 is of the formn/C( K, O, k), and that this has parent the Grebe cukin2 =
pK(K, K). From Theorem 9(b), the genenakly (W, W) has parenpb (W, V),
whereV is the G-Ceva conjugate of¥/. The harmonic associate will be of the
form nKC(W, V, k), with parentp/C(W,W). This means that the clags.007,
which contains cubice/C(W, W), is related to the clas§'L009, which contains
cubicsp/C(W, V), and to the clas§€’L026, which contains cubicaky(W, ).
We give four examples. In general, the Grassmann points and cevian points may
be complex.

Example 20. As above, the cubiaky(X (1), X (1)) has parenp/(X (1), X (9)).
The harmonic associatéC(X (1), X (9), k) has parenf{101 = pK(X (1), X (1)).

Example2l. As above, the cubia/Cy(H, H) has parent 159 = pXC(H, X (1249)).
The harmonic associatéC(H, X (1249), k) has parenf(181 = pK(H, H).

Example 22. The cubicny(X (9), X (9)) has parenf{157 = pK(X(9), X (1)).
The harmonic associatéC(X (9), X (1), k) has parenp/C(X (9), X (9)).

Example 23. The cubicnky(X(32), X(32)) has parent160 = pK(X(32),
X (206)). The harmonic associatélC(X (32), X (206), k) has parenp/C(X (32),
X (32)).

8. Gibert’stheorem

In private correspondence, Bernard Gibert has noted a further characterization
of the vertices of the desmic structures we have used.

Theorem 21 (Gibert) Suppose that P,and () are two VW -isoconjugate points on
the cubic pKC(W, S). For X on pK(W,S), let X* be the tangential of X, and
pC(X) bethe polar conic of X. Now pC(P") meets pXC(W, S) at P* (twice), at P,
and at three other points A, B’, C’, and pC(Q") meets pXC(W, S) at Q' (twice), at
Q, and at three other points A”, B”, C". Then the points A’, B/, C’, A”, B", C"
are the vertices of a desmic structure with perspectors P and Q).

This can be verified computationally.
Appendix

We observe that the cubidC(W, R, k) meets the sidelines dk ABC at A, B,
C and at the intersections with(R). This accounts for all three intersections of
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the cubic with each sideline. The calculation referred to in Theorem 6(e) shows that
n/C(W, R, k) andp/C(W, R4) touch atB, C', meet atA, and at the intersections

of 7(R) with AB and AC. On algebraic grounds, there are nine intersections, so
in the generic case, there are two further intersections. We now look at the Maple
results in detail. If we look at the equations fo/c(W, R, k) andp/C(W, R4 ) and

solve fory,_z,_then we get the expected solutions, and ax, y = %ﬁgr)
whereq satisfies

2u(2vtr — ks) X% + (duvt? + dvwr? — duvs® — k*) X + 2w(2vtr — ks) = 0.

We cannot have = 0, ory = z = 0. Thus we must have = 0, giving z = 0, or
a= —%, givingy = 0. The equation for has a nonzero root only wheén= @
If we put—% in the equation fow, we getk = @ ork = % If we replace
pKC(W, R4) by pK(W, Rp) or pK(W, R¢), we clearly get the same results. This
establishes the criteria set out in Theorem 6(e).

If we consider the cask = 2”% the equation for a becomeés = 0, so we can
regard the solutions as limits as a tend$ @r co. The former leadsto : —s : 0,
the latter to0 : 0 : 1. We will meet these again below. We now examine the locus
GN(AA'B'C") where the vertexd’ = a; : ay : ag lies on a sideline. Ity = 0,
the equation for the locus has some zero coefficients. This cannot include the cubic
n/C(W, R, k) unless it is the whole plane. Thus we cannot define a cubic as a locus
in this case.

Guided by the above discussion, we now examine the gase(. Let B’ =
b1 : by : b3, C' = ¢1 : ¢y : c3. The condition for the locus to be arkC becomes
asbzc; = 0. Takingas, = 0 or b3 = 0 leads to an equation with zero coefficients,
so we must have; = 0. When we equate the coefficients of the equations for the
locus andn/C(W, R, k) other tham?z andzyz, we find a unique solution. After
scaling thisisA' =r: —s:0, B’ =u/r: —v/s:w/t,C’ =0: —s:t. Thenthe
locus isn/C(W, R, 2vtr/s). A little thought shows that for fixedll’, R, there are
only three such loci, giving/C(W, R, k) with k = 2ust/r, 2vtr/s, 2wrs/t. From
our earlier work, we know that there is no other way to express these cubics as loci
of typeGN.

We should expect to obtain a desmic stucture by takingsoconjugates off,
B’, C'. If we write the isoconjugate ok = z : y : z asuyz : vzx : wry, then
the isconjugates ard’ = C,B”" =r: —s:t= Rp, C" = A. ThenAABC and
AA'B'C’" have perspectaB, AABC andAC Rp A have perspectaP = r : 0 : t,
ACRpgA and A A’ B'C’ have perspectoR.

It is a moot point whether this should be termed a desmic structure. It satisfies
the perspectivity conditions, but has only eight distinct points. If we repléce
by any point, we still get the same perspectors. If we allow this as a desmic, then
Theorem 7 holds as stated. If not, we can either add these three cubics to the
excluded list or reword in the weaker form.

Theorem 7'. If acubic C is of type nkC, but not of type ck, then thereisatriangle
A withC = GN(A), and at most two such triangles.



138 W. Stothers

To get R as the barycentric difference of perspectors, we need to $tdte
0: —s:0. Thenthe sumifg. A check using Theorem 9(b) shows that the parent
is indeedp/C(W, Rp) = GP(AA'B'C’"). Replacing each coordinate £fin turn
by the corresponding one frold, we getC, Rg, A, as expected. On the other
hand, starting fronB, we getA4’, 0 : 0 : 0, C’. This reflects the fact that the other
points do not determing’. When we compute the equation 6N (ACRpA),
we find that all the coefficients are zero. Thus cubics of this kind are Grassmann
cubics for only one triangle rather than the usual two.
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