Forum Geometricorum
Volume 6 (2006) 139-147.

FORU GEOM

ISSN 1534-1178

Concurrent Medians of (2n + 1)-gons

Matthew Hudelson

Abstract. We exhibit conditions that determine whether a se2of 1 lines

are the medians of @&n + 1)-sided polygon. We describe how to regard cer-
tain collections of sets of medians as a linear subspace of related collections of
sets of lines, and as a consequence, we show that every 2etpfl concur-

rent lines are the medians of sori + 1)-sided polygon. Also, we derive
conditions om + 1 points so that they can be consecutive vertices(@hat 1)-

sided polygon whose medians intersect at the origin. Each of these constructions
demonstrates a procedure that generglest 4)-degree of freedom families of
median-concurrent polygons. Furthermore, this number of degrees of freedom
is maximal.

1. Motivation

It is well-known that the medians of a triangle intersect in a common point. We
wish to explore which polygons in general have this property. Necessarily, such
polygons must have an odd number of edges. One easy source of such polygons
is to begin with a regula¢2n + 1)-gon centered at the origin and transform the
vertices using an affine transformation. This exhausts the triangles as every triangle
is an affine image of an origin-centered equilateral triangle. On the other hand,
if we begin with either a regular pentagon or a regular pentagram, this process
fails to exhaust the median-concurrent pentagons. Consider the pentagon with the
sequence of verticesy = (0,1), v1 = (1,0), v2 = (2,1), v3 = (—2,-2), and
vg = (6,2), depicted in Figure 1.
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P

Figure 1. A non-affinely regular median concurrent pentagon

v3

It is easy to check that for eaglall indices modulo 5), the line throughand
$(viy2 + vi13) contains the origin. Alternatively, it suffices to check thaand
vi+2 + v;+3 are scalar multiples. On the other hand, this pentagon has a single self-
intersection whereas a regular pentagon has none and a regular pentagram has five,
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so this example cannot be the image under an affine map of a regular 5-gon. Thus,
we seek alternative and more comprehensive means to construct median concurrent
pentagons specifically ari@n + 1)-gons in general.

We approach this problem by two different means. In the next section, we con-
sider families of lines that serve as the medians of polygons and in the section
afterwards, we begin with a collection aft+ 1 consecutive vertices and show how
to “complete” the collection with the remainingvertices; the result will also be a
(2n 4 1)-gon whose medians intersect.

2. Families of polygons constructed by medians

2.1 Oriented lines and the signed law of sines. In this section, we will be working
with oriented lines. Given a lin8 in R?, we associate with it a unit vecterthat is
parallel with?'. The oriented lin€ is defined as the pai¥, v). Then given points

A and B on/, we can solved B = tv for ¢ and say that is the “signed length”
from A to B along/; this quantity is denoted,(A, B). If t > 0, we will say that
B is on the “positive side” ofd along/; if ¢ < 0, we will say thatB is on the
“negative side” ofA along/. Switching the orientation of a line switches the sign
of the signed length from one point to another on that line.

Let ¢, and/s be two non-parallel oriented lines attbe their intersection point.
Let D; be a point on the positive side 6f along4. The “signed angle” frond;
to /5, denotedd,, is the angle whose magnitude (in the rar{@er)) is that of
/D1C Dy and whose sign is that of the cross producik v, the vectors thought
of as lying in thez = 0 plane ofR3. The signed angle of two parallel lines with the
same unit vector i8, and with opposite unit vectorsis Switching the orientation
of a single line switches the sign of the signed angle between them.

43
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Figure 2. The signed law of sines
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In Figure 2 we have three oriented lings(s, /3. PointA;; is at the intersection
of ¢; and/;. As drawn,A;3 is on the positive side afl;; along/;, As;3 is on the
positive side ofA4;5 along /s, and Ass is on the positive side ofi;3 along /3.
Letting o = 4142314131412 andﬁ = ZA12A23A13, we havesin o = sin 913 and
sin B = sin 3.

By the ordinary law of sines and the above comments abarid3, we have

dg, (A1, A1)  de,(Ar2, Ass)
sin 923 N sin (913

Note that if we switch the orientation éf, then the numerator of the LHS and the
denominator of the RHS change signs. Switching the orientatignabfanges the
signs of the numerator of the RHS and the denominator of the LHS. Switching the
orientation off3 changes the signs of both denominators. Any of these orientation
switches leaves the LHS and RHS equal, and so the equation above is true for
oriented lines and signed angles as well; we call this equation “the signed law of
sines.”

2.2 Constructing polygons via medians. Let 4, {1, ..., /s, be 2n + 1 oriented
lines, no two parallel, ifR?. Let B; ; be the point of intersection of and/;,
and letd; ;1 bedy,, (B i1, Biy1,42). Finally, choose a pointly on ¢, and let
So = dyy(Bo,1, Ao).

mi Lryo

Figure 3. Constructing consecutive points via medians

Given a point4; on ¢, we construct the pointly 5 on /.o (the indices of
lines are modul@n + 1) as follows and as depicted in Figure 3.

Construction 1. Construct line m; through A;, and perpendicular to /.. Let
point B be the intersection of line ¢,,; and m;. Construct point C' on line m;
so that segments A, B and BC are congruent. Construct line m; through C' and
perpendicular to m;. Let point Ay o be the intersection of lines my and ¢, .
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We note that lin€ 1 intersects segment;,, Ax 5 at its midpoint.

We defineSy, = dy, (B k+1, Ar) andd;; to be the signed angle subtended from
¢; to ¢;. Lettingm be the line through,, and Ay, 2 andy = 0y, | ., We have by
the signed law of sines,

T S

sin O k11 N sin(0 k+1 + @)

and
x Sk42 + O0kt1

sinfpii ke SIN(Opptr + )
Eliminating x, we have

sin O k41

Sk+2 = Sk — Oky1-

SinOg41 k+2

Let )
sin 0k,k+1
9k = = -
Sin 041, k+2

Then we have the recurrence
Sk+2 = 9kSk — Ok41-

This leads to
Sk+4 = Gk+2Sk+2 — Ok43

= Gk+29kSk — Jk+20k+1 — Ok43,

and
Si+6 = 9k+4Sk+4 — Ok45

= Gk+49k+29kSk — Gk+49k+20k+1 — Gk+40k+3 — Ok+5.
In general, if we define
Pk pm = Gk+2pGk+2p+29k-+2p+4 - - - Gh+2(m—1)s
we have

Sk+2m = PiomSk — Pr1,mOk+1 — Mk 2m0k43 — -+ — Okt2m—1-
We are interested in the case when we begin with a pdjran ¢, and eventually
construct the pointdy(,,,, 1) which will also be on linels. Whenk = 0 and
m = 2n + 1, we have
So@2n+1) = 10,0,2n+150 — ho,1,2n+101 — ho2,2n+103 — *++ — da(2n41)—1-
We notice first that

2n 2n . m .
h _ _ sinfokokr1  [Tposin ok 2kt
0,0,2n+1 = Hg% = H no ~ 12n .
k=0 im0 S 02k 12k+2  JTZ0 sin Ogk41,2642

Since the subscripts in the latter products are all mog@ule- 1, it follows that the
terms in the numerator are a permutation of those in the denominator. This means
thathg o,2,+1 = 1. The second observation is that

So(2n+1) = So + alinear combination of théy ; 2,1 values
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The coefficients of this linear combination are this. The nullspace of thé
values will in fact be a codimension 1 subspace of the space of all possible choices
of (60,91, ...,02,)". Animmediate consequence of this is that if forialve have

0; = 0 thenSy,+2 = Sy and so we have closed the polygdp, A,, Ay, ...,

Agnt2 = Ap. We have shown

Proposition 1. Any set of 2n + 1 concurrent lines, no two parallel, in R? are the
medians of some (2n + 1)-gon.

Consider choosing a family @ + 1 concurrent lines. Each line can be chosen
by choosing a unit vector, the choice of each being a single degree of freedom (for
instance, the angle that vector makes with the vectodf"). Another degree of
freedom is the choice of poidly on ¢y. Finally, there are two more degrees of
freedom in the choice of the point of concurrency. This is a totahot 4 degrees
of freedom for constructing2n + 1)-gons with concurrent medians.

3. Families of median-concurrent polygons constructed by vertices

Suppose we have three poirfts b), (c, d), and (e, f) in R? such that(a, b) #
(—c,—d). We seek a fourth poiru, v) such thatu, v), (a + ¢, b+ d) and(0, 0)
are collinear, anda, b), (e + u, f + v) and(0, 0) are also collinear.

(e, f)

(c,d) (z,y)

A (0,0) (u, v)

g~ (@:b)

Figure 4. Constructing the fourth point

The point(u, v) can be constructed as follows:

Construction 2. Let A be the midpoint of the ssgment joining (a, b) and (¢, d) and
m; be the line through A and the origin. Construct the line m, parallel to m,
that is on the same side of, but half the distance from (e, f) asmy. Let m3 bethe
line through (a,b) and the origin, intersecting my at (z,y), and let my4 be the line
through (e, f) and (z,y). The point (u,v) isthe intersection of lines ny and my.
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It must be the case thét, v) = k(a + ¢,b + d) and also
u(b+d) =v(a+c)
ble +u) =a(f +v).
Subtracting, we have
ud — be =vc—af
or
k(a+ ¢)d —be = k(b+ d)c — af.
Isolating k, we have
_be—af
~ ad—bc’
Notice that the fourth point is uniquely determined by the other three, provided
ad — be # 0.
We formalize this in the following definition.
Definition 1. Given point A = (a,b),C = (¢,d), and E = (e, f), we define the
point F'(A, C, E) by the formula

be —af
ad — bc

This point satisfies the property that thelines F, (A + C) and A, (E + F') intersect
at the origin.

F=F(AC,E) = (A+0).

Now, suppose we have+ 1 points inR?, z; = (a;, b;), 0 < i < n, and suppose
that no line joining two consecutive points contains the origin. Starting=at0
we definex;,+1 = F(x;, zit1, zi+n). We address what happens in the sequence
o, T1,T2,. ...

We can recast our definition of the point_,,; using the following definition.

Definition 2. For 0 < j, k, Aj,k = ajbk — bjak.
Armed with this, we have

- AiJrn,i
Litn+1 = A

(.Ti + xi+1).
1,0+1

Also, we use induction to prove:

Proposition 2. For all j > 0, Aj1,; = App.

Proof. The caseg = 0 is obvious. Suppose the result is true jo& k. Then

Apt14nk+1 = Qhp1enbrs1 — Opr14nQrpt

AV
At
AV
C Apgtr
= Dpink
=Ano

which completes the induction. O

((ag + ag41)brr1 — (b + bry1)ak41)

(apbrs+1 — brags1)
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As a consequence, we have

n,0

Titntl = X (w5 + Ti41)-

i,i+1
We verify a useful property of\; ;.:
Proposition 3. For all 5, k, ¢,
A]’,kxz + Amxk = A&k{lj‘j.
Proof. We work component-by-component:

Aj,kag + Amak = (ajbk — bjak)ag + (azbj — bgaj)ak-
= ajbkag — bjakag + aﬂbjak - bga]’ak
= (aeby — beay)a;
= Ay raj,

and

Ajkbe + Ag by = (a;by — bjax)be + (agh; — bea;)by
= ajbkbg — bjakbg + aébjbk - bga]’bk
= (agby — beay,)b;
= A&]gbj.

We can now prove the following:

Proposition 4. For all 0 < i < 2n, thereisak; such that ;1 + z; = k;x,,; (all
subscripts modulo 2n + 1).

Proof. Fori = 0, we calculate

An,O
Anfl,n

1
= A (An,Oxnfl + An,Oxn + Anfl,n-rO)
n—1,n

)

Top + o = (Xn—1 + xn) + 2o

1
= A ((An,Oxn—l + An—l,nxO) + An,Oxn)
n—1,n

1
- A 1 (An—l,Oxn +An,0xn)
n—1n
_ Apaot An,Ox
Anfl,n "

and so
Ap_10+Anp
Anfl,n

If 1 <4 < n,then by the definition of, 4, ki = A;_1,;/An 0.

ko =
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To handle the case whén= n 4 1, we calculate

A
Tn + Tpy1 = Tn + A—mo(xo + xl)
0,1

1
= A—(Aoylxn + An70($0 + 1‘1))
0,1

= A—Ol(Ao,len + Ap o1+ Apoxo)

1
= A—(An,le + Ay 070)
0,1
_ An,l + An,O 0
Ao,1

and so
k | = An,l + An,O
"* Ao

For the values of, n + 2 < i < 2n, we setm = i — n and we have, using the
Symb0|6 = An,O/(Ame,mflAmfl,m)y

Ti—1 + Ti = Tptm—1 + Tn+m
Anp
Amfg,mfl Amfl,m
=0(Am—1m(@m—2+ Tm—1) + A—2m—1(Tm—1 + Tm)
=0((Am—1,mTm—2+ Apm—2.m—1Tm) + (Am—1.m + Am—2.m—1)Tm—1)
=0(Am—2m + Ap—1m + Ar—2m—1)Tm—1
= 0(Am—2m + Am—1m + A—2.m—1)Titn

noting thatm —1 =i —n—1 =i+ n modulo2n + 1, and so fom + 2 < i < 2n,
we have

An,O

(-Tme + .Tm,1) + (xmfl + wm)

Ay o(Aicn—2i—n+Dicn—1i—n+ Din—2i—n_1)

ki =
Aipn—2i-n-18i—n—1,i—n

g

What this proposition says, geometrically, is that the points + x;, ;1
and the origin are collinear. Alternatively, setting= j + n + 1, we find that
the pointsz;, x4, + =;4+n4+1 a@nd the origin are collinear. But this means that
3(Zj4n + Tj4n41) is also on the same line, and so the line connectjngnd the
midpoint of the segment joining; ., andx;,, 1 contains the origin.

As a direct consequence, we obtain the following result:

Proposition 5. Given any sequence of n + 1 points, xy, x1, - . . , £, such that the
originisnot on any linez;, z; ;1 or T, Zg, then these points are n + 1 verticesin
seguence of a unique (2n + 1)-gon whose medians intersect in the origin.

Here, we can choose + 1 points to determine &n + 1)-gon whose medians
intersect at the origin. Each point contributes two degrees of freedom for a total of
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2n+2 degrees of freedom. Two more degrees of freedom are obtained for the point
of concurrency, for a total of2n + 4) degrees of freedom. This echoes the final
result from the previous section. That we cannot obtain further degrees of freedom
follows from the previous section as well. Theaay set of2n + 1 concurrent lines

(in general position) produced a concurrent-medim+ 1)-gon. We cannot hope

for more freedom than this.
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