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Abstract. In Euclidean geometry the verticésof those angleg’ AP B of size

« that pass through the endpoirts B of a given segment trace the arc of a
circle. In hyperbolic geometry on the other hand a set of equivalently defined
points P determines a different kind of curve. In this paper the most basic prop-
erty of the curve, its convexity, is established. No straight-forward proof could
be found. The argument rests on a comparison of the rigid motions that map one
of the angles AP B into other ones.

1. Introduction

In the hyperbolic plane lel B be a segment and one of the halfplanes with
respect to the line through and B. What will be established here is the convexity
of the locus(2 of the pointP which lies in H and which determines together with
AandB an angleZ AP B of a given fixed size. In Euclidean geometry this locus is
well-known to be an arc of the circle throughand B whose cente€ determines
the (oriented) anglee ACB = 2 - ZAPB. In hyperbolic geometry, on the other
hand, one obtains a wider, flatter curve (see Figure 1; [2, p.79, Exercise 4], [1],
and also [6, Section 50], [7, Section 2]). The evidently greater complexity of the
non-Euclidean version of this locus shows itself most clearly when one considers
the (direct) motion that carries a defining angld P B into another defining angle
/AP'B. Whereas in Euclidean geometry it has to be a rotation, it can in hyperbolic
geometry also be a horocyclic rotation about an improper center, or, surprisingly,
even a translation. For our convexity proof it appears to be practical to consider
the given angle as fixed and the given segment as moving. Then, as will be shown
in the Main Lemma, the relative position of the centers or axes of our motions can
be described in a very simple fashion, with the sought-after convexity proof as an
easy consequence. As to proving the Lemma itself, one has to take into account
that the motions involved can be rotations, horocyclic rotations, or translations, and
it seems that a distinction of cases is the only way to proceed. Still, it would be
desirable if the possibility of an overarching but nonetheless elementary argument
would be investigated further.

The fact of the convexity of our curve yields at least one often used by-product:

Theorem. Let AB bea segment, H a halfplane with respect to the line through A
and B, and ¢ a line which has points in common with A but avoids segment AB.
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Figure 1

Then the point X, when running through ¢ in H, determines angles ZAX B that
first monotonely increase, and thereafter monotonely decrease in size.

Our approach will be strictly axiomatic and elementary, based on Hilbert's ax-
iom system of Bolyai-Lobachevskian geometry (see [3, Appendix IlI]). The appli-
cation of Archimedes’ axiom in particular is excluded. Beyond the initial concepts
of hyperbolic plane geometry we will only rely on the facts about angle sum, de-
fect, and area of polygons (see e.g. [2, 5, 6, 8]), and on the basic properties of
isometries. To facilitate the reading of our presentation we precede it with a list of
frequently used abbreviations.

1.1 Abbreviations.

111 [AjAs...Ap. . A;... A, ... A,] for ann-tuple of points withA; between
ApandA,forl1<h<i<k<n.

112 AB,CD,... for segments, and(AB), (CD), ... for the relatedopen in-
—_— =
tervals AB — {A,B}, CD — {C,D},...; AB,CD,... for therays from A
—_— .
through B, from C through D, ..., and(A)B, (C)D, ... for the relatedchalflines

—_— — .
AB—{A}, CD—{C},...; ((AB),¢(CD),...forthelinesthroughA andB,
CandD,....

1.1.3 a,b,c,... are general abbreviations for Iineﬁ,?,?,... for rays in
—
those lines, anda), (b ), (¢),. .. for the related halflines.

1.1.4 H(a,B), where the poin3 is not on lineq, for the halfplane with respect
to a which contains B, and H (a, B) for the halfplane with respect to a which does
not contain B. The improper ends of rays which enter halfplaidehrougha are
considered as belonging 1.

1.1.5 perga, B) for the line which isperpendicular to a and incident withB;
proj(S, ¢) for the orthogonal projection of the point or pointses to /.

1.1.6 ABCD for the Lambert quadrilateral with right angles atd, B, C and an
acute angle ab.

1.1.7 R forthe size of a right angle.
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1.1.8 a X b, a X P,... fortheintersection point of the linesa andb, of the
line a and the rayp', . . . .

1.1.9 - - o (in figures) for specific acute angles witrdenoting a smaller angle
than-.

Remark. In the figures of Section 3, lines and metric are distorted to better exhibit
the betweenness features.

2. Segmentsthat join thelegs of an angle

In this section we compile a number of facts about segments whose endpoints
move along the legs of a given angle. All statements hold in Euclidean and hy-
perbolic geometry alike; the easy absolute proofs are for the most part left to the
reader. -

Let Z(@, b) be an angle with verte®, andC be the class of segments B,

of lengths that have endpointi, on leg(@’) and endpoint3, on Ieg(?) of this
angle, and satisfy the equivalent conditions

(la) /PA,B, > /PB,A,, (1b) PA, < PB,,

(see Figures 2a, b). We will always drai b as rays that ardirected downwards

and, to simplify expression, refer # as thesummit of /(a’, 7). As a result of
(1a) the segmentd, B, are uniquely determined by their endpoints (@), and
C can be generated by sliding downwards through the pointS&zgrand finding

=
the related points ofb ).

Figure 2a Figure 2b

It is easy to see that during this downwards movemémt4, B, decreases
and ZPB, A, increases in size. Due to (1a) the segmdnB, which satisfies
/PAyBy = LPByAy, PAy = PBjis the lowest of clas§.
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If £(a, 7) < R then the clas§ contains a segment, B, such that/ PA, B, =
R. Note that when4, moves downwards fron® to A,, B, moves in tandem
down from the poin©O s units belowP to B,, but that when4,, moves on down-
wards fromA,, to Ay, By moves back upwards froml, to B, (see Figure 2a). If
/(d, 3)) > R no perpendicular line t¢a’) meets(?) and the pointd3, move
invariably upwards when the points, move downwards (see Figure 2b).

Now consider three segmentsB, A; By, A, By € C whose endpoints ofia’)
satisfy the order relatiopd 4; A, P], and the direct motions that carry segmei?
to segmentd; B; and to segmen#i; B;. These motions belong to the inverses of
the ones described above and may c&tfirst downwards and then upwards. As a
result there are seven conceivable situations as far as the order of the/polts

and Bs is concerned (see Figure 3):

(I)  [ByB1BP], (I) [B1BP], By, = B;
(I1T)  [B1B2BP], (IV) [B1BP], By = B,
(V)  [BiBByP], (VI) [BB2P|, B1 = B, and
(VII) [BB;ByP]
P P P P P P P
A A A A A A A
B, B, B,
B,
—1> —1> —t>
level Bo B, |B B, B T
B 131 B : B| — B
B[, B,
B. B.L B, B B, B.L

BB ap @p @) (V) (VD) (VD

Figure 3

In case/ (@, 7) > R the pointB moves solely downwards (see Figure 2b) and

we find ourselves automatically in situation (I). On the other hand, 7) <R
and A lies on or aboved, both endpoints of segment5 move simultaneously
upwards, first tod; B; and then on tod, B (see Figure 2a); this means that we
are dealing with situation (VII).

In Figure 3 the level of the midpoin¥; of BB is indicated by an arrow to the
left, and the level of the midpoint, of B B, by an arrow to the right. We recognize
at once that we can ug€, and N, instead ofB; and B, to characterize the above
seven situations. Set forth explicitly, a triple of segmeAfs, 4 B, A2By € C
with [AA; A, P] can be classified according to the following conditions on the

midpoints N1, Ny of BB1, BBso:
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(1) [NoN1BP], (II) [N1BP], Ny = Ny,
@ vy mBNP) (VI) [BNP|, Ny = B, and
(VII) [BN;N,P].

1 . . .
Note that alwaysV; N, = EBlBg. The midpointsi;, M, of AA;, AAs sim-

ilarly satisfy My Mo = §A1A2; here the direction\; — M, like the direction
A; — A, points invariably upwards.

Figure 4 Figure 5

In closing this section we deduce two important inequalities which involve the
pointle, My, N7 and Ns.

FromPA < PB, PA; < PB; (see (1b)) follows
(3) PM; < PN; (i=1,2),
(see Figure 4). In addition, for situations (lII) - (VII) in whid, lies aboveB; and
N, aboveN; we can establish this. In the right trianglés4; A, By, A AL A2 Bo
whereA] = proj(A;,b), A, = proj(As,b), Aj A1 > ALAy, A1B1 = AsBs (=39),
and as a resultt) B; < A, B, (see Figure 5). Sal|A) > B;Bs, and because
A1Ay > AL AL, A1 As > B1Bs. Noting what was said above we therefore have:

4 If Ny lies aboveN; thenM; My > N1 Ns.
3. Thecenters of two key segment motions

In this section we locate the centers of the segment motions described above.
Our setting is the hyperbolic plane in which (as is well-known) three kinds of
direct motions have to be considered. The Euclidean case could be subsumed with
few modifications under the heading of rotations.
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Figure 6

Let u; be the rigid, direct motion that carries the segmd® < C onto the
segment4d;B; € C (i = 1,2) whereA; lies aboveA, and letm; = perga, M;),
n; = perpb, N;). If lines m; andn; meet,u; is arotation about their intersection
point G;, if they are boundary parallely; is animproper (horocyclic) rotation
about their common eng}, and if they are hyperparallel; is atranslation along
their common perpendiculaf (see e.g. [4, p. 455, Satz 13; Figure 6]). We ¢l
~i Or g; the center [G;] of the motiony;. For any pointX disjoint from the center,
¢(X[G;)) denotes the line joining to the center of;, namely/(X G;), ¢(X~;),
or perggi, X ). The ray fromX contained in this line and in the direction ;]
will be referred to as theay X [G;] from X towards the center of 1;; specifically

. —) _) - . - —)
for X = P, M;, N; we definep; = P[G;], m; = M;|G;] and (if it exists)n; =
—_

N;[G;].

Figure 7

We now show that the cent@®;] of motion y; must lie inH (a, B).

If n; does not intersecta’) this is clear; ifn; meetsa in a point/ (see Fig-
ure 7) we verify the statement as follows. Segmétas the hypothenuse of
APIN; is larger thanPN; and so (see (3)) larger thah)M;. Consequently the
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angleZPIN; = ZM;IN; is acute, which indicates thaf when entering” (a, B)
atI, approaches;. As a resul{G;] must lie inH (a, B).

Some additional consequences are implied by the fact that the défijterf
either motiony; is determined by a pair of perpendicularg, n; to linesa and
b (see again Figure 6). IfG;] = ~; is a common end ofn;,n;, and thus the

center of a horocyclic rotation, it cannot be the end of?aySimiIarly, if [G;] =

g; is the common perpendicular ef; andn;, and thus the translation axis, it is
hyperparallel to both of the intersecting linesh and, as a result, has no point in
common with either; furthermore, andb, being connected, must belong to the
same halfplane with respect go On the other hand, iiG;] = G; is the common
point of m; andn;, and thus the rotation center, it is indeed possible that it lies on
(7). The pointG; then is collinear withB and with its image5; which means
that for B # B; the rotation is a half-turn an@; coincides with the midpoind;

of BB;; in additionG; should be the midpoint4; of AA; which is impossible. So

B = B, = N; = G;; conversely, one establishes easily that if any two of the three
points B, B;, N; coincide,y; is a rotation with center; equal to all three.

We now assume that our plane is furnished with an orientation (see [3, Section
20]), and that without loss of generality lies to the left of ray@. This ray
entersH (a, B) at the pointA of (@) andH(b, A) at the point3 of (b ). Also
m; = M;[G;] entersH (a, B) at a point of('@’) and so hasP on its left hand
side as well (see Figure 8). As to the i@y = N;[G;] which (if existing, i.e. for
[G;] # N;) originates at the poind; of (?), it has P on its left hand side if and
only if it entersH (b, A), i.e. if and only if[G;] belongs toH (b, A).

Figure 8a Figure 8b

Because the motiop; carriesA acrossm; to A; on the side of?, 4; lies to the
left and A to the right ofm;. Being a direct motiony; consequently also moves
B (if B # N;) from the right hand side of; = N;[G;] to B; on the left hand side
which is the side ofP iff [G;] belongs toH (b, A). In short, motiony; carriesB
upwards on( b ) iff [G;] lies in I (b, A).

We gather from the previous two paragraphs that
e [G;] belongs toH (b, A) if B; andN; lie aboveB on (?),
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—

eto(b)if B;=N; =B, and
eto H(b, A) if B; andV; lie below B on (3}).

Considering the motiong;, io again together we can tell in each of the seven
situations listed in (2) where the two motion centé®], [G2] (which both be-
long to H(a, B)) lie with respect tah. As we shall see, the relative positions of
[G1], [G2] can be described in a way that covers all seven situations: rotating ray

—

@ = PA aboutP into H(a, B) we always pass ra®|G] first, and rayP|[G2]
second. More concisely,

— S — —
MAIN LEMMA (ML). Ray p; = P[G:] alwaysenters Z/(a’, ps) = LAP[G3].

Proof. (The essential steps of the proof are outlined at the end.)

From (2) and the previous paragraph follows th@t] lies in H(b, A) in sit-
uations ()-(V), on(_bj in situation (V1) and inH (b, A) in situation (VII); [Gs]
lies in H(b, A) in situations (I)-(I11), on(?) in situation (IV) and inH (b, A) in
situations (V)-(VIl), (see Figure 9). As a result the Lemma follows trivially for sit-
uations (IV)-(VI1). The other situations are more complex, and their proofs require
that the nature of the motion centéés], (: = 1, 2), which can be a pointr;, end
~; Or axisg; be taken into account. Thus a pair of motion centéfs, [G] can be
equal toG, Ga; G1,72; G1, g2, 71, G2; 71,725 71, 925 91, G2 91,725 91, 92-

The arguments to be presented are dependent on the mutual posiioiof\/,
on @ and of P, N;, N> on 3) and are best followed through Figure 9.

We first consider situations (1)-(lll) in whick (@', ) includes(p;) and (73).
To verify (ML) we have tgshow that; does not enteK(E’,;I)), or equivalently

thatp; does not enter’( b ,ps). (This assumep; # ps which either follows
automatically or as an easy consequence of the arguments below.)

We begin with the special case that meetsms in a pointI. In this case
statement (ML) holds ip> does not intersect linex, at I or in a point between
M, andI. Obviously this is so ifiG2] = 72 or go because thep; andms do
not intersect. IfGa] = G2, ps andms do intersect and we have to show that the
intersection point, which igs,, does not coincide witli or lie between)s; and
I. We first note that line:; does not intersect ray; in I or between/ and P
because the intersection point would have t@hand so lie onn,, a line entirely
belowmsy. As a consequenck P, M,, and, if it would lie betweerl/; and!, also
G4, would all belong to the same halfplane with respectitonamely H (ny, P).
However this would entail that line, which runs throughtz, would belong to this
halfplane, which is not the case in situations (I) and (Il). Thus we have established
for those situations thak, # I, and[MyG>I] does not hold, which means (ML)
is true. We will present the proof of the same in situation (IIl) later on.

Due to the Axiom of Pasch the poihalways exists ifA P M [G1] is a proper or
improper triangle, i.e. ifG1] = Gy, or ;. This means that we have so far proved
(ML) for the cases+1,v2; G1, 92; 71,72, V1, 92 and in addition foiGy, Go; 71, Go
in situations (I) and (I1).
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Figure 9

In the opposite special case thdtmeetsn; in a pointI’ we can analogously
show that for{G1] = 1 or g1 ray p; does not enter (b, p3) and (ML) holds. In
fact it is useful to mention here that this statement and its proof can be extended to
include configurations in which; meetsn,; in an improper point’.

In situation (1) the pointl’ always exists ifG2] = G2 or 42 due to the Axiom
of Pasch. In situation (Il) with, = ny I’ exists for[Gs] = G5 and/ exists for
[G2] = 12 because in the first cag®, = I’ and in the second casg = ¢/. This
means that we have proved (ML) also 81 Gs; g1, 72 in situations (1) and (11).

The proofs of the remaining cases, namelygs in situations (1)-(Ill), and
G1,Ga;, 11, Ge; g1,G2; g1,72 in situation (111) require metric considerations and
will be presented later.
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Remark. Taking into account that we have already established (ML) in the case in
which p; andms, meet in a point/ and [G2] = 72 or g we will assume when
proving (ML) for ¢, g» and~;, g» thatp; andms do not meet. At the same time,
taking into account that we have already established (ML) in the casgthatl

ny meet in a pointl” and [G1] = 71 or g; we will assume thap; andn; do not
meet.

Turning to situation (VII) we observe that each of the rays (i = 1,2)
intersects(?) in a point M, and approaches ray; in H(b, A), thus causing
£ZN;M![G;] to be acute. AnglePM!M; of the right triangleA PM; M is also
acute withP abovem;, which means/N; M/[G;] is its vertically opposite angle
and N; lies belowm;. As to the raysp; = ITGz]) they both entet (b, A) at P
which means that the angle§ @, 7;) have halfline( ) in their interior.

If p; does not intersecty, i.e. for [G2] = 72,92, angleZ(@’, p3) includes
(m3), (3) together with(b ). So, if in addition|[G1] = Gy or 1, halfline (p7)
crossegms) in order to meetm;), i.e. runs in the interior of (@', p3). Lemma
(ML) thus is fulfilled for Gy, v2; G1, 92; 71,725 V1, 92-

The remaining cases of (VIl) depend on two metric properties. Fopiv, <
My My and My My = proj(M] M, a) < M; M} (see (4) and Figure 9, VII) follows
NNy < M{M} and so

(5) NlM{ :NlMé—M{Mé < NlMé_NlNQ :NQMé

In addition, from the fact that\ P M} M, has the smaller area (larger defect) than
A PM;{ M follows £P MMy > /PM; M, and so

From (5) and (6) it is clear that iy, intersects or is boundary parallel tg then
m1 must intersecty, i.e. that the casesg, Go; g1, G2; g1, 72 cannot occur. Also,
from (5) and (6) follows that ifn;, n; intersect inG; andms, ny intersect inGs
then sideN; G, of AN; MG is shorter than sid&»Go of ANy M,G4. This and
PN; > PN, applied toAPN;G;, APN,G5 implies 4(?,;7{) < 4(7,;72’),
and so settles (ML) in the case 6f, G.

The main case left is that @fi, g2, both in situation (VII) and situations (1) -
(111). For use in the following we define pr@4,g;) = R;, proj(N;,g;) = Si,
proj(P, g;) = P;, and, assuming the points existy A\ ¢1 = U,no A ¢1 =
Vipa X g1 =W.

If in situation (V1) (in whichps lies aboven,, see Figure 10) the poift’ does
not existn; lies with ( b ), g1 with n1 and(p1) with g; in the interior ofZ(a’, p3)
thus fulfilling (ML). If W exists, linen, which runs between the lineg, mo and
so avoidsps, enters quadrilateraP N; S; W and leaves it, definin§y’, betweensS,
andv.

From (6) follows that Lambert quadrilaterah S; R, M| has the smaller angle
sum and so the larger area thahS; Ry M), which because of (5) requires that
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N1S1 > NoS,. As aresultV, W on rayS; R; satisfy[N2S2 V], [PP,W] respec-
tively. As /51 V Ny = Z5,V S5 of NoN1S1V is acute /V in B,Ss VW is obtuse
andZPy + /Sy + ZV > 3R. This means thatWW = ZPWV must be acute and

identical with Z PW P;; consequently(p7) = (P—Pf) must lie withV, Ny in the
interior of Z(@, p3 ), again confirming (ML).

M, N
X
M, \“\\
PR
q By
\ “6 N, N,
vk =3
m\ m, VA b
Vol
P M n
T
[
Vo
Wl o o
R UlR W V5§ g
J
R, B S,R

Figure 11a

Figure 11b

Each of the Figures 11a, b relating to situations (1), (lll) contains two pentagons
PM;R;S;N; (i = 1,2) with interior altitude PF,. Adding the images\/, R}

of M;, R; under reflection inPE, (as illustrated fori = 2 in Figure 11a) we note
that P, R; < P,S; because otherwise we would hat*\; = PM* > PN; in
contradiction to (3). Moreover B, PM; > /P;PN; as/P,PM; = ZP;,PM} <
ZP;PN; together withP, R} < P;S; would imply thatPM;* R} P; would be a part
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polygon of PN;S; P; while not having a larger angle sum (i.e. smaller defect). So
(7a) PR; < P;S;, (7b) /P,PM; > /F;PN;, (76) R;M; > S;N;.

In view of an earlieRemark we assume that the poibt exists and that it sat-
isfies [R,U P, |; together with[ Ry P, S1] this extends tqR; U P;.S¢]. In situation
(I) we can similarly assume thak andn; do not meet which means that the
point W exists and that it satisfied/1¥.5;], a relation that can be extended to
[RiUW S4]. In situation (1) we automatically hav& such thafU'V 5] and W
such thafUW V] is fulfilled, altogether thereforg? UWV S;].

In both situationsny andU—R{ include an acute angle which coincides with
the fourth angleZR,U M, of Lambert quadrilateralV/; M1 R;U and so lies on
the upper side of;;. It is congruent to the vertically opposite angle between
and UW Whichms lies on the lower side @f. In situation (Ill), for similar
reasonsn, and VIV include an acute angle which is congruentd, V.S, and
lies on the lower side of;. As a result of all this in situation (Ill) the closest
connectionR; Sy betweenns andns lies belowg,, and so does the auxiliary point
X = proj(W, mz) in situation (I).

Statement (ML) holds in both situations [ W] is fulfilled i.e. if P, =

—

proj( P, g1) belongs to legW)U of ZPWU. We note that this is the case iff
/PWU is acute.

Now, if in situation (I) R, P, and.S; lie below g; then the intersection point
of ny andg; exists and lies betweeN, and.S;, Z/ N,V S is acute,/S,V.S; =
/S5 VW therefore obtuse and in quadrilatef@lSo VW ZPy + /Sy + /V >
3R; as a consequencélV = /RWYV is acute and so is its vertically opposite
angle,/PWU. This, as we mentioned, proves (ML). K, P, lies below XW
and rayﬁ intersectsg; in a pointY’, angle/RWY in triangle APR,WY is
acute, which leads to the same conclusion. R, = XW then ZPWU <
/PWX = ZPP,R, = R. Finally, if RyP; lies aboveXW, ZPWX as the
fourth angle of Lambert quadrilateral R, P,W is acute, and becausePW U <
/PWX, /PWU < R. This concludes the proof of (ML) in situation (I).

In situation (lll) we have aredh M RU > NoN1S1V because of (4), (7¢).
Consequently/ MyU Ry < ZN5V Sy, and so/WURy; < ZWV Sy on the other
side ofg,. If we also had/ RWU < ZP, W'V then quadrilaterak, P, WU would
have a smaller angle sum and larger defect td® 1/ V. At the same time (7a)
and this angle inequality would imply that the former quadrilateral would fit into
the latter, i.e. have the smaller area. Since this is contradict@yV U must be
larger than the adjacent angteRWV; as a resul RWV < R and vertically
opposite /PWU < R which establishes (ML) foy, go in situation (ll1).

The proof of (ML) in situation (lll) can be extended with only very minor
changes to situation (Il). Also closely related is the casg,of, in situation (l11). If
here, in addition t&/ WU, < LWV 74, the inequality/y WU < LWV were
to hold then linem, would have to run farther away from ling than linens in
contradiction to (3). An analogous argument applies to the gaé& in situation
(1) when G-, lies belowg; . Note that if linems intersectsy; in a pointU between
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R, and P; rather tharp; in a pointI betweenP and P, then G must lie below
g1 (see Figure 11b). This is so because according to (4) and (7c) the existence of
a Lambert quadrilateral, M1 R, U with RiU < R;P; implies the existence of
NoN151V with 1V < RiU < R1 Py, and so due to (7a) with, V' < S Py; the
point P; thus lies betwee®/ andV, andM; and No, meet belowy, .

To conclude the proof of (ML) we still have to settle the ca6gsGs; v1, Go
andgy, G> (this with I = my X p1 on or aboveP;) of situation (Ill). We present
here the last case (Figure 12b) which is easy and representative also for the proofs
of the other two cases (Figure 12a).

Figure 12a Figure 12b

Call J = proj(Z,b) and note that'1PMs > ZIPJ (7b) implies(i) MaI > J1,
and(ii) ZPIMy < ZPIJ, ZP\IM, > ZP/1.J. |f G would lie in H(p;, My)
then the pointV, = proj(Gs,b) would determine a segmeng N, > N;J, and
due to (4) the inequalitfiii) My M > N;J would result.

We now carry the pentagoR, = JN1S51 P 1 by an indirect motion td%? =
JONOSYPOIO whereJy = M,, N? lies onMz M, andI® on M,l. Assuming that
G4 belongs toH (p;, M>) we have according t€), (iw?tl0 lies between\/,

andI, and NY betweenM, and M;. Due to (7c) rayS) P lies in the interior of

/MRy Py, and due td(ii) halfline (1°) P° lies in the interior of/ P, I Ms which
implies thatP} is a proper part of polygo®, = M,M; Ry P 1 in contradiction to
the fact thatP) has the smaller angle sum, i.e. the larger defectGSandp; do
not lie in Z(@’, p1) and the proof of (ML) is complete. O

Summary of the Proof.

(1) Situations (1V) - (VI) are trivial.

(2) In situations (1) - (I1), (ML) holds ifp; X ms = I with [G3] # G2, and in
situations (1), (II) also withGs] = Go.

— G1,72; G1, 92571, 72: M1, 92 Of (1) - (M), G, G371, G2 of (1), (IN).

(3) In situations (1) - (I1), (ML) holds ifpy X ni = I' (/) with [G1] # G1.
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— g1, G2; 91,72 of (1), (I1).

(4) In situation (VII) a direct comparison ok Ny M7 [G1], AN2Mj[Gs] reveals
the relative position ofG1], [G2] in all but one case.

— all cases of (VII) excepi, gs.

(5) In situation (VII) the area comparison of S; R M/, NoSsRe MY, helps to
solve the remaining case.

— g1, go of (VIN).

(6) In situations (1), (lll) the area comparison &fAMy R1.51 N1, PMsR2S5No
helps to solve the same case as in 5.

— g1, g2 of (1), (I11).

(7) The arguments of 6. can be extended to three more cases.

— g1, g2 Of (I); g1,v2 Of (II); g1, G5 of (Ill) for Gy belowg;.

(8) The area comparison between a part polyga;¢f, P, P, and one of\f; R P, P,
together with two similar comparisons, settle the remaining cases of (lll).
— g1, Go with G9 aboveg; ; G1, Ga; 71, G2 of (1ll).

4. Reinterpretation and solution of the posed problem

In the following we formulate, re-formulate and prove a statement which es-
sentially contains the convexity claim of Section 1. Subsequently we discuss the
details which make the convexity proof complete.

Theorem 1. Let AB be a fixed segment and £, , P, and P three points in the
same halfplane with respect to the line through A and B such that

(8) LAP; B= /AP B= /APB
and
(9) /BAP, > /BAP; > /BAP > ZABP.

Then the line » which joins P,” and P separates the point 7~ from the segment
AB (see Figure 13a).

For the purpose of re-formulating this theorem we carry the polnts, 5, P
and the liner of this configuration by a rigid, direct motion into the points
Ay, By, P, P and the liner; respectively such that; lies onPA andBj on PB
(see Figure 13b). This allows us to substitute the following equivalent theorem for
Theorem 1.

Theorem 2. In the configuration of the points A, B, P, 4, By, P, and the line r;
as defined above, the line r; separates the point P from segment AB.

Remark. Note that Theorem 1 amounts to the statement that the intersection point

—_—
Cy ofray AP, and liner lies betweemd and 7, and Theorem 2 to the statement

that the intersection poirdt; of A; P andr (i.e. the image of’;” under the motion
u1) lies betweemd; and P.
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Figure 13a Figure 13b

Proof of Theorem 2. We first augment our configuration by the images of another
rigid, direct motionyue which carries the pointst, B, P, P, and the liner into

As, By, P>, P andry respectively whered, lies onP_ft and Bsy on P_B> We note
that because joins P, and P, r; joins P and P». From/ZBAP, > /BAP;

(see (9)) follows/ By Ay P = po(£LBAPy ) > i (£LBAP] ) = £ZB1A; P and so
[AA; Ao P] according to Section 2. In the following we denote the ends lof p
andp’ (with p’ on the same side af = ¢(AP) asC;") and their images on, and

R —_—

ro by p1, p) resp.ps, ph. Sincep’ lies on the left (right) side ol P, and ofAP*
if and onIy if it lies on the left (right) side oﬂP and smceAgP = MQ(AP )

AlP ul(AP ) andAP are equally directeds,, pj andy’ lie together withC|

in H(a, B). We note that as an exterior angle®A P, C; , ZAP; p' > LACT p/,
and that as an exterior angle &fAC P, ZAC| p/ > ZAPp'. Applying 12 and

11 on the two sides of the first and on the left hand side of the second inequality
we obtainZAs Ppl, > £A1Cyp) and LA,C1p > LAPp'. The supplementary
angles consequently satisfy

(10) LAPp > LAC1p1 > LAPpa, 0, p1,p2 € H(a, B).
From (10) follows thatp, lies on the same side of line = ¢(Pp) as A, and

(because rayP—ft does not enter' pPp-) PA enters/p' Pps.
At this point we augment our figure further by the raysps which connect
P to the centergGi], [G2] of the motionsyy, e and, if r,7 have a point/ in
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common, by the ray;* connecting! to [G;]. Becausegu; mapsr and p to 7
and py, while 11 mapsr and p to r; and p;, the rayps is the bisector of angle
Zp' Ppy, and (if existing) the ray;* is the bisector of angle//Ip;. Since(ps)
lies together withp, in H (a, B) (see Section 3) whereahlies in H (a, B), the ray
PA enters/p' P[Ga].

We now show by indirect proof th&t; cannot lie on or abové ona.

ForC; = P (see Figure 14a) formula (10) readsAPp > LAPp, > LAPps,
p,p1,p2 € H(a,B), and we can add to the sentence following (10) that aiso
and A lie on the same side of Thus/gPp; = Zp'PA+ ZAPp; > Zp'PA +
LAPpy = Zp'Ppy, andZp'P|G1] = £ £p'Ppy > 320 Ppy = Zp'P|Go]. This
means thap; does not enter'p/ P[G5] and so does not entefAP[Gs] in contra-
diction to Lemma (ML).

Figure 14a Figure 14b

If C; were to lie aboveP, ona, ray]T,fz of » would, according to (10), approach
rayCl—p{ when enteringH (a, B). This means”p and Pp; either have a poinf
or the ends, p; in common, or = ¢(Pp) andr; = ¢(Pp;) share a perpendic-
ular line whose intersection point withlies in H(a, B). Let us first assume that
]7,5, P—pf meet inl (see Figure 14b).

In this case line: intersects both segme@t A and rayCTp{ which means that
A and p; lie on the same side of. Note that/4Ip, is equal to the exterior
angleZCIp of APC,I and so satisfieg o' Ip; > /PCI + ZC,PI. Because
LPC1I (= LACyp1) > ZAPps (see (10)) and becaus€’y PI = Zp'PA we
have/p'1py > LAPpy + Zp'PA = Zp'Ppy. The lower halves of the compared
angles consequently satisfy/I[G1] > Zp' P[G>] which means that neither *
nor the boundary parallel ray would enter/ ' P[G>], again in contradiction to
Lemma (ML).
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Shouldp = p; (see Figure 14c) then this common end is at the same time the
—_
center[G1] of motion u;. As a result the ray; = Pp, and again fails to enter
LAP|Go].

Figure 14c Figure 14d

Finally, if » andr; have the perpendicular ling in common (see Figure 14d)
then i, which mapsr, p to 1, p; is a translation with axig;. As a resultp; =
P —

P[G4] must coincide withPp which means it does not ent&/ Pp, and so does
not enter/p P[G5] and ZAP[Gs] in contradiction to Lemma (ML). This com-
pletes the proof of Theorem 2 and of Theorem 1.

Figure 15

It should be noted that Theorem 1 contains the assumption (9)2thde,~, P
belong to the half-arc of our locus from to the pointR on the perpendicular
bisector of segmeni B (see Figure 15)). By symmetry the Theorem also shows
the convexity of the half-arc from® to ). In order to establish the convexity of the
whole arc we need to confirm the additional fact that/foa point on the first half-

arc and@ a point on the second, ling PQ)) separates the points of dng) from
those of segment B. To do so we choose a poiff, without loss of generality
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on haIf-arc(PAPo), and establish that segmeAPx meets segmen® between

A and Px. Obviously rayA_PX), which entersZ PAQ, meetsP(Q in a pointDx.
Also, by Theorem 1 segmentPx has a poinCx in common with segmeng, P,
which means that our claim follows frofl Dx C'x ], a relation which is fulfilled if
Py, and so Py P), (PyQ) belong toH (PQ, A). This however is a consequence of
the fact thatf) has a greater distance froffA B) than P and(@), a fact of absolute
geometry for which there are many easy proofs.
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