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Abstract. Barycentric coordinates are used to prove that the othic of intouch and
intouch of orthic triangles are homothetic. Indeed, both triangles are homothetic
to the reference triangle. Ratios and centers of homothety are found, and certain
collinearities are proved.

1. Introduction

We consider a pair of triangles associated with a given triangle: the orthic tri-
angle of the intouch triangle, and the intouch triangle of the orthic triangle. See
Figure 1. Clark Kimberling [1, p. 274] asks if these two triangles are homothetic.
We shall show that this is true if the given triangle is acute, and indeed each of them
is homothetic to the reference triangle. In this paper, we adopt standard notations
of triangle geometry, and denote the side lengths of triadgk”’ by a, b, c. Let
I denote the incenter, and the incircle (with inradiyisouching the sideline8C,

CA, AB at D, E, F respectively, so thaDE'F' is the intouch triangle oA BC.
Let H be the orthocenter dl BC, and let

D'=AHNBC, E =BHNCA, F =CHNAB,

so thatD'E’ F’ is the orthic triangle ofABC. We shall also denote by the cir-
cumcenter ofABC and R the circumradius. In this paper we make use of homo-
geneous barycentric coordinates. Here are the coordinates of some basic triangle
centers in the notations introduced by John H. Conway:

1 1 1
I=(a:b: H=—:—:1— | =(Spc:85c4: S
(a c), (SA 5, Sc) (Spc : Sca : SaB),

@) :(aQSA : bsz : 0250) = (SA(SB —I-Sc) : SB(SC + SA) : Sc(SA + SB)),
where
P+ —a? A +a? - a’+b> -

SB: SC:

S L v
A 2 ) 2 ) 2 )

and
Spc =SB - Sc, Sca=Sc-Sa, Sap=54-95B.
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2. Two pairs of homothetic triangles

2.1 Perspectivity of a cevian triangle and an anticevian triangle. Let P and@ be
arbitrary points not on any of the sidelines of triangl®&C'. It is well known that
the cevian triangle oP = (u : v : w) is perspective with the anticevian triangle of

Q=(x:y:z)at
o5 L D)l 2e2) a2 2)

w

See, for example, [38.3].

2.2 Theintouch and the excentral triangles. The intouch and the excentral trian-
gles are homothetic since their corresponding sides are perpendicular to the respec-
tive angle bisectors of trianglé BC. The homothetic center is the point
P =(a(-a(s—a)+b(s—=b)+c(s—¢)) : bla(s —a) —b(s — b) + ¢(s — ¢))
ce(a(s —a) +b(s —b) —c(s —¢)))
=(a(s—b)(s—c):b(s—c)(s—a):c(s—a)(s—D))

E— a . b . C
S \s—a s—=b s—c)

This is the triangle centeXsy; in [2].

Ia

Figure 1.
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2.3 The orthic and the tangential triangle. The orthic triangle and the tangential
triangle are also homothetic since their corresponding sides are perpendicular to
the respective circumradii of triangléBC'. The homothetic center is the point

Py = (a*(—a*Sa + b*Sp + *Sc) 1 b (—b?Sp + *Sc + a*Sa)
: *(—c*Sc + a*Sa + b°Sp))

=(a®Spc : b*Sca - *Sap)

a® b2 c?

This is the triangle centeXy; in [2].

Figure 2A. Figure 2B.

The ratio of homothety is positive or negative accordingla®”' is acute-angled
and obtuse-angled. See Figures 2A and 2B. WhehB( is acute-angledH I,
HE' and HF' are the angle bisectors of the orthic triangle, dhds the incenter
of the orthic triangle. IfABC is obtuse-angled, the incenter of the orthic triangle
is the obtuse angle vertex.

3. Theorthic-of-intouch triangle

The orthic-of-intouch triangle oA BC' is the orthic triangle/ VW of the in-
touch triangleDEF'. Leth; be the homothety with centédt,, swappingD, E, F
into U, V, W respectively. Consider an altitudel/ of DEF'. This is the image
of the altitudel, A of the excentral triangle under the homothéty In particu-
lar, U = hy(A). See Figure 3. Similarly, the same homothety ma&pand C

IThis ratio of homothety i€ cos A cos B cos C.



174 S. Kiss

into V and W respectively. It follows tha7V W is the image ofA BC under the

homothetyh;.
Since the circumcircle o/ VIV is the nine-point circle oD E'F, it has radius

5. It follows that the ratio of homothety is.

Ia

Figure 3.

Proposition 1. The vertices of the orthic-of-intouch triangle are

b+c b ¢
sfa'sfb.sfc)7
a cta c

s—a's—b's—c>
a b a+d
s—a's—b's—c)'

U=((b+c)(s—b)(s—c):b(s—c)(s—a):c(s—a)(s—D)) = (

V=(a(s=b(s—c):(cta)(s—c)(s—a):c(s—a)(s—b)) = <

W =(a(s —b)(s —c¢):b(s —c)(s —a) : (a+b)(s —a)(s—b)) = (
Proof. The intouch triangleD E'F' has vertices
D=0:s—c:s—0), E=(s—c:0:s5—a), F=(s—b:s—a:0).
The sidelines of the intouch triangle have equations

EF: —(s—a)z+(s—=by+(s—c)z=0,

FD: (s—a)z—(s=by+(s—c)z=0,
DE: (s—a)z+(s—by—(s—c)z=0.
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The pointU is the intersection of the lined B and EF'. See Figure 3. The line
AP; has equation
—c(s —b)y+b(s—c)z=0.
Solving this with that ofE' F', we obtain the coordinates 6f given above. Those
of V andW are computed similarly. O

Corollary 2. The equations of the sidelines of the orthic-of-intouch triangle are

VW : —s(s—a)z+(s=b)(s—c)y+(s—b)(s—c)z=0,
WU: (s—c¢)(s—a)x—s(s—b)y+ (s—c)(s—a)z=0,
UV: (s—a)(s—b)x+(s—a)(s—by—s(s—c)z=0.

4. Theintouch-of-orthic triangle

Suppose triangled BC' is acute-angled, so that its orthic triangleE’ F’ has
incenterH, and is the image of the tangential triangtéB’C’ under a homothety
hy with centerP,. Consider the intouch triangl&Y Z of D’E'F’. Under the
homothetyh,, the segmentl’ A is swapped intd)”’ X. See Figure 4. In particular,
ha(A) = X. For the same reasohy(B) = Y andhy(C) = Z. Therefore, the
intouch-of-orthic triangleX'Y Z is homothetic toA BC' underh,.

B’

Figure 4

Proposition 3. If ABC' isacute angled, the vertices of the intouch-of-orthic trian-
gleare

2 2 2 2
X:((b2—|—c2)SBC:b2SCA:C2SAB): <b +c . b C )7

Sa '5:5_0
a? 2 +a?
S_A: SB :S_c>’
a> b a?+b?
S—Azgz 5o )

Y =(a*Spc : (2 +a*)Sca : *Sap) = (

Z :(a2SBC : b2SCA : (a2 + bQ)SAB) = (
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Proof. The orthic trianglel’ £’ F' has vertices
=(0:Sc: Sp), E' = (Sc:0:84), F'=(Sp:54:0).

The sidelines of the orthic triangle have equations

E'F': —Sjx+ Spy+ Scz =0,

F'D':  Spx—Spy+ Scz=0,

D'E':  Six+ Spy— Scz = 0.

The pointX is the intersection of the lined 3 and E'F’. See Figure 4. The
line AP, has equation
~Spy + V*Scz = 0.

Solving this with that ofF’ F’, we obtain the coordinates bf given above. Those
of Y andZ are computed similarly. O

Corollary 4. If ABC isacute-angled, the equations of the sidelines of the intouch-
of-orthic triangle are

YZ: —SA(SA—I—SB—l—SC)x—i-Sch—i-SBcz:O,
ZX SCA{L’—SB(SA—I—SB—I—Sc)y—i-SCAZ:O,
Uuv . SAB{L’—I—SABy—Sc(SA—I—SB—I—Sc)Z:O.

5. Homothety of the intouch-of-orthic and orthic-of-intouch triangles

Proposition 5. If triangle ABC' is acute angled, then its intouch-of-orthic and
orthic-of-intouch triangles are homothetic at the point

Q- ala(b+c)— (b2 +c?) bblc+a) —(? +a?)) clc(a+b) — (a® +b?))
B (s —a)Sa ' (s —b)Sp ' (s —c)Se '
Proof. The homothetic center is the intersection of the libek, VY, andWW Z.
See Figure 5. Making use of the coordinates given in Propositions 1 and 3, we
obtain the equations of these lines as follows.

UX : be(s —a)Sal(c (s—c)SB—b(s—b)Sc)
rels = )5 (02 + ) (s~ @)Sc — (b-+ c)e(s ISy
+b(s — )Sc(b(b+c)(s —b)Sa — (b* + *)(s — a)Sp)z =
VY : c(s —a)Sa(clc+a)(s —c)Sp — (¢ +a?)(s — b) c)x
+ca(s — b)Sp(a (s - a)SC —c(s—c)Sa)y
+a(s —e)Sc((c? + a?)(s — b)Sa — (c+ a)a(s — a)Sp)z = 0,
WZz: b(s —a)Sa((a® +b?)(s —c)Sp — (a + b)b(s — b)Sc)x
+a(s — b)Sp(ala+b)(s —a)Sc — (a®> + b*)(s — ¢)Sa)y
+ab(s — ¢)Sc(b(s —b)Sa —a(s —a)Sp)z = 0.

It is routine to verify that) lies on each of these lines. O

Remark. @ is the triangle centekig7¢ in [2].
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B D' D c

Figure 5

6. Collinearities

Because the circumcenter &fY 7 is the orthocenteH of ABC, the center of
homothetyP; of ABC and XY Z lies on the Euler line&) H of ABC'. See Figure
4. We demonstrate a similar property for the padiht namely, that this point lies
on the Euler linel F of DEF, where F' is the circumcenter o/ VIV. Clearly,
O, F, Py are collinear. Therefore, it suffices to prove that the point9, B are
collinear. This follows from

1 1 1
cos A cos B cos C =0,
(s=b)(s—¢c) (s—c)(s—a) (s—a)s—0)

which is quite easy to check. See Figure 1.
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