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The Orthic-of-Intouch and Intouch-of-Orthic Triangles

Sándor Kiss

Abstract. Barycentric coordinates are used to prove that the othic of intouch and
intouch of orthic triangles are homothetic. Indeed, both triangles are homothetic
to the reference triangle. Ratios and centers of homothety are found, and certain
collinearities are proved.

1. Introduction

We consider a pair of triangles associated with a given triangle: the orthic tri-
angle of the intouch triangle, and the intouch triangle of the orthic triangle. See
Figure 1. Clark Kimberling [1, p. 274] asks if these two triangles are homothetic.
We shall show that this is true if the given triangle is acute, and indeed each of them
is homothetic to the reference triangle. In this paper, we adopt standard notations
of triangle geometry, and denote the side lengths of triangleABC by a, b, c. Let
I denote the incenter, and the incircle (with inradiusr) touching the sidelinesBC,
CA, AB at D, E, F respectively, so thatDEF is the intouch triangle ofABC.
Let H be the orthocenter ofABC, and let

D′ = AH ∩ BC, E′ = BH ∩ CA, F ′ = CH ∩ AB,

so thatD′E′F ′ is the orthic triangle ofABC. We shall also denote byO the cir-
cumcenter ofABC andR the circumradius. In this paper we make use of homo-
geneous barycentric coordinates. Here are the coordinates of some basic triangle
centers in the notations introduced by John H. Conway:

I =(a : b : c), H =
(

1
SA

:
1

SB
:

1
SC

)
= (SBC : SCA : SAB),

O =(a2SA : b2SB : c2SC) = (SA(SB + SC) : SB(SC + SA) : SC(SA + SB)),

where

SA =
b2 + c2 − a2

2
, SB =

c2 + a2 − b2

2
, SC =

a2 + b2 − c2

2
,

and
SBC = SB · SC , SCA = SC · SA, SAB = SA · SB.
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2. Two pairs of homothetic triangles

2.1. Perspectivity of a cevian triangle and an anticevian triangle. Let P andQ be
arbitrary points not on any of the sidelines of triangleABC. It is well known that
the cevian triangle ofP = (u : v : w) is perspective with the anticevian triangle of
Q = (x : y : z) at

P/Q =
(
x

(
−x

u
+

y

v
+

z

w

)
: y

(x

u
− y

v
+

z

w

)
: z

(x

u
+

y

v
− z

w

))
.

See, for example, [3,§8.3].

2.2. The intouch and the excentral triangles. The intouch and the excentral trian-
gles are homothetic since their corresponding sides are perpendicular to the respec-
tive angle bisectors of triangleABC. The homothetic center is the point

P1 = (a(−a(s − a) + b(s − b) + c(s − c)) : b(a(s − a) − b(s − b) + c(s − c))

: c(a(s − a) + b(s − b) − c(s − c)))

=(a(s − b)(s − c) : b(s − c)(s − a) : c(s − a)(s − b))

=
(

a

s − a
:

b

s − b
:

c

s − c

)
.

This is the triangle centerX57 in [2].
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Figure 1.
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2.3. The orthic and the tangential triangle. The orthic triangle and the tangential
triangle are also homothetic since their corresponding sides are perpendicular to
the respective circumradii of triangleABC. The homothetic center is the point

P2 =
(
a2(−a2SA + b2SB + c2SC) : b2(−b2SB + c2SC + a2SA)

: c2(−c2SC + a2SA + b2SB)
)

=(a2SBC : b2SCA : c2SAB)

=
(

a2

SA
:

b2

SB
:

c2

SC

)
.

This is the triangle centerX25 in [2].
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Figure 2B.

The ratio of homothety is positive or negative according asABC is acute-angled
and obtuse-angled.1 See Figures 2A and 2B. WhenABC is acute-angled,HD′,
HE′ andHF ′ are the angle bisectors of the orthic triangle, andH is the incenter
of the orthic triangle. IfABC is obtuse-angled, the incenter of the orthic triangle
is the obtuse angle vertex.

3. The orthic-of-intouch triangle

The orthic-of-intouch triangle ofABC is the orthic triangleUV W of the in-
touch triangleDEF . Let h1 be the homothety with centerP1, swappingD, E, F
into U , V , W respectively. Consider an altitudeDU of DEF . This is the image
of the altitudeIaA of the excentral triangle under the homothetyh1. In particu-
lar, U = h1(A). See Figure 3. Similarly, the same homothety mapsB andC

1This ratio of homothety is2 cos A cos B cos C.
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into V andW respectively. It follows thatUV W is the image ofABC under the
homothetyh1.

Since the circumcircle ofUV W is the nine-point circle ofDEF , it has radius
r
2 . It follows that the ratio of homothety isr2R .
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Figure 3.

Proposition 1. The vertices of the orthic-of-intouch triangle are

U =((b + c)(s − b)(s − c) : b(s − c)(s − a) : c(s − a)(s − b)) =

(
b + c

s − a
:

b

s − b
:

c

s − c

)
,

V =(a(s − b)(s − c) : (c + a)(s − c)(s − a) : c(s − a)(s − b)) =

(
a

s − a
:

c + a

s − b
:

c

s − c

)
,

W =(a(s − b)(s − c) : b(s − c)(s − a) : (a + b)(s − a)(s − b)) =

(
a

s − a
:

b

s − b
:

a + b

s − c

)
.

Proof. The intouch triangleDEF has vertices

D = (0 : s− c : s− b), E = (s− c : 0 : s− a), F = (s− b : s− a : 0).

The sidelines of the intouch triangle have equations

EF : −(s − a)x + (s − b)y + (s − c)z = 0,
FD : (s − a)x − (s − b)y + (s − c)z = 0,
DE : (s − a)x + (s − b)y − (s − c)z = 0.
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The pointU is the intersection of the linesAP1 andEF . See Figure 3. The line
AP1 has equation

−c(s − b)y + b(s − c)z = 0.
Solving this with that ofEF , we obtain the coordinates ofU given above. Those
of V andW are computed similarly. �
Corollary 2. The equations of the sidelines of the orthic-of-intouch triangle are

V W : −s(s − a)x + (s − b)(s − c)y + (s − b)(s − c)z = 0,
WU : (s − c)(s − a)x − s(s − b)y + (s − c)(s − a)z = 0,
UV : (s − a)(s − b)x + (s − a)(s − b)y − s(s − c)z = 0.

4. The intouch-of-orthic triangle

Suppose triangleABC is acute-angled, so that its orthic triangleD′E′F ′ has
incenterH, and is the image of the tangential triangleA′B′C ′ under a homothety
h2 with centerP2. Consider the intouch triangleXY Z of D′E′F ′. Under the
homothetyh2, the segmentA′A is swapped intoD′X. See Figure 4. In particular,
h2(A) = X. For the same reason,h2(B) = Y andh2(C) = Z. Therefore, the
intouch-of-orthic triangleXY Z is homothetic toABC underh2.
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Figure 4

Proposition 3. If ABC is acute angled, the vertices of the intouch-of-orthic trian-
gle are

X =((b2 + c2)SBC : b2SCA : c2SAB) =
(

b2 + c2

SA
:

b2

SB
:

c2

SC

)
,

Y =(a2SBC : (c2 + a2)SCA : c2SAB) =
(

a2

SA
:
c2 + a2

SB
:

c2

SC

)
,

Z =(a2SBC : b2SCA : (a2 + b2)SAB) =
(

a2

SA
:

b2

SB
:
a2 + b2

SC

)
.
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Proof. The orthic triangleD′E′F ′ has vertices

D′ = (0 : SC : SB), E′ = (SC : 0 : SA), F ′ = (SB : SA : 0).

The sidelines of the orthic triangle have equations

E′F ′ : −SAx + SBy + SCz = 0,
F ′D′ : SAx − SBy + SCz = 0,
D′E′ : SAx + SBy − SCz = 0.

The pointX is the intersection of the linesAP2 andE′F ′. See Figure 4. The
line AP2 has equation

−c2SBy + b2SCz = 0.

Solving this with that ofE′F ′, we obtain the coordinates ofU given above. Those
of Y andZ are computed similarly. �

Corollary 4. If ABC is acute-angled, the equations of the sidelines of the intouch-
of-orthic triangle are

Y Z : −SA(SA + SB + SC)x + SBCy + SBCz = 0,
ZX : SCAx − SB(SA + SB + SC)y + SCAz = 0,
UV : SABx + SABy − SC(SA + SB + SC)z = 0.

5. Homothety of the intouch-of-orthic and orthic-of-intouch triangles

Proposition 5. If triangle ABC is acute angled, then its intouch-of-orthic and
orthic-of-intouch triangles are homothetic at the point

Q =
(

a(a(b + c) − (b2 + c2))
(s − a)SA

:
b(b(c + a) − (c2 + a2))

(s − b)SB
:

c(c(a + b) − (a2 + b2))
(s − c)SC

)
.

Proof. The homothetic center is the intersection of the linesUX, V Y , andWZ.
See Figure 5. Making use of the coordinates given in Propositions 1 and 3, we
obtain the equations of these lines as follows.

UX : bc(s − a)SA(c(s − c)SB − b(s − b)SC)x
+c(s − b)SB((b2 + c2)(s − a)SC − (b + c)c(s − c)SA)y
+b(s − c)SC(b(b + c)(s − b)SA − (b2 + c2)(s − a)SB)z = 0,

V Y : c(s − a)SA(c(c + a)(s − c)SB − (c2 + a2)(s − b)SC)x
+ca(s − b)SB(a(s − a)SC − c(s − c)SA)y
+a(s − c)SC((c2 + a2)(s − b)SA − (c + a)a(s − a)SB)z = 0,

WZ : b(s − a)SA((a2 + b2)(s − c)SB − (a + b)b(s − b)SC)x
+a(s − b)SB(a(a + b)(s − a)SC − (a2 + b2)(s − c)SA)y
+ab(s − c)SC(b(s − b)SA − a(s − a)SB)z = 0.

It is routine to verify thatQ lies on each of these lines. �

Remark. Q is the triangle centerX1876 in [2].
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6. Collinearities

Because the circumcenter ofXY Z is the orthocenterH of ABC, the center of
homothetyP2 of ABC andXY Z lies on the Euler lineOH of ABC. See Figure
4. We demonstrate a similar property for the pointP1, namely, that this point lies
on the Euler lineIF of DEF , whereF is the circumcenter ofUV W . Clearly,
O, F , P1 are collinear. Therefore, it suffices to prove that the pointsI, O, P1 are
collinear. This follows from∣∣∣∣∣∣

1 1 1
cos A cos B cos C

(s − b)(s − c) (s − c)(s − a) (s − a)(s − b)

∣∣∣∣∣∣ = 0,

which is quite easy to check. See Figure 1.
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