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A Simple Per spectivity

Eric Danneels

Abstract. We construct a simple perspectivity that is invariant under isotomic
conjugation.

1. Introduction

In this note we consider a simple transformation of the plane of a given reference
triangle ABC'. Given a pointP with cevian triangleX'Y Z, construct the parallels
throughB to XY and throughC to X 7 to intersect at4; similarly defineB’ and

C'’. Construct
A*=BB'ncCcc’, B*=CC'nAA, C*=AA' N BB

Figure 1

Proposition 1. Triangle A* B*C* is the anticevian triangle of the infinite point
Q= (u(v—w): v(w—u): w(u—wv))of thetrilinear polar of P.

We shall prove Proposition 1 §2 below. As an anticevian trianglef B*C* is
perspective with every cevian triangle. In particular, it is perspective ¥ith7 at
the cevian quotien’/Q, which depends o only. We write

7(P) := P/Q = (u(v —w)*: v(w —u)*: w(u—v)?).
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Let P* denote the isotomic conjugate Bt
Proposition 2. 7 isinvariant under isotomic conjugation: 7(P*) = 7(P).

Proposition 3. 7(P) is

(1) the center of the circumconic through P and its isotomic conjugate P,

(2) the perspector of the circum-hyperbola with asymptotes the trilinear polars of
P and P°.

Proof. (1) The circumconic throug? and P* has equation

u(v? — w?) N v(w? — u?) N w(u? — v?) o,

T y z
with perspector
P = (u(v® —w?) : ww? —u?) : wu? —v?)). (1)

Its center is the cevian quotie6t/ P. This isT(P).
(2) The pencil of hyperbolas with asymptotes the trilinears polat8 ahd P
has equation

Yy
v
Fork = —1, the hyperbola passes through B, C, and this circum-hyperbola has
equation

x 2
k(z +y+2)* + (uz + vy + c2) (ﬂ—i_ +E) =0.

ulv —w)?  vlw—u)?

T Y z
It has perspector(P), (and cente” given in (1) above). O

Remark. Wilson Stothers [2] has found that one asymptote of a circum-hyperbola
determines the other. More preciselyuif + vy + wz = 0 is an asymptote of a
circum-hyperbola, then the otherjs+ ¥ + = = 0. This gives a stronger result
than (2) above.

Here is a list of triangle centers with their images underThe labeling of
triangle centers follows Kimberling [1].

| P, P* | 7(P) | | P, P° | 7(P) ]

X1, X75 Xouq X3, Xog4 Xogr2
X4, Xeg X125 X7, Xs X1

X20, Xo53 X122 X30, X1404 | X650
Xs7, X312 Xa170 Xsgg, Xgg X087
Xos, X323 X088 Xog, X325 Xses
Xogg, X523 X1649 X200, X1088 | X2310
X519, Xooz | Xiear X524, Xor1 | X164
X536, X336 | X1646 Xs3s, X335 | X645
Xeo4, Xgos | X20s6 X1022, XTo22 | X1635
X1026, X{o26 | X2254 Xo2304, Xaa07 | X1637
Xo395, X2396 | Xo401 Xo2308, X2400 | X676
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2. Proof of Proposition 1

The lineXY has equationwz+wuy—uvz = 0, and infinite poin{ —u(v+w) :
v(w + u) : w(u—wv)). The parallel througtB to XY is the line

w(u —v)z +u(v+w)z =0.

Similarly, the parallel througlt’ to X 7 is the line

v(u —w)x +u(v+w)y = 0.
These two lines intersect at
A= (u(v+w) : v(w—u): wlv—u)).
The two analogously defined points are
B =(u(w —v) : v(w+u): wlu—v)),
C' =(u(v—w): vu—w): wlu+v)).

Now the linesAA’, BB’, CC’ intersect at the points
A*=BB'nCC" = (—u(v—w) : v(w—u): wlu—")),
B*=CC'NnAA = (u(v —w) : —v(w —u): w(u—v)),
C*=AA'NBB = (u(v—w) : v(w—u): —w(u—v)).

This is clearly the anticevian triangle of the point

1 1 1 1 1 1
Q=ulv—-—w): vw—-u): wlu—v))= (;—E T E—;>,
which is the infinite point of the trilinear polaf. This completes the proof of
Proposition 1.

Remarks. (1) Here is an easy alternative constructiondB*C*. Construct the
parallels through4, B, C to the trilinear polarZ, intersecting the sidelineBC,
CA, AB at A,, By, C1 respectively. Thend*, B*, C* are the midpoints of the
segmentsi A,, BBy, CC4. See Figure 2.

(2) The equations of the sidelines of triangteB*C* are

B : =0
¢ v(w—u)+w(u—v) ’
T z
AT =
¢ u(v — w) + w(u —v) 0
A*B*: v + i =0.

u(v—w)  v(w—u)

Proposition 4. Thetrilinear polar of 7(P) with respect to the cevian triangle of P
passes through P.
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Figure 2

Proof. The trilinear polar ofr(P) with respect taXY 7 is the perspectrix of the
trianglesXY Z and A* B*C*. Now, the sidelines of these triangle intersect at the
points

B C*NYZ =(u(v+w—2u): v(w—u): —w(u—0)),

C*A*NZX =(—u(v —w) : v(w+u—2v): wlu—v)),

A*B*NXY =(u(v—w) : —v(w—u): wlu+v—2w)).
The line through these three points has equation

v —w w—Uu u—"v

T+ Y+ z=0.
v w

This clearly contains the poift = (u : v : w). O

3. Generalization

Since the construction i1 is purely perspective we can replace the line at
infinity by an arbitrary linel : px + qy + rz = 0. The parallel throughB to
XY becomes the line joining to the intersectiod and XY, etc. The perspector
becomes

7(P) = (ulqu — rw)? : v(rw —pu)? : w(pu — qv)?).
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Thent,(P*) = 7(P) where P’ = (p%u P ﬁ) and the following remain
valid:
(1) A*B*C* is the anticevian triangle a) = £ N ¢, whereL is the trilinear
polar of P.

(2) The perspectrix oK'Y Z and A* B*C* contains the poinP.
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