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Pedals on Circumradii and the Jerabek Center

Quang Tuan Bui

Abstract. Given a triangleABC, beginning with the orthogonal projections of
the vertices on the circumradiiOA, OB, OC, we construct two triangles each
with circumcircle tangent to the nine-point circle at the center of the Jerabek
hyperbola.

1. Introduction

Given a triangleABC, with circumcenterO, let Ab andAc be the pedals (or-
thogonal projections) of the vertexA on the linesOB andOC respectively. Simi-
larly, defineBc, Ba, Ca andCb. In this paper we prove some interesting results on
triangles associated with these pedals.

A

B C

O
Ab

Ac

Bc

Ba

Ca

Cb

H

Ha

Hb

Hc

Figure 1

Theorem 1. The triangles AAbAc, BaBBc and CaCbC are congruent to the orthic
triangle HaHbHc. See Figure 1.
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Theorem 2. The lines BcCb, CaAc and AbBa bound a triangle T1 homothetic to
ABC . The circumcircle of T1 is tangent to the nine-point circle of ABC at the
Jerabek center.

Recall that the Jerabek centerJ is the center of the circum-hyperbola through
the circumcenterO. This hyperbola is the isogonal conjugate of the Euler line.
The Jerabek centerJ is the triangle centerX125 in Kimberling’s Encyclopedia of
Triangle Centers [1].

Theorem 3. The lines AbAc, BcBa and CaCb bound a triangle T2 whose circum-
circle is tangent to the nine-point circle at the Jerabek center.

Hence, the circumcircles ofT1 andT2 are also tangent to each other atJ . In
this paper we work with homogeneous barycentric coordinates and adopt standard
notations of triangle geometry. Basic results can be found in [2]. The Jerabek
centerJ , for example, has coordinates

(SA(SB − SC)2 : SB(SC − SA)2 : SC(SA − SB)2). (1)

The labeling of triangle centers, except for the common ones, follows [1].

Proposition 4. The homogeneous barycentric coordinates of the pedals of the ver-
tices of triangle ABC on the circumradii are as follows.

Ab =(SA(SB + SC) : SC(SC − SA) : SC(SA + SB)),

Ac =(SA(SB + SC) : SB(SC + SA) : SC(SB − SA));

Bc =(SA(SB + SC) : SB(SC + SA) : SA(SA − SB)),

Ba =(SA(SC − SB) : SB(SC + SA) : SC(SA + SB));

Ca =(SA(SB − SC) : SB(SC + SA) : SC(SA + SB)),

Cb =SA((SB + SC) : SB(SA − SC) : SC(SA + SB)).

Proof. We verify that the point

P = (SA(SB + SC) : SC(SC − SA) : SC(SA + SB))

is the pedalAb of A on the lineOB. Since

(SA(SB + SC), SC(SC − SA), SC(SA + SB))

=(SA(SB + SC), SB(SC + SA), SC(SA + SB))

+ (0, SC(SC − SA) − SB(SC + SA), 0),

this is a point on the lineOB. The coordinate sum ofP being(SB+SC)(SC+SA),
the infinite point of the lineAP is

(SA(SB + SC), SC(SC − SA), SC(SA + SB)) − ((SC + SA)(SA + SB), 0, 0)

=SC(−(SB + SC), (SC − SA), (SA + SB)).

The infinite point ofOB is

(SA(SB + SC), SB(SC + SA), SC(SA + SB)) − (0, 2(SBC + SCA + SAB), 0)

=(SA(SB + SC), −(SBC + 2SCA + SAB), SC(SA + SB)).
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By the theorem in [2,§4.5], the two linesAP andOB are perpendicular since

−SA · (SB + SC) · SA(SB + SC)

−SB · (SC − SA) · (SBC + 2SCA + SAB)

+SC · (SA + SB) · SC(SA + SB)
=0.

�

2. Proof of Theorem 1

Note that the pointsAb andAc lie on the circle with diameterOA, so do the
midpoints ofAC andAB. Therefore,
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∠AcAAb =π − ∠AbOAc = π − ∠BOC = π − 2A = ∠HcHaHb,

∠AAbAc =∠AOAc = π − ∠COA = π − 2B = ∠HaHbHc,

∠AbAcA =∠AbOA = π − ∠AOB = π − 2C = ∠HbHcHa.

Therefore the angles in trianglesAAbAc andHaHbHc are the same; similarly
for trianglesBaBBc andCaCbC. Since these four triangles have equal circumradii
R
2 , they are congruent. This completes the proof of Theorem 1.
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Remarks. (1) The side lengths of these triangles area cos A, b cos B, andc cos C
respectively.

(2) If Ka, Kb, Kc are the midpoints of the circumradiiOA, OB, OC, triangle
KaKbKc is homothetic to
(i) ABC atO, with ratio of homothety12 , and
(ii) the medial triangleGaGbGc atX140, the nine-point center of the medial trian-
gle, with ratio of homothety−1.

(3) The circles(Kb) and(Kc) intersect at the circumcenterO and the midpoint
Ga of BC; similarly for the other two pairs(Kc), (Ka) and (Ka), (Kb). The
midpointsGa, Gb, Gc lie on the nine-point circle(N) of triangle ABC. See
Figure 2.

3. The triangle T1

We now consider the triangleT1 bounded by the linesBcCb, CaAc, andAbBa.

Lemma 5. The quadrilateral BcCbCB is an isosceles trapezoid.

Proof. With reference to Figure 1, we have
(i) ∠BcBC = π

2 − ∠OCB = π
2 − ∠OBC = ∠CbCB,

(ii) BcB = CbC.
It follows that the quadrilateralBcCbCB is an isosceles trapezoid. �

Therefore, the linesBcCb andBC are parallel. Similarly, the linesCaAc and
CA are parallel, as areAbBa and AB. The triangleT1 bounded by the lines
BcCb, CaAc, AbBa is homothetic to triangleABC, and also to the medial triangle
GaGbGc.

Proposition 6. Triangle T1 is homothetic to
(i) ABC at the procircumcenter (a4SA : b4SB : c4SC), 1

(ii) the medial triangle GaGbGc at the Jerabek center J .

Proof. The linesBcCb, CaAc, andAbBa have equations

−(SAA + SBC)x + SA(SB + SC)y + SA(SB + SC)z =0,

SB(SC + SA)x − (SBB + SCA)y + SB(SC + SA)z =0,

SC(SA + SB)x + SC(SA + SB)y − (SCC + SAB)z =0.

From these, we obtain the coordinates of the vertices ofT1:

A1 =(SA(SB − SC)2 : SB(SC + SA)2 : SC(SA + SB)2),

B1 =(SA(SB + SC)2 : SB(SC − SA)2 : SC(SA + SB)2),

C1 =(SA(SB + SC)2 : SB(SC + SA)2 : SC(SA − SB)2).

From the coordinates ofA1, B1, C1, it is clear that the homothetic center of
trianglesA1B1C1 andABC is the point

(SA(SB + SC)2 : SB(SC + SA)2 : SC(SA + SB)2) = (a4SA : b4SB : c4SC).

1This is the triangle centerX184 in [1].
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For (ii), the equations of the linesGaA1, GbB1, GcC1 are respectively

(SAA − SBC)x − SA(SB − SC)y + SA(SB − SC)z =0,

SB(SC − SA)x + (SBB − SCA)y − SB(SC − SA)z =0,

−SC(SA − SB)x + SC(SA − SB)y + (SCC − SAB)z =0.

It is routine to check that this contains the Jerabek centerJ whose coordinates are
given in (1). �

4. Proof of Theorem 2

Theorem 2 is now an immediate consequence of Proposition 6(ii). Since the
homothetic centerJ lies on the circumcircle of the medial triangle, it must also lie
on the circumcircle of the other, and the two circumcircles are tangent atJ .
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5. The triangle T2

From the coordinates of the pedals, we obtain the equations of the linesAbAc,
BcBa, andCaCb:

−2SBCx + (S2 − SBB)y + (S2 − SCC)z =0,

(S2 − SAA)x − 2SCAy + (S2 − SCC)z =0,

(S2 − SAA)x + (S2 − SBB)y − 2SABz =0.

From these, the vertices of triangleT2 are the points

A2 =((SB − SC)2 : 3SAB + SBC + SCA − SCC : 3SCA + SAB + SBC − SBB),

B2 =(3SAB + SBC + SCA − SCC : (SC − SA)2 : 3SBC + SCA + SAB − SAA),

C2 =(3SCA + SAB + SBC − SCC : 3SBC + SCA + SAB − SAA : (SA − SB)2).
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Proposition 7. Triangles ABC and A2B2C2 are perspective at

Q =

(
1

a2b2 + b2c2 + c2a2 − b4 − c4
:

1

a2b2 + b2c2 + c2a2 − c4 − a4
:

1

a2b2 + b2c2 + c2a2 − a4 − b4

)
.
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Proof. From the coordinates ofA2, B2, C2 given above,T2 is perspective with
ABC at

Q =
(

1
3SBC + SCA + SAB − SAA

: · · · : · · ·
)

.

These are equivalent to those given above in terms ofa, b, c. �

Remark. The triangle centerQ does not appear in [1].

6. Proof of Theorem 3

It is easier to work with the image of triangleT2 under the homothetyh(H, 2).
The images of the vertices are

A′
2 =(SA(SB + SC)(SBB − 4SBC + SCC) + SBC(SB − SC)2

: (SC + SA)(SA(SB + SC)(3SB − SC) + SBC(SB − SC))

: (SA + SB)(SA(SB + SC)(SB − 3SC) + SBC(SB − SC))),

andB′
2, C ′

2 whose coordinates are obtained by cyclic permutations ofSA, SB , SC .
The circumcircle ofA′

2B
′
2C

′
2 has equation

8S2 · SABC((SB + SC)yz + (SC + SA)zx + (SA + SB)xy)

+(x + y + z)


 ∑

cyclic

(SA + SB)(SA + SC)(SAB + SCA − 2SBC)2x


 = 0.

To verify that this circle is tangent to the circumcircle

(SB + SC)yz + (SC + SA)zx + (SA + SB)xy = 0,

it is enough to consider the pedal of the circumcenterO on the radical axis∑
cyclic

(SA + SB)(SA + SC)(SAB + SCA − 2SBC)2x = 0.

This is the point

Q′ =
(

SB + SC

SCA + SAB − 2SBC
:

SC + SA

SAB + SBC − 2SCA
:

SA + SB

SBC + SCA − 2SAB

)
,

which is clearly on the circumcircle, and also on the Jerabek hyperbola

SA(SBB − SCC)
x

+
SB(SCC − SAA)

y
+

SC(SAA − SBB)
z

= 0.

This shows that the circleA′
2B

′
2C

′
2 is tangent to the circumcircle atQ′. 2 Under

the homothetyh(H, 2), Q′ is the image of the midpoint ofHQ, which is the center
of the Jerabek hyperbola. Under the inverse homothety, the circumcircle ofT2 is
tangent to the nine-point circle atJ . This completes the proof of Theorem 3.

2Q′ is the triangle centerX74
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