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Pedalson Circumradii and the Jerabek Center

Quang Tuan Bui

Abstract. Given a triangled BC, beginning with the orthogonal projections of
the vertices on the circumradi? A, OB, OC, we construct two triangles each
with circumcircle tangent to the nine-point circle at the center of the Jerabek

hyperbola.

1. Introduction

Given a triangleA BC, with circumcentelO, let 4, and A, be the pedals (or-
thogonal projections) of the vertex on the linesO B andOC respectively. Simi-
larly, defineB., B,, C, andC;. In this paper we prove some interesting results on
triangles associated with these pedals.

Figure 1

Theorem 1. Thetriangles AA,A., B,BB. and C,C,C are congruent totheorthic
triangle H,HyH.. See Figure 1

Publication Date: June 19, 2006. Communicating Editor: Paul Yiu.
The author thanks Paul Yiu, Peter Moses, and other members of the Hyacinthos group for help

and advice during the preparation of this paper.



206 Q. T. Bui

Theorem 2. Thelines B.Cy, C, A, and A, B, bound a triangle T; homothetic to
ABC. The circumcircle of T; is tangent to the nine-point circle of ABC at the
Jerabek center.

Recall that the Jerabek centéris the center of the circum-hyperbola through
the circumcente. This hyperbola is the isogonal conjugate of the Euler line.
The Jerabek centef is the triangle centeK;,5; in Kimberling’s Encyclopedia of
Triangle Centers[1].

Theorem 3. Thelines A, A., B.B, and C,C} bound a triangle T whose circunm-
circle istangent to the nine-point circle at the Jerabek center.

Hence, the circumcircles &F; and T, are also tangent to each otherJatIn
this paper we work with homogeneous barycentric coordinates and adopt standard
notations of triangle geometry. Basic results can be found in [2]. The Jerabek
centerJ, for example, has coordinates

(Sa(Sp —Sc)?: Sp(Sc —Sa)*: Sc(Sa — Sp)?). (1)
The labeling of triangle centers, except for the common ones, follows [1].

Proposition 4. The homogeneous barycentric coordinates of the pedals of the ver-
tices of triangle ABC' on the circumradii are as follows.

Ay =(Sa(Sp +Sc): Sc(Sc— Sa): Sc(Sa+ Sk)),
A, =(Sa(Sp+Sc): Sp(Sc+54): Sc(Sp —Sa));
B, =(Sa(Sp+ Sc): Sp(Sc+S4): Sa(Sa—SB)),
B, =(Sa(Sc —SB): Sp(Sc + Sa): Sc(Sa+ Sg));
Co =(Sa(Sp —Sc): Sp(Sc +S4a): Sc(Sa+ Sp)),
Ch =Sa((Sp + S0) : S(Sa—S0): Sco(Sa+Sp)).

Proof. We verify that the point
P=(Sa(Sg+Sc): Sc(Sc—Sa): Sc(Sa+ Sg))
is the pedal4, of A on the lineOB. Since
(Sa(Sp + Sc), Sc(Sc — Sa), Sc(Sa+ Sg))
=(Sa(SB + Sc), S(Sc + Sa), Sc(Sa+ SB))
+ (0,Sc(Sc — Sa) — Sp(Sc + Sa), 0),
this is a point on the lin® B. The coordinate sum d? being(Sg+S¢)(Sc+54),
the infinite point of the lineAP is
(Sa(Sp + Sc), Sc(Sc —Sa), Sc(Sa+ SB)) — ((Sc+ Sa)(Sa + Sg), 0, 0)
=Sc(—=(SB + Sc), (Sc —Sa), (Sa+ Sg)).
The infinite point ofOB is
(Sa(Sp + Se), Sp(Sc + Sa), Sc(Sa+ Sg)) — (0, 2(Spe + Sca + Sap), 0)
=(Sa(Sp + S¢), =(Spc +2Sca+ Sap), Sc(Sa+ Sg)).
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By the theorem in [2§4.5], the two linesA P andO B are perpendicular since
=S4 (Sp+Sc)-Sa(Sp + Sc)
—Sp - (Sc —Sa) - (Spc +2Sca + Sap)
+Sc - (Sa+ Sg) - Sc(Sa+ Sp)
=0.

2. Proof of Theorem 1

Note that the pointsi, and A, lie on the circle with diamete®© A, so do the
midpoints of AC' and AB. Therefore,

Figure 2

LAAAy =7 — LAWOA, =7 — LBOC =7 —2A = /ZH .H,H,y,
LAAVA, =LAOA. =1 — LCOA=n—-2B=/H,H,H,,
LAVAA =LA OA=7—-LAOB =7 —-2C = LH,H_ H,.

Therefore the angles in triangles4, A. and H, H, H,. are the same; similarly

for trianglesB, BB. andC,C,C. Since these four triangles have equal circumradii
%, they are congruent. This completes the proof of Theorem 1.
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Remarks. (1) The side lengths of these triangles akes A, bcos B, andccos C
respectively.

(2) If K,, K3, K. are the midpoints of the circumradilA, OB, OC, triangle
K, K, K. is homothetic to
(i) ABC atO, with ratio of homothety}, and
(i) the medial triangleG, G, G at X140, the nine-point center of the medial trian-
gle, with ratio of homothety-1.

(3) The circles(K},) and(K.) intersect at the circumcentér and the midpoint
G, of BC; similarly for the other two pair§K.), (K,) and (K,), (K3). The
midpoints G,, Gy, G. lie on the nine-point circlg§N) of triangle ABC. See
Figure 2.

3. Thetriangle Ty
We now consider the triangl®, bounded by the line8.Cy, C, A., and A, B,,.
Lemmab. Thequadrilateral B.C,C B is an isosceles trapezoid.

Proof. With reference to Figure 1, we have

() £B.BC =5 — Z0CB = § — ZOBC = £CyCB,
(i) B.B = C,C.
It follows that the quadrilateraB.C,C B is an isosceles trapezoid. O

Therefore, the lineB.C, and BC' are parallel. Similarly, the line€, A. and
CA are parallel, as arel, B, and AB. The triangleT; bounded by the lines
B.Cy, C,A., Ay B, is homothetic to trianglel BC', and also to the medial triangle
G.GyGe.

Proposition 6. Triangle T, ishomothetic to
(i) ABC at the procircumcenter (a*S, : b*Sp : ¢*Sc),t
(i) the medial triangle G,G, G, at the Jerabek center J.
Proof. The linesB.Cy, C,A., and A, B, have equations
—(Saa + Spco)x + Sa(Sp + Sc)y + Sa(Sp + Sc)z
Sp(Sc+ Sa)x — (Spp + Sca)y + Sp(Sc + Sa)z
Sc(SA + SB)x + Sc(SA + SB)y - (Scc + SAB)Z
From these, we obtain the coordinates of the verticeF, of
A1 =(Sa(Sp — Sc)* : Sp(Sc+84)*: Sc(Sa+ Sp)?),
By =(S54(Sg + Sc)?: Sp(Sc —S4)?: Sc(Sa+ Sp)?),
C1 =(Sa(Sp + Sc)?: Sp(Sc +S4)%: Sc(Sa— SB)?).

From the coordinates ofl;, By, C1, it is clear that the homothetic center of
trianglesA; B;C, and ABC' is the point

(SA(Sp+Sc)?: Sp(Sc +Sa)?: Sc(Sa+ Sp)?) = (a*Sa: b*Sp: *Se).

0

)
)

=0
=0

This is the triangle centeX g4 in [1].
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For (ii), the equations of the lings, A;, G, B1, G.C; are respectively

(SAA — SBc):C — SA(SB — Sc)y-|- SA(SB — Sc)z
SB(SC — SA):C + (SBB — SCA)y — SB(SC — SA)Z
—Sc(SA — SB)x + Sc(SA — SB)y + (SCC — SAB)Z

0,
0,
0.

It is routine to check that this contains the Jerabek cent@hose coordinates are
given in (1). O

4, Proof of Theorem 2

Theorem 2 is now an immediate consequence of Proposition 6(ii). Since the
homothetic centey lies on the circumcircle of the medial triangle, it must also lie
on the circumcircle of the other, and the two circumcircles are tangeht at

Figure 3
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5. Thetriangle Ty

From the coordinates of the pedals, we obtain the equations of thedjres
B.B,, andC,Cy:

—2Spcx + (S? — Spp)y + (5% — Sce)z =0,
(8% = Saa)z — 2Scay + (S* — Sce)z =0,
(8% — Sax)x + (S? — Spp)y — 25452 =0.
From these, the vertices of triandl® are the points
Ay =((Sp — Sc)? : 3Sap + Sec + Sca — Scc : 3Sca+ Sas + Spe — SpB),
By =(3Sap + Spc + Sca — Scc : (Sc—Sa)*: 3Spc+ Sca+ Sap — Saa),
2

Cy =(3Sca+ Sap+ SBC — Scc : 3Spc + Sca+ Sap — Saa: (Sa— Sp)?).

Figure 4

Proposition 7. Triangles ABC and A, BoC, are perspective at

Q:( 1 : 1 : 1

a2b? + b2c2 + c2a? — b4 _ C4 a2b? + b2¢c2 + c2aq? — C4 _ CL4 a2b? + b2¢2 + c2a? — (14 _ b4

).
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Proof. From the coordinates ofly, B, Cy given above Ts is perspective with
ABC at

1
©= (3SBc+SCA+SAB—SAA S >
These are equivalent to those given above in terms bfc. O

Remark. The triangle cente) does not appear in [1].

6. Proof of Theorem 3

It is easier to work with the image of triangIB, under the homothety(H, 2).
The images of the vertices are

Ay =(S4(Sp + Sc)(Spp — 4SBc + Sce) + Spc(Se — Sc)?
: (Sc +84)(Sa(Sp + Sc)(3Sp — Sc) + Spc (S — Sc))
: (Sa+ SB)(SA(SB + Sc)(Sp —3Se) + SBc(SB - Se))),

andBj, C, whose coordinates are obtained by cyclic permutatior pfs, Sc.
The circumcircle ofA/, B,C’, has equation

852 . SABC((SB + So)yz + (SC + Sa)zx + (SA + SB)xy)

+(x +y+2) (Z (SA + SB)(Sa+ Sc)(Sap + Sca — 2530)236) =0.

cyclic
To verify that this circle is tangent to the circumcircle
(S + Sc)yz + (Sc + Sa)zx + (Sa + Sp)zry = 0,
it is enough to consider the pedal of the circumcedem the radical axis
Z (SA + SB)(SA + Sc)(SAB + Sca — 2530)2x =0.
cyclic
This is the point
Q'—< Sp+ Sc : Sc+ 84 : Sa+SB >
Sca+ Sap —2Spc  Sap+ Spc —2Sca Spc+Sca—2Sa)’
which is clearly on the circumcircle, and also on the Jerabek hyperbola
Sa(SeB — Scc) n Sp(Scc — Saa) N Sc(Saa — SeB)

x Y z

=0.

This shows that the circlet, B,C is tangent to the circumcircle &. 2 Under
the homothetyh(H, 2), Q' is the image of the midpoint d @, which is the center
of the Jerabek hyperbola. Under the inverse homothety, the circumcir@ieisf
tangent to the nine-point circle dt This completes the proof of Theorem 3.

2Q' is the triangle centeK74
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Figure 5
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