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Simmons Conics

Bernard Gibert

Abstract. We study the conics introduced by T. C. Simmons and generalize
some of their properties.

1. Introduction

In[1, Tome 3, p.227], we find a definition of a conic called “ellipse de Simmons”
with a reference to E. Vigagi'series of papers [8] in 1887-1889. According to
Vigarié, this “ellipse” was introduced by T. C. Simmons [7], and has foci the first
isogonic center or Fermat poink{s in [5]) and the first isodynamic poinf{; in
[5]). The contacts of this “ellipse” with the sidelines of reference triangleC
are the vertices of the cevian triangleXfs. In other words, the perspector of this
conic is one of its foci. The given trilinear equation is :

\/asin (A+ g) + \/ﬁsin(<B + g) + \/’ysin <C+ g) = 0.

It appears that this conic is not always an ellipse and, curiously, the correspond-
ing conic with the other Fermat and isodynamic points is hot mentioned in [1].

In this paper, working with barycentric coordinates, we generalize the study of
inscribed conics and circumconics whose perspector is one focus.

2. Circumconics and inscribed conics

Let P = (u : v : w) be any point in the plane of triangléBC which does not
lie on one sideline oA BC. Denote byL(P) its trilinear polar.

The locus of the trilinear pole of a line passing througlis a circumconic de-
noted byI'.(P) and the envelope of trilinear polar of points®fP) is an inscribed
conicI’;(P). In both casesP is said to be the perspector of the conic &)
its perspectrix. Note that(P) is the polar line ofP in both conics.

The centers of .(P) andl';(P) are

Q(P)=(u(v+w—u) :v(w+u—v) :wlu+v—w)),
Qi(P) =(u(v+w) :v(w+u) :wlu+wv))

respectivelyQ.(P) is also the perspector of the medial triangle and the anticevian
triangle Ap BpCp of P. Q;(P) is the complement of the isotomic conjugaterof
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2.1 Congtruction of theaxesof I'.(P) and I';(P). Let X be the fourth intersection
of the conic and the circumcircleX(is the trilinear pole of the liné( P). The axes
of I'.(P) are the parallels &2.(P) to the bisectors of the lineBC and AX. A
similar construction in the cevian triangke P, P. of P gives the axes df;(P).

2.2 Congtruction of the foci of I'.(P) and I';(P). The line BC and its perpen-
dicular atP, meet one axis at two points. The circle with cer@igfP) which is
orthogonal to the circle having diameter these two points meets the axis at the re-
quested foci. A similar construction in the anticevian trianglePoives the foci

of I'.(P).

3. Inscribed conics with focus at the per spector

Theorem 1. There are two and only two non-degenerate inscribed conics whose
perspector P isonefocus: they are obtained when P isone of theisogonic centers.

Proof. If P is one focus ofl’;(P), the other focus is the isogonal conjugdte

of P and the center is the midpoint é?P*. This center must be the isotomic
conjugate of the anticomplement 8% A computation shows tha? must lie on

three circum-strophoids with singularity at one vertexAd®C'. These strophoids

are orthopivotal cubics as seen in [4, p.17]. They are the isogonal transforms of the
three Apollonian circles which intersect at the two isodynamic points. Hence, the
strophoids intersect at the isogonic centers. O

These conics will be called the (inscribedjnmons conics denoted bySs =
Fi(Xlg) andS;4 = FZ(X14)

| Elements of the conics Si3 I
perspector and focus Xi3 X14
other real focus X5 X6
center X396 X395
focal axis parallel to the Euler ling idem
non-focal axis L(X14) L(X13)
directrix L(X13) L(X14)
other directrix L(X13) L(X17)

Remark. The directrix associated to the perspector/focus in both Simmons conics
is also the trilinear polar of this same perspector/focus. This will be generalized
below.

Theorem 2. Thetwo (inscribed) Simmons conics generate a pencil of conics which
contains the nine-point circle.

The four (not always real) base points of the pencil form a quadrilateral inscribed
in the nine point circle and whose diagonal triangle is the anticevian triangle of
X503, the infinite point of the perpendiculars to the Euler line. In Figure 1 we have
four real base points on the nine point circle and on two parali@laadP,.

Hence, all the conics of the pencil have axes with the same directions (parallel
and perpendicular to the Euler line) and are centered on the rectangular hyperbola
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Figure 1. Simmons ponctual pencil of conics

which is the polar conic 03, (point at infinity of the Euler line) in the Neuberg
cubic. This hyperbola passes through the in/fexcendrsXsg, X395, X396, X523,
X1749 and is centered aXy7¢ (Tixier point). See Figure 2. This is the diagonal
conic with equation :

D (B = P)ASh — bPP)a? = 0.
cyclic
It must also contain the vertices of the anticevian triangle of any of its points
and, in particular, those of the diagonal triangle above. Note that the polar lines of
any of its points in both Simmons inconics are parallel.

Theorem 3. The two (inscribed) Smmons conics generate a tangential pencil of
conics which contains the Seiner inellipse.

Indeed, their centerXs9s and X3g5 lie on the lineGK. The locus of foci of
all inconics with center on this line is the (second) Brocard cubic KO18 which is
n/Co (K, X523) (See [3]). These conics must be tangent to the trilinear polar of the
root X593 which is the line through the centel§:5 and X795 of the Kiepert and
Jerabek hyperbolas.

Another approach is the following. The fourth common tangent to two inconics
is the trilinear polar of the intersection of the trilinear polars of the two perspec-
tors. In the case of the Simmons inconics, the intersectiogds at infinity (the
perspector of the Kiepert hyperbola) hence the common tangent must be the trilin-
ear polar of this point. In fact, more generally, any inconic with perspector on the
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Polar conic
of X30

Figure 2. The two Simmons inconi¢ss andSi4

Kiepert hyperbola must be tangent to this same line (the perpector of each conic
must lie on the Kiepert hyperbola since it is the isotomic conjugate of the anti-
complement of the center of the conic). In particular, si6ckes on the Kiepert
hyperbola, the Steiner inellipse must also be tangent to this line. This is also the
case of the inconic with centdt, perspectorf sometimes called(-ellipse (see

[1]) although it is not always an ellipse.

Remarks. (1) The contacts of this common tangent with, and S14 lie on the
lines throughG' and the corresponding perspector. See Figures 2 and 3.

(2) This line X115 X125 meets the sidelines of BC at three points on K018.

(3) The focal axes meet the non-focal axes at the vertices of a rectangle with
centerXs3g on the orthic axis and on the lif@K. These vertices ar&3qg, X395
and two other point®;, P, on the cubic K018 and collinear witki 11, the singular
focus of the cubic.

(4) The orthic axis is the mediator of the non-focal axes.
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Figure 3. Simmons tangential pencil of conics

(5) The pencil contains one and only one paralfdleve will call the Smmons
parabola. This is the in-parabola with perspectdf;; (on the Steiner ellipse),
focus X111 (Parry point), touching the lin&; 15 X125 at Xigus.t

4. Circumconics with focus at the per spector

A circumconic with perspectaP is inscribed in the anticevian triangig P, P.
of P. In other words, it is the inconic with perspectBrin &, P, P.. Thus,P is a
focus of the circumconic if and only if it is a Fermat point BfP, P.. According
to a known resulf, it must then be a Fermat point dfBC'. Hence,

Theorem 4. There are two and only two non-degenerate circumconics whose per-
spector P isone focus : they are obtained when P is one of the isogonic centers.

They will be called theSmmons circumconics denoted byy; s = I'.(X;3) and
Y14 = T'(X14). See Figure 4.

The fourth common point of these conicsXgz¢ (Tixier point) on the circum-
circle. The centers and other real foci are not mentioned in the current edition of
[6] and their coordinates are rather complicated. The focal axes are those of the
Simmons inconics.

1X 1645 is the tripolar centroid of{s3 i.e. the isobarycenter of the traces of the liKe 5 X125.
It lies on the lineGK.

’The angular coordinates of a Fermat pointfofP, P. are the same when they are taken either
with respect taP, P, P, or with respect toA BC.
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Figure 4. The two Simmons circumconiEss andX4

A digression: there are in general four circumconics with given fagud et
Ca, Cp, Cc the circles passing through with centersA, B, C. These circles have
two by two six centers of homothety and these centers are three by three collinear
on four lines. One of these lines is the trilinear palAIRY) of the interior point
Q = 47 : 37 : o and the remaining three are the sidelines of the cevian triangle
of (). These four lines are the directrices of the sought circumconics and their
construction is therefore easy to realize. See Figure 5.

This shows that one can find six other circumconics with focus at a Fermat point
but, in this case, this focus is not the perspector.

5. Somerelated loci

We now generalize some of the particularities of the Simmons inconics and
present several higher degree curves which all contain the Fermat points.

5.1 Directrices and trilinear polars. We have seen that these Simmons inconics
are quite remarkable in the sense that the directrix corresponding to the perspec-
tor/focus F' (which is the polar line of*' in the conic) is also the trilinear polar of

F'. The generalization gives the following
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Figure 5. Directrices of circumconics with given focus

Theorem 5. The locus of the focus F' of the inconic such that the corresponding
directrix is parallel to the trilinear polar of F' isthe Euler-Morley quintic Q003.

Q003 is a very remarkable curve with equation
Z a*(Spy — Sc 2)y*2* =0
cyclic

which (at the time this paper is written) contains 70 points of the triangle plane.
See [3] and [4].

In Figure 6, we have the inconic with focus at one of the extraversions of
X1156 (On the Euler-Morley quintic).

5.2 Perspector lying on one axis. The Simmons inconics (or circumconics) have
their perspectors at a focus hence on an axis. More generally,

Theorem 6. The locus of the perspector P of the inconic (or circumconic) such
that P lies on one of its axis is the Sothers quintic Q012.

The Stothers quintic Q012 has equation
> d(y—2)(a® —y2)yz =0,
cyclic

Q012 is also the locus of poirt/ such that the circumconic and inconic with
same perspectav/ have parallel axes, or equivalently such that the pencil of conics
generated by these two conics contains a circle. See [3].
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Figure 6. An inconic with directrix parallel to the trilinear polar of the focus

The center of the inconic in Theorem 6 must lie on the complement of the iso-
tomic conjugate of Q012, another quartic with equation

Z a?(y+2z—x)(y—2)(y* + 22 — vy — 22) = 0.
cyclic
In Figure 7, we have the inconic with perspecigy;; (on the Stothers quintic)
and centerX3g0s.
The center of the circumconic in Theorem 6 must lie on a septic which is the
(G —Ceva conjugate of Q012.

5.3. Perspector lying onthefocal axis. The focusF, its isogonal conjugaté* (the
other focus), the centeé? (midpoint of F'F*) and the perspectaP (the isotomic
conjugate of the anticomplement@j of the inconic may be seen as a special case
of collinear points. More generally,

Theorem 7. The locus of the focus I of the inconic such that ', F* and P are
collinear isthe bicircular isogonal sextic Q039

Q039 s also the locus of poiifit whose pedal triangle has a Brocard line passing
throughP. See [3].

Remark. The locus ofP such that the polar lines dP and its isogonal conjugate
P* in one of the Simmons inconics are parallel are the two isogonal pivotal cubics
K129a and K129b.
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More precisely, with the coni&;3 we obtain K129b 9p/C( K, X396) and with
the conicS;4 we obtain K129a (K, Xsg5). See [3].

6. Appendices

6.1 In his paper [7], T. C. Simmons has shown that the eccentricity; ofis
twice that ofS;3. This is also true fok;4 andSy 4. The following table gives these
eccentricities.

| conic| eccentricity |
1 OH
813 X
2(cotw + v/3) VA
1 OH
814 X
2(cot w — v/3) VA
5 2 o OH
13
2(cotw + v/3) VA
5 2 o OH
14
2(cot w — v/3) VA

wherew is the Brocard angle) the area ofABC andOH the distance between
O andH.

6.2 SinceX 3 andS;s (or X4 andSi4) have the same focus and the same direc-
trix, it is possible to find infinitely many homologies (perspectivities) transforming
these two conics into concentric circles with cenkgs (or X14) and the radius of
the first circle is twice that of the second circle.

The axis of such homology must be parallel to the directrix and its center must
be the common focus. Furthermore, the homology must send the directrix to the
line at infinity and, for example, must transform the pakhtor P, see remark 3
at the end o§3) into the infinite pointX3, of the Euler line or the lineX;3X75.

Let A; andA; be the two lines with equations

Z(b2—|—c2—2a2+\/a4+b4-|—c4—6262—62a2—a2b2)x20

cyclic

and

Z(b2+62—2a2— Vat + b+t — b2 — 2a? — a2b?) = 0.
cyclic
A1 and A, are the tangents to the Steiner inellipse which are perpendicular to
the Euler line. The contacts lie on the lid&K and on the circle with center
passing throughXiis, the center of the Kiepert hyperbold; and A, meet the
Euler line at two points lying on the circle with cent@rpassing througtX; 5, the
center of the Jerabek hyperbola.
If we take one of these lines as an axis of homology, the two Simmons circum-
conicsX 3 andXq4 are transformed into two circldg s andT'4 having the same
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radius. Obviously, the two Simmons inconics are also transformed into two circles
having the same radius. See Figure 9.

Figure 9. Homologies and circles

For any pointM on X3, the lineM P, meetsA; atm. The parallel to the Euler
line atm meets the line\/ X;3 at M’ onT';3. A similar construction withA/ on
314 and P, instead ofP; will give T'y4.
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