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Abstract. At each pointP of the Euclidean planél, not on the sidelines of a
triangle A1 A2 A3 of I1, there exists an involution in the pencil of lines through

such that each pair of conjugate lines intersect the sidels df A3 in segments

with collinear midpoints. IfP = H, the orthocenter afi; A> A3, this involution
becomes the orthogonal involution (where orthogonal lines correspond) and we
find the well-known Droz-Farny Theorem, which says that any two orthogonal
lines throughH intersect the sides of the triangle in segments with collinear
midpoints. In this paper we investigate two closely related loci that have a strong
connection with the Droz-Farny Theorem. Among examples of these loci we
find the circumcirle of the anticomplementary triangle and the Steiner ellipse of
that triangle.

1. The Droz-Farny Theorem

Many proofs can be found for the original Droz-Farny Theorem (for some recent
proofs, see [1], [3]). The proof given in [3] (and [5]) probably is one of the shortest:
Consider, in the Euclidean plahE the pencilB of parabola’s with tangent lines the
sidesa; = A2A3, ay = A3A1, a3 = A1As of A1 A5 A3, and the lind at Inflnlty
Let P be any point ofll, not on a sideline off; A, A3, and not orl, and consider
the tangent lines ands’ through P to a non-degenerate parab@eof this pencil
B. A variable tangent line of intersectsr and+’ in corresponding points of a
projectivity (an affinity, i.e. the points at infinity afands’ correspond), and from
this it follows that the line connecting the midpoints of the segments determined
by r andr’ on a; andas, is a tangent line of?, through the midpoint of the
segment determined an by » andr’. Next, by the Sturm-Desargues Theorem,
the tangent lines througk to a variable parabola of the pendlare conjugate
lines in an involutionZ of the pencil of lines throughP, and this involutionZ
contains in general just one orthogonal conjugate pair. In the following we call
these orthogonal lines through the orthogonal Droz-Farny lines through

Remark that PA;, line throughP parallel toa;), i = 1,2,3 are the tangent
lines throughP of the degenerate parabola’s of the pefiand thus are conjugate
pairs in the involutioriZ. From this it follows that in the case whefe = H, the
orthocenter ofd; A; A3, this involution becomes the orthogonal involution in the
pencil of lines through, and we find the Droz-Farny Theorem.
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Two other characterizations of the orthogonal Droz-Farny lines thrgeigine
obtained as follows: LeX andY be the points at infinity of the orthogonal Droz-
Farny lines throughP. Since the two trianglesgl; A; A3 and PXY are circum-
scribed triangles about a conic (a parabola of the pdsicitheir vertices are six
points of a conic, namely the rectangular hyperbola throdgh,, A3, and P
(and also throught, since any rectangular hyperbola through A5, and As,
passes through). It follows that the orthogonal Droz-Farny lines throughare
the lines throughP which are parallel to the (orthogonal) asymptotes of this rect-
angular hyperbola through;, A,, A3, P, andH.

Next, since, ifP = H, the involutionZ is the orthogonal involution, the direc-
trix of any parabola of the pencll passes througli/, and the orthogonal Droz-
Farny lines through any poir? are the orthogonal tangent lines througtof the
parabola, tangent @, as, a3, and with directrixP H .

2. Thefirst locus

Let us recall some basic properties of trilinear (or normal) coordinates (see for
instance [4]). Trilinear coordinatgs;, z2, x3), with respect to a trianglel; A, A
with side-lenghtd,, [5, I3, of any pointP of the Euclidean plane, are homogeneous
projective coordinates, in the Euclidean plane, for which the vertiged,, A3
are the basepoints and the incenieof the triangle the unit point. The line at
infinity has in trilinear coordinates the equatilml + ZQIL‘Q + l3z3 = 0. The

centroidG of A1A2A3 has trilinear coordmate@—, R ) the orthocenter{ is
(CoslAl, coslAg’ a3 ), the circumcente is (cos Ay, cos A, cos A3), the incenter

lis (1,1,1), and the Lemoine (or symmedian) poiitis (i, l2, [3).

If X has trilinear coordinateéry, z2, x3) with respect toA; A, As, and if d;
is the "signed” distance fromX to the sideqg; (i.e. d; is positive or negative,
according asX lies on the same or opposite side @fas 4;), then, if F' is the
area ofd; Ay A5, we haved; = hmﬁfﬁ =1,2,3, and(d,, d, d3) are the
actual trilinear coordinates of X with respect to4; A; A;. Remark thatd; +
lody + l3dg = 2F.

Our first locus is defined as follows ([5]):

Consider a fixed poinP, not on a sideline of}; A, A3, and not at infinity, with
actual trilinear coordinate@ , d2, d3) with respect tad; A, A3, and suppose that
is a given real number and the set of points of the plane for which the distgnces
from (z1, 22, z3) t0 a; are connected by the equation

61d 5 —ds 53 Zdi =5 (1)

Usingd; = 32—, we see that the set is given by the equation
! b o I3 o 9
4F (51 1 + = 52 To + = 53 ) S(h.rl + lzxz + lgxg) = O, (2)
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or, if we use general trilinear coordinat@s, p2, p3) of P:

QF(;)ll Tq +]l7_22 % + l—xg)(llpl + l2p2 + l3p3) — S(h.Tl + ZQ.TQ + lgxg) =0. (3)

We denote this conic byC(P, A, s): it is the conic determined by (1) and (2),
where (41, 02, d3) are the actual trilinear coordinates 6fwith regard toA =
A1A2 A3, and also by (3), wherépy, p2, p3) are any triple of trilinear coordinates
of P with regard toA, and by the value of. For P and A fixed ands allowed
to vary, the conic#C(P, A, s) belong to a pencil, and a straightforward calculation
shows that all conics of this pencil have cenferand have the same points at
infinity, which means that they have the same asymptotes and the same axes.

The conicsC(P, A, s) can be (homothetic) ellipses or hyperbola’s: this depends
on the location ofP with regard toA, and again a straightforward calculation
shows that we find ellipses or hyperbola’s, according as the pragiaét > 0 or
< 0.

Next, themedial triangle of A = A; A5 A3 is the triangle whose vertices are
the midpoints of the sides @f, and theanticomplementary triangle A;IAQ‘lAgl
of A is the triangle whose medial triangle 4s. An easy calculation shows that
the trilinear coordinates of the vertices ', A, ', andA; ! of this anticomplemen-
tary triangle arﬁé—lzlg, 314, lllz), (lzlg, —I3lq, lllz), and(lglg, I3lq, —lllg), respec-
tively.

Lemmal. Thelocus C(P, A, S) of the points for which the distances ¢, , da, ds to
thesides ay, as, a3 of A = A; A; Az are connected by

1 lo o I3 o 5, 1 1 1

—d? + = d3 —d =4F(—+-—+-—) =S

(5 52 53 (l151 + l252 l353) ’
where (41, d2, 03) are the actual trilinear coordinates of a given point P, is the
conic with center P, and circumscribed about the anticomplementary triangle

ATTAT AT of A

it i 1 1 1 1 _1 1 11 _ 1
Proof. Substituting the coordlnate(&H, i E)’ or (H’ — 7 E)’ or (H’ i _E)
of A7t Ayt and A3t in (2), we find immediately that
1 1 1
=S =4F*(— + — 4 ).
’ Gor s T 1)
Il

3. The second locus

We work again in the Euclidean plari¢ with trilinear coordinates with re-
spect toA = A; Ay As. Assume thaP(py, p2, p3) is @ point ofIl, not at infinity
and not on a sideline oA. We look for the locus of the point® of 11, such
that the point); = ¢; Na;, @ = 1,2,3, whereg; is the line through®, par-
allel to PA;, are collinear. This locus was the subject of the paper [2]. Since
liz1 + laxe + l3x3 = 0 is the equation of the line at infinity, the point at infinity of
P A; has coordinatefsps + I3ps, —l1p2, —l1p3), and if we give@ the coordinates
(x1, 2, z3), we find after an easy calculation th@t has coordinatef), [y pax1 +
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{L‘Q(lgpg + l3p3), xilips + x3(l2p2 + l3p3)). In the same way, we find for the coor-
dinates 0fQ2, and ofQs: (z1(l1p1 + I3p3) + p172l2, 0, p3zals + 23 (l1p1 +13p3)),
and(x1(lip1 + lap2) + w3p1ls, v2(lip1 + l2p2) + x3p2ls, 0), respectively.

Next, after a rather long calculation, and deleting the singularipart-loxo +
I3z3 = 0, the condition that);, @2, andQ3 are collinear, gives us the following
equation for the locus of the poi:

p3(lip1 + lap2)x122 + p1(lop2 + I3ps)xaxs + pa(laps + lipr)xzey = 0. (4)

This is our second locus, and we denote this conic, circumscribed adhdut 5,
by C(P,A), whereA = A; As A3, and whereP is the point with trilinear coordi-
nates(p, p2, p3) with regard toA.

Lemma 2. The center M of C(P, A) hastrilinear coordinates

(lal3(lap2 + 13p3), I3l1 (Isps + Lip1), Lila(lip1 + lap2)).

It is the image f(P), where f is the homothety with center G, the centroid of A,
and homothetic ratio —3, or, in other words: 2GV/ = —GP.

Proof. An easy calculation shows that the polar point of this pdihtvith regard
to the conic (4) is indeed the line at infinity, with equation + lox- + 1323 = 0.
Moreover, if P, is the point at infinity of the line?G, the equatlomGM =GP
is equivalent with the equality of the cross-ratit! PGR,,) to —5 Next, choose
on the linePG homogeneous projective coordinates with basepaditis 0) and
G(0,1), and giveP, coordinatest;, t2) (thus Py, = t1 P + t2G), then(ty,ta) =
(=3,11p1 + l2p2 + I3p3) and the projective coordinaté, t,) of M follow from

| h ty
0 1 =3 lip1 +lap2 +1 1
(MPGPy,) = : 1P1 T t2p2 T 3P3| ey
10 1 0 2
0 1] |=3 bhpi+lop2+I3p3
which gives(#], t5) = (—1,11p1 + lap2 + I3ps3). 0

Remark that the second part of the proof also follows from the connection
between trilineargz;, z2, x3) for a point with respect tod; 4, A3 and trilinears
(«), xh, %) for the same point with respect to the medial trianglelpfl, A3 (see
[4, p.207]):
I = l2l3(l2$/2 + lgfl?g)
T = I3lh (l3xé + llfli‘ll)
xrs = lllg(llxll + l2{li‘/2)

4. The connection between the Droz-Farny -lines and the conics

Recall from§2 that

1 1 1 1 1 1

—AF*(— 4+ — + — ) =2F(] l l
S (l161 + l262 + l353) ( 1P1 + 2P2 + 3p3)(l1p1 + l2p2 l3p3 )
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where F' is the area ofA = A; AsAs, (p1,p2,p3) are trilinear coordinates aP
with regard toA A; A A3, and where(dy, 02, d3) are the actual trilinear coordi-
nates ofP with respect to this triangle.

Furthermore, in the foregoing sectiofi,is the homothety with cente# and ho-
mothetic ratio—%. Remark thatf ~*(A) is the anticomplementary triangle~! of
A. We have:

Theorem 3. (1) Theconics (P, A, S) and C(f~1(P), f~1(A)) coincide.

(2) The common axes of the conics (P, A, s), s € R, and of the conic
C(f~1(P), f~1(A)) arethe orthogonal Droz-Farny -lines through P, with regard
to A = A1 Ay A5,

Proof. (1) Because of Lemma 1 and 2, both conics have cdntend are circum-
scribed about the complementary triangfe (A) of A; A5 Aj.

(2) For the conic with centeP, circumscribed about the anticomplementary
triangle ofA; A As, itis clear tha{ P A;, line throughP, parallel tog;), i = 1,2, 3,
are conjugate diameters. And the result follows from section 1. O

5. Examples

5.1 If P = H, the orthocenter oA = A4; A5 A3, which is also the circumcenter

of its anticomplementary triangl&—*, the conicsC(H, A, s) are circles with cen-

ter H, since any two orthogonal lines throughare axes of these conics. In partic-
A A A

ular, K(H, A, §), whereS = 2F (541 4 cosdz ycosdlay( by by b)),

is the circumcircle ofA~! and it is the locus of the points for which the distances
dy,ds, d3 to the sides ofA are related by

(11 cos Ay)d3 + (Ig cos Ag)d3 + (I3 cos A3)ds
cos A n cos Ao N CoS Ag)

L la I3
B+13+13

Lilaly 7

=4F?(

—2F?

or equivalently,
BB - +B0E+13 -3 +1203 +13—13)d2 =4F*(13 + 15+ 13).

Moreover,C(f~1(H), A~!) is also the circumcirle oAA~!, which is easily seen
from the fact that this circumcircle is the locus of the points for which the feet
of the perpendiculars to the sidesf! are collinear. Remark that™!(H), the
orthocenter ofA~!, is the de Longchamps poit¥ (20) of A.

52 If P = K(l1,la,l3), the Lemoine point o\ = A; A3 A3, then/C(K, A, S),

with

1

B

BE+ B +133)03+13+13)
EIEE ’

1 1
S:ﬂwﬁ+ —+ﬁxﬁ+@+@)
1 3

:2F2(
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is the locus of the points for which the distancegsds, ds to the sides ofA are
related byd} + d3 + dj = 4F*(% + % + ), and it is the ellipse with cente,
1 2 3

circumscribed abouA~!. Moreover, the locug(f~1(K), A1), wheref~1(K)
is the Lemoine point oA~! (or X (69) with coordinates

(l2l3(l§ + l% - l%)vl?)ll(l% + l% - l%)vllb(l% + l% - lg))v

is the same ellipse. The axes of this ellipse are the orthogonal Droz-Farny lines
through K with respect taA.

53 If P = G({, ¢, 1), the centroid ofA = A; A3 A3, thenkK(G, A, S), with
S = 18F, is the locus of the points for which the distanegsds, ds to the sides

of A are related by2d? + 3d% + 12d3 = 12F?, and it is the ellipse with cente?,
circumscribed abouh~1, i.e., it is the Steiner ellipse ak~!, sinced is also the
centroid ofA=1. The locusC(G, A1) is also this Steiner ellipse and its axes are

the orthogonal Droz-Farny lines throughwith respect tQ\.

54 If P = I(1,1,1), the incenter ofA = A;AyAs, thenK(I,A,S), with

S =2F(l1+1, +l3)(% + % + %), is the locus of the points for which the distances
dy, dz, ds to the sides ofA are related by;d? + lod2 + I3d2 = 4F2(% + é + %),
and it is the ellipse with centef, circumscribed about\~!. Moreover the locus
C(f~1(I),A™1), wheref~1(I) is the incenter oA~! (which is centerX (8) of A,

the Nagel point with coordinate+=l | stii—le Lth—ls)) s the same ellipse.
The axes of this ellipse are the orthogonal Droz-Farny lines thrdugith respect
to A.

References

[1] J.-L. Ayme, A purely synthetic proof of the Droz-Farny line theordfor,um Geom., 4 (2004),
219-224.

[2] C.J. Bradley and J.T. Bradley, Countless Simson line configuratMath. Gazette, 80 (1996)
no. 488, 314-321.

[3] J.-P. Ehrmann and F.M. van Lamoen, A projective generalization of the Droz-Farny line theorem,
Forum Geom., 4 (2004), 225-227.

[4] C. Kimberling, Triangle centers and central triangl€angressus Numerantium, 129 (1998)
1-285.

[5] C. Thas, On ellipses with center the Lemoine point and generalizatiiesy Archief voor
Wiskunde, ser.4, 11 (1993), nr. 1, 1-7.

Charles Thas: Department of Pure Mathematics and Computer Algebra, Krijgslaan 281, S22,
B-9000 Gent, Belgium
E-mail address: char | es. t has@JGent . be



