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The Droz-Farny Theorem and Related Topics

Charles Thas

Abstract. At each pointP of the Euclidean planeΠ, not on the sidelines of a
triangleA1A2A3 of Π, there exists an involution in the pencil of lines throughP ,
such that each pair of conjugate lines intersect the sides ofA1A2A3 in segments
with collinear midpoints. IfP = H , the orthocenter ofA1A2A3, this involution
becomes the orthogonal involution (where orthogonal lines correspond) and we
find the well-known Droz-Farny Theorem, which says that any two orthogonal
lines throughH intersect the sides of the triangle in segments with collinear
midpoints. In this paper we investigate two closely related loci that have a strong
connection with the Droz-Farny Theorem. Among examples of these loci we
find the circumcirle of the anticomplementary triangle and the Steiner ellipse of
that triangle.

1. The Droz-Farny Theorem

Many proofs can be found for the original Droz-Farny Theorem (for some recent
proofs, see [1], [3]). The proof given in [3] (and [5]) probably is one of the shortest:
Consider, in the Euclidean planeΠ, the pencilB of parabola’s with tangent lines the
sidesa1 = A2A3, a2 = A3A1, a3 = A1A2 of A1A2A3, and the linel at infinity.
Let P be any point ofΠ, not on a sideline ofA1A2A3, and not onl, and consider
the tangent linesr andr′ throughP to a non-degenerate parabolaP of this pencil
B. A variable tangent line ofP intersectsr andr′ in corresponding points of a
projectivity (an affinity, i.e. the points at infinity ofr andr′ correspond), and from
this it follows that the line connecting the midpoints of the segments determined
by r and r′ on a1 and a2, is a tangent line ofP, through the midpoint of the
segment determined ona3 by r andr′. Next, by the Sturm-Desargues Theorem,
the tangent lines throughP to a variable parabola of the pencilB are conjugate
lines in an involutionI of the pencil of lines throughP , and this involutionI
contains in general just one orthogonal conjugate pair. In the following we call
these orthogonal lines throughP , the orthogonal Droz-Farny lines throughP .

Remark that(PAi, line throughP parallel toai), i = 1, 2, 3 are the tangent
lines throughP of the degenerate parabola’s of the pencilB, and thus are conjugate
pairs in the involutionI. From this it follows that in the case whereP = H, the
orthocenter ofA1A2A3, this involution becomes the orthogonal involution in the
pencil of lines throughH, and we find the Droz-Farny Theorem.
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Two other characterizations of the orthogonal Droz-Farny lines throughP are
obtained as follows: LetX andY be the points at infinity of the orthogonal Droz-
Farny lines throughP . Since the two trianglesA1A2A3 andPXY are circum-
scribed triangles about a conic (a parabola of the pencilB), their vertices are six
points of a conic, namely the rectangular hyperbola throughA1, A2, A3, andP
(and also throughH, since any rectangular hyperbola throughA1, A2, andA3,
passes throughH). It follows that the orthogonal Droz-Farny lines throughP are
the lines throughP which are parallel to the (orthogonal) asymptotes of this rect-
angular hyperbola throughA1, A2, A3, P , andH.

Next, since, ifP = H, the involutionI is the orthogonal involution, the direc-
trix of any parabola of the pencilB passes throughH, and the orthogonal Droz-
Farny lines through any pointP are the orthogonal tangent lines throughP of the
parabola, tangent toa1, a2, a3, and with directrixPH.

2. The first locus

Let us recall some basic properties of trilinear (or normal) coordinates (see for
instance [4]). Trilinear coordinates(x1, x2, x3), with respect to a triangleA1A2A
with side-lenghtsl1, l2, l3, of any pointP of the Euclidean plane, are homogeneous
projective coordinates, in the Euclidean plane, for which the verticesA1, A2, A3

are the basepoints and the incenterI of the triangle the unit point. The line at
infinity has in trilinear coordinates the equationl1x1 + l2x2 + l3x3 = 0. The
centroidG of A1A2A3 has trilinear coordinates( 1

l1
, 1

l2
, 1

l3
), the orthocenterH is

( 1
cos A1

, 1
cos A2

, 1
cos A3

), the circumcenterO is (cos A1, cos A2, cos A3), the incenter
I is (1, 1, 1), and the Lemoine (or symmedian) pointK is (l1, l2, l3).

If X has trilinear coordinates(x1, x2, x3) with respect toA1A2A3, and if di

is the ”‘signed”’ distance fromX to the sideai (i.e. di is positive or negative,
according asX lies on the same or opposite side ofai asAi), then, if F is the
area ofA1A2A3, we havedi = 2Fxi

l1x1+l2x2+l3x3
, i = 1, 2, 3, and(d1, d2, d3) are the

actual trilinear coordinates of X with respect toA1A2A3. Remark thatl1d1 +
l2d2 + l3d3 = 2F .

Our first locus is defined as follows ([5]):
Consider a fixed pointP , not on a sideline ofA1A2A3, and not at infinity, with

actual trilinear coordinates(δ1, δ2, δ3) with respect toA1A2A3, and suppose thats
is a given real number and the set of points of the plane for which the distancesdi
from (x1, x2, x3) to ai are connected by the equation

l1
δ1

d2
1 +

l2
δ2

d2
2 +

l3
δ3

d2
3 = s. (1)

Usingdi = 2Fixi
l1x1+l2x2+l3x3

, we see that the set is given by the equation

4F 2(
l1
δ1

x2
1 +

l2
δ2

x2
2 +

l3
δ3

x2
3) − s(l1x1 + l2x2 + l3x3)2 = 0, (2)
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or, if we use general trilinear coordinates(p1, p2, p3) of P :

2F (
l1
p1

x2
1 +

l2
p2

x2
2 +

l3
p3

x2
3)(l1p1 + l2p2 + l3p3)− s(l1x1 + l2x2 + l3x3)2 = 0. (3)

We denote this conic byK(P,∆, s): it is the conic determined by (1) and (2),
where(δ1, δ2, δ3) are the actual trilinear coordinates ofP with regard to∆ =
A1A2A3, and also by (3), where(p1, p2, p3) are any triple of trilinear coordinates
of P with regard to∆, and by the value ofs. For P and∆ fixed ands allowed
to vary, the conicsK(P,∆, s) belong to a pencil, and a straightforward calculation
shows that all conics of this pencil have centerP , and have the same points at
infinity, which means that they have the same asymptotes and the same axes.

The conicsK(P,∆, s) can be (homothetic) ellipses or hyperbola’s: this depends
on the location ofP with regard to∆, and again a straightforward calculation
shows that we find ellipses or hyperbola’s, according as the productδ1δ2δ3 > 0 or
< 0.

Next, themedial triangle of ∆ = A1A2A3 is the triangle whose vertices are
the midpoints of the sides of∆, and theanticomplementary triangle A−1

1 A−1
2 A−1

3
of ∆ is the triangle whose medial triangle is∆. An easy calculation shows that
the trilinear coordinates of the verticesA−1

1 , A−1
2 , andA−1

3 of this anticomplemen-
tary triangle are(−l2l3, l3l1, l1l2), (l2l3,−l3l1, l1l2), and(l2l3, l3l1,−l1l2), respec-
tively.

Lemma 1. The locus K(P,∆, S) of the points for which the distances d1, d2, d3 to
the sides a1, a2, a3 of ∆ = A1A2A3 are connected by

l1
δ1

d2
1 +

l2
δ2

d2
2 +

l3
δ3

d2
3 = 4F 2(

1
l1δ1

+
1

l2δ2
+

1
l3δ3

) = S,

where (δ1, δ2, δ3) are the actual trilinear coordinates of a given point P , is the
conic with center P , and circumscribed about the anticomplementary triangle
A−1

1 A−1
2 A−1

3 of ∆.

Proof. Substituting the coordinates(− 1
l1

, 1
l2

, 1
l3

), or ( 1
l1

,− 1
l2

, 1
l3

), or ( 1
l1

, 1
l2

,− 1
l3

)
of A−1

1 , A−1
2 , andA−1

3 , in (2), we find immediately that

s = S = 4F 2(
1

l1δ1
+

1
l2δ2

+
1

l3δ3
).

�

3. The second locus

We work again in the Euclidean planeΠ, with trilinear coordinates with re-
spect to∆ = A1A2A3. Assume thatP (p1, p2, p3) is a point ofΠ, not at infinity
and not on a sideline of∆. We look for the locus of the pointsQ of Π, such
that the pointsQi = qi ∩ ai, i = 1, 2, 3, whereqi is the line throughQ, par-
allel to PAi, are collinear. This locus was the subject of the paper [2]. Since
l1x1 + l2x2 + l3x3 = 0 is the equation of the line at infinity, the point at infinity of
PA1 has coordinates(l2p2 + l3p3,−l1p2,−l1p3), and if we giveQ the coordinates
(x1, x2, x3), we find after an easy calculation thatQ1 has coordinates(0, l1p2x1 +
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x2(l2p2 + l3p3), x1l1p3 + x3(l2p2 + l3p3)). In the same way, we find for the coor-
dinates ofQ2, and ofQ3: (x1(l1p1 + l3p3) + p1x2l2, 0, p3x2l2 + x3(l1p1 + l3p3)),
and(x1(l1p1 + l2p2) + x3p1l3, x2(l1p1 + l2p2) + x3p2l3, 0), respectively.

Next, after a rather long calculation, and deleting the singular partl1x1 + l2x2 +
l3x3 = 0, the condition thatQ1, Q2, andQ3 are collinear, gives us the following
equation for the locus of the pointQ:

p3(l1p1 + l2p2)x1x2 + p1(l2p2 + l3p3)x2x3 + p2(l3p3 + l1p1)x3x1 = 0. (4)

This is our second locus, and we denote this conic, circumscribed aboutA1A2A3,
by C(P,∆), where∆ = A1A2A3, and whereP is the point with trilinear coordi-
nates(p1, p2, p3) with regard to∆.

Lemma 2. The center M of C(P,∆) has trilinear coordinates

(l2l3(l2p2 + l3p3), l3l1(l3p3 + l1p1), l1l2(l1p1 + l2p2)).

It is the image f(P ), where f is the homothety with center G, the centroid of ∆,
and homothetic ratio −1

2 , or, in other words: 2 �GM = − �GP .

Proof. An easy calculation shows that the polar point of this pointM with regard
to the conic (4) is indeed the line at infinity, with equationl1x1 + l2x2 + l3x3 = 0.
Moreover, ifP∞ is the point at infinity of the linePG, the equation2 �GM = − �GP
is equivalent with the equality of the cross-ratio(MPGP∞) to −1

2 . Next, choose
on the linePG homogeneous projective coordinates with basepointsP (1, 0) and
G(0, 1), and giveP∞ coordinates(t1, t2) (thusP∞ = t1P + t2G), then(t1, t2) =
(−3, l1p1 + l2p2 + l3p3) and the projective coordinates(t′1, t′2) of M follow from

(MPGP∞) =

∣∣∣∣
t′1 t′2
0 1

∣∣∣∣∣∣∣∣
1 0
0 1

∣∣∣∣
:

∣∣∣∣
t′1 t′2
−3 l1p1 + l2p2 + l3p3

∣∣∣∣∣∣∣∣
1 0
−3 l1p1 + l2p2 + l3p3

∣∣∣∣
= −1

2
,

which gives(t′1, t′2) = (−1, l1p1 + l2p2 + l3p3). �

Remark that the second part of the proof also follows from the connection
between trilinears(x1, x2, x3) for a point with respect toA1A2A3 and trilinears
(x′

1, x
′
2, x

′
3) for the same point with respect to the medial triangle ofA1A2A3 (see

[4, p.207]): 


x1 = l2l3(l2x′
2 + l3x

′
3)

x2 = l3l1(l3x′
3 + l1x

′
1)

x3 = l1l2(l1x′
1 + l2x

′
2).

4. The connection between the Droz-Farny -lines and the conics

Recall from§2 that

S = 4F 2(
1

l1δ1
+

1
l2δ2

+
1

l3δ3
) = 2F (l1p1 + l2p2 + l3p3)(

1
l1p1

+
1

l2p2
+

1
l3p3

),
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whereF is the area of∆ = A1A2A3, (p1, p2, p3) are trilinear coordinates ofP
with regard to∆A1A2A3, and where(δ1, δ2, δ3) are the actual trilinear coordi-
nates ofP with respect to this triangle.
Furthermore, in the foregoing section,f is the homothety with centerG and ho-
mothetic ratio−1

2 . Remark thatf−1(∆) is the anticomplementary triangle∆−1 of
∆. We have:

Theorem 3. (1) The conics K(P,∆, S) and C(f−1(P ), f−1(∆)) coincide.
(2) The common axes of the conics K(P,∆, s), s ∈ R, and of the conic
C(f−1(P ), f−1(∆)) are the orthogonal Droz-Farny -lines through P , with regard
to ∆ = A1A2A3.

Proof. (1) Because of Lemma 1 and 2, both conics have centerP and are circum-
scribed about the complementary trianglef−1(∆) of A1A2A3.

(2) For the conic with centerP , circumscribed about the anticomplementary
triangle ofA1A2A3, it is clear that(PAi, line throughP , parallel toai), i = 1, 2, 3,
are conjugate diameters. And the result follows from section 1. �

5. Examples

5.1. If P = H, the orthocenter of∆ = A1A2A3, which is also the circumcenter
of its anticomplementary triangle∆−1, the conicsK(H,∆, s) are circles with cen-
terH, since any two orthogonal lines throughH are axes of these conics. In partic-
ular,K(H,∆, S), whereS = 2F (cos A1

l1
+ cos A2

l2
+ cos A3

l3
)( l1

cos A1
+ l2

cos A2
+ l3

cos A3
),

is the circumcircle of∆−1 and it is the locus of the points for which the distances
d1, d2, d3 to the sides of∆ are related by

(l1 cos A1)d2
1 + (l2 cos A2)d2

2 + (l3 cos A3)d2
3

=4F 2(
cos A1

l1
+

cos A2

l2
+

cos A3

l3
)

=2F 2 l21 + l22 + l23
l1l2l3

,

or equivalently,

l21(l
2
2 + l23 − l21)d

2
1 + l22(l

2
3 + l21 − l22)d

2
2 + l23(l

2
1 + l22 − l23)d

2
3 = 4F 2(l21 + l22 + l23).

Moreover,C(f−1(H),∆−1) is also the circumcirle of∆−1, which is easily seen
from the fact that this circumcircle is the locus of the points for which the feet
of the perpendiculars to the sides of∆−1 are collinear. Remark thatf−1(H), the
orthocenter of∆−1, is the de Longchamps pointX(20) of ∆.

5.2. If P = K(l1, l2, l3), the Lemoine point of∆ = A1A2A3, thenK(K,∆, S),
with

S =2F (
1
l21

+
1
l22

+
1
l23

)(l21 + l22 + l23)

=2F 2 (l22l
2
3 + l23l

2
1 + l21l

2
2)(l

2
1 + l22 + l23)

l21l
2
2l

2
3

,
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is the locus of the points for which the distancesd1, d2, d3 to the sides of∆ are
related byd2

1 + d2
2 + d2

3 = 4F 2( 1
l21

+ 1
l22

+ 1
l23

), and it is the ellipse with centerK,

circumscribed about∆−1. Moreover, the locusC(f−1(K),∆−1), wheref−1(K)
is the Lemoine point of∆−1 (or X(69) with coordinates

(l2l3(l22 + l23 − l21), l3l1(l
2
3 + l21 − l22), l1l2(l

2
1 + l22 − l23)),

is the same ellipse. The axes of this ellipse are the orthogonal Droz-Farny lines
throughK with respect to∆.

5.3. If P = G( 1
l1

, 1
l2

, 1
l3

), the centroid of∆ = A1A2A3, thenK(G,∆, S), with
S = 18F , is the locus of the points for which the distancesd1, d2, d3 to the sides
of ∆ are related byl21d

2
1 + l22d

2
2 + l23d

2
3 = 12F 2, and it is the ellipse with centerG,

circumscribed about∆−1, i.e., it is the Steiner ellipse of∆−1, sinceG is also the
centroid of∆−1. The locusC(G,∆−1) is also this Steiner ellipse and its axes are
the orthogonal Droz-Farny lines throughG with respect to∆.

5.4. If P = I(1, 1, 1), the incenter of∆ = A1A2A3, thenK(I,∆, S), with
S = 2F (l1 + l2 + l3)( 1

l1
+ 1

l2
+ 1

l3
), is the locus of the points for which the distances

d1, d2, d3 to the sides of∆ are related byl1d2
1 + l2d

2
2 + l3d

2
3 = 4F 2( 1

l1
+ 1

l2
+ 1

l3
),

and it is the ellipse with centerI, circumscribed about∆−1. Moreover the locus
C(f−1(I),∆−1), wheref−1(I) is the incenter of∆−1 (which is centerX(8) of ∆,
the Nagel point with coordinates(l2+l3−l1

l1
, l3+l1−l2

l2
, l1+l2−l3

l3
)) is the same ellipse.

The axes of this ellipse are the orthogonal Droz-Farny lines throughI with respect
to ∆.
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