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Abstract. We look at relationships among the lengths of diagonals in the reg-
ular polygon. Specifically, we derive formulas for all diagonals in terms of the
shortest diagonals and other formulas in terms of the next-to-shortest diagonals,
assuming unit side length. These formulas are independent of the number of
sides of the regular polygon. We also show that the formulas in terms of the
shortest diagonals involve the famous Catalan numbers.

1. Motivation

In [1], Fontaine and Hurley develop formulas that relate the diagonal lengths
of a regularn-gon. Specifically, given a regular convexgon whose vertices are
Py, P,...,P,_1, defined;, as the distance betwedty and P,. Then the law of
sines yields
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the formulas given in [1] are
min{k,h,n—k,n—h}
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wheres = min{j > 0: jk = £1 modn}.

Notice thatforl < k <n—1,r, = fl—’;, but there is naa priori restriction on
k in the definition ofr,. Thus, it would make perfect sense to consiges 0 and
r_ = —r not to mentionr, for non-integer values of as well. Also, the only
restriction onn in the definition ofr, is thatn not be zero or the reciprocal of an
integer.
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2. Short proofs of r;, formulas

Using the identitysin avsin 3 = & (cos(aw — 8) — cos(a + 3)), we can provide
some short proofs of formulas equivalent, and perhaps simpler, to those in [1]:
Proposition 1. For integers h and k,

k—1
ThTk = Zrh—k+2j+1~
=0

Proof. Letting h andk be integers, we have

n
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= (sinz)*2 Z = <cosﬂ — cos ( e )W>
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The third equality holds since the sum telescopes. O
Note that we can switch the roles ofandk to arrive at the formula
h—1
TETh = Z"”kcherJrl-
j=0

To illustrate that this is not contradictory, consider the example wher2 and
h = 5. From Proposition 1, we have

T5T9 = T4 + T6.
Reversing the roles df andk, we have
Tors =T_9+ 1o+ To+ T4+ T6.

Recalling thaty = 0 andr_; = r;, we see that these two sums are in fact equal.
The reciprocal formula in [1] is proven almost as easily:

Proposition 2. Given an integer & relatively prime to n,
e = k(2j-1)

where s is any (not necessarily the smallest) positive integer such that ks =
+1 mod n.
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Proof. Starting at the right-hand side, we have
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Here, the third equality follows from the telescoping sum, and the fifth follows
from the definition ofs. O

3. From powers of r5 to Catalan numbers

We use the special case of Proposition 1 whea 2, namely
TETre = Tp—1 + Tk41,

to develop formulas for powers of.

Proposition 3. For nonnegative integers m,

m
m
?”27” = Z <Z > T1—m+2i-

=0

Proof. We proceed by induction amn. When we haven = 0, the formula reduces
tor," = r; and both sides equal This establishes the basis step. For the inductive
step, we assume the result for = n and begin with the sum on the right-hand
side form =n + 1.
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which completes the induction. The first equality uses the standard identity for

binomial coefﬂment{ nt 1) <n> + < " > .
7 7 1 —1

The third equality is by means of the change of index i — 1 and the fact that
n .
=0ifc<0o0re>n.

The fifth equality is from Proposition 1 and the sixth is from the induction hy-
pothesis. O

Now, we use Proposition 3 and the identity, = —rj to consider an expression
for ro™ as a linear combination of,’s wherek > 0, i.e., we wish to determine the

coefficientsyy, in the sum
m+1

=3 i
k=1

From Proposition 2, the sum is known to endkat= m + 1. In fact, we can
determineay, directly. One contribution occurs whén= 1 — m + 2i¢, ori =
$(m + k —1). A second contribution occurs wheak = 1 —m + 2i, ori =
%(m — k —1). Notice that ifm andk have the same parity, there is no contribution
to oy, 1. Piecing this information together, we find

Am.k = (%(m—l—k—l)) o (%(m_k_1)> ’ if m—kis Odd,
0, if m — kis even.

Notice that ifm — k is odd, then

(s0n "0) = Gt )
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Therefore,

Qm = <%(m—k5+1)

)

m
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im—-k—-1)

>, if m + k is odd:;

if m + kis even.
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Intuitively, if we arrange the coefficients of the original formula in a table, in-

dexed horizontally byt € Z and vertically bym € N, then we obtain Pascal’s

triangle (with an extra row correspondingro= 0 attached to the top):

-2 -1 012 3 4 5 6
0,0 0 O010O0O0O0O
170 0 0010000
2/0 0 01010O00O0
3/0 0 1 0 2 0100
410 1 03 0 3 010
5/1 0 4 06 0 4 01

Next, if we subtract the column correspondingste- —k from that correspond-

ing to s = k, we obtain they,, ; array:

As a special case of this formula, consider what happens when 2p and

k = 1. We have

1 23 45 6
0j1 0 0 0 0O
110 1.0 0 0 O
21 01 000
3]0 2 0100
412 03 010
5/0 5 0 4 0 1

o] =

362
_ (@p)! (2p)!

plp! (p—Dip+ 1)
(%)

which is the closed form for thg” Catalan number.

4. Inverse formulas, polynomials, and binomial coefficients

We have a formula for the powers of as linear combinations of thg values.
We now derive the inverse relationship, writing theralues as linear combinations

of powers ofry. We start with Proposition Lzpry, = 11 + rgi1-
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We demonstrate that for natural numbérshere exist polynomial$}(¢) such
that r, = Py(r2). We note thatFy(t) = 0 and P;(t) = 1. Now assume the
existence off,_1(¢) and P, (¢). Then from the identity

Tk+1 = T2TE — Tk—1
we have
Py (t) = tPy(t) — Pe-a(t)
which establishes a second-order recurrence for the polynoiigls Armed
with this, we show fork > 0,

_ k—=1—d\ \ik-—1-2
Pk(t)_z< . )(1)75 .
(2
By inspection, this holds fok = 0 as the binomial coefficients are all zero in the
sum. Also, wherk = 1, thei = 0 term is the only nonzero contributor to the sum.
Therefore, it is immediate that this formula holds foe= 0, 1. Now, we use the
recurrence to establish the induction. Giver 1,

Py (t) = tPy(t) — Pe-1(t)
_ tz ( — 1 — z) )ikl Z (k —? —j) (—1)i¢k=2-2

J

5 () oS (e
(7)o

as desired. The third equality is obtained by replagingth i — 1.
As a result, we obtain the desired formula f@iin terms of powers of,:

_ k—1—1 i k—1-2i
rk_z< ! )(—m |
(2
Assembling these coefficients into an array similar todhg. array in the pre-
vious section, we have

Proposition 4.

o 1 2 3 4 5 6
141 0 0 0 0 00O
2,0 1 0 0 0 0O
3]1-1. 0 1 0 0 00
410 -2 0 1 0 0 O
51 0 -3 0 1 00
6/0 3 0 -4 0 1 0
71-1.. 0 6 0 -5 01

This array displays the coefficiefi{k, m) in the formula

e = Z ﬁ(ku m)Tén,
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wherek is the column number angh is the row number. An interesting obser-
vation is that this array and the(m, k) array are inverses in the sense of "array
multiplication”:

o 1, m=np;
Za(m,z)ﬁ(l,p) = { 0, otherz\jvise.

Also, thek®) column of the3(k, m) array can be generated using the generating
function 2% (1 + x2)~'=*. Using machinery ir§5.1 of [2], this leads to the con-
clusion that the columns of the originalm, k) array can be generated using an
inverse function; in this case, the function that generatesrftfé column of the
a(m, k) array is

222

- <1—\/1 —4x2>m
x —_— .

This game is similar but slightly more complicated in the case.oHere, we
use

T3 = Tk+2 + Tk + Tk—2
which leads to
Tk+2 = (’I”g — 1)’!”k; + Tk—2.

With this, we show that foikk > 0, there are functions, but not necessarily
polynomials,Qx(t) such that, = Q(r3). From the above identity, we have

Qr+2(t) = (t — 1)Qx(t) — Qr—2(t).

This establishes a fourth-order recurrence relation for the functibflg so de-
termining the four functiong)y, Q1, @2, andQ3 will establish the recurrence. By
inspection,Qo(t) = 0, Q1(t) = 1, andQs(t) = ¢ so all that remains is to deter-
mine Q2 (t). We havers = r52 — 1 from Proposition 4. Therefore; = \/r3 + 1
and soQy(t) = vt + 1.

We now claim

Proposition 5. For all natural numbers &,
kE—1—1 . Y
Qui) =viTTY (*7] 7Y v

Qaria(t) =D (k . @> (D)= D Y <k T 'L> (—1)i(t — 1)k 1%,

i
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Proof. We proceed by induction ol. These are easily checked to match the func-
tionsQy, @1, @2, andQs for k = 0, 1. Fork > 2, we have

Qar(t) = (t = 1)Qax—1)(t) — Qaak—2) ()

— VT ((t = <’“ w 'L> (—1)i(t — 1)k22

i

- (k —;’; —j> (L1 (1 1)32
(S () () o)

as desired. The third equality is obtained by replagingth : — 1. The proof for
Q2x+1 1S similar, treating each sum separately, and is omitted. O

As a corollary, we have

Corollary 6.

rop = mz (’“ _2.1 - 'L) (—1)'(rg — 1172
=3 (V7 ) 0 -0 S (BT - g

1 (]
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