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Abstract. A geometric characterization of the critical points of a complex poly-
nomial f is given, in the special case where the zerog aefe the vertices of a
polygon affine-equivalent to a regular polygon.

1. Steiner Polygons

The relationship between the locations of the zeros of a complex polyngmial
and those of its derivative has been extensively studied. The best-known theorem in
this area is the Gauss-Lucas Theorem, that the zer@diefin the convex hull of
the zeros off . The following theorem [1, p.93], due to Linfield, is also of interest:

Theorem 1. Let \; € R\{0}, j =1,...,k,andlet z;, j = 1,...,k bedistinct
complex numbers. Then the zeros of the rational function R(z) := Z?:l zij,;j

are the foci of the curve of class k£ — 1 which touches each of the k(k — 1)/2 line
segments z,,, z,, in a point dividing that line ssgment in theratio )\, : A,.

P
can be used to locate the zerosfoivhich are not zeros of.

In this paper, we will consider the case of a polynomial whose zeros form the
vertices of a polygon which is affine-equivalent to a regular polygon; the zeros of
the derivative can be geometrically characterized in a manner resembling Linfield’s
Theorem. First, le¢ be a primitiventh root of unity, for some: > 3. DefineG(()
to be then-gon whose vertices a@, ¢!, ..., ¢ L.

Sincef’ = f - Z?:l LZ] where thez; are the zeros of, Linfield’s Theorem

Proposition 2. Let n > 3, and let G be an n-gon with vertices 1w, ..., v,_1, NO
three of which are collinear. The following are equivalent.

(1) Thereisan elipse which is tangent to the edges of GG at their midpoints.

(2) G isaffine-equivalent to G (¢) for some primitive nth root of unity (.

(3) Thereisa primitive nth root of unity ¢ and complex constants g, u, v such
that |u| # |v| and, for k =0,...,n — 1, v, = g + uc® +v(F.

Proof. 1)=-2): Applying an affine transformation if necessary, we may assume
that the ellipse is a circle centered(aaind thatyy = 1. Let m( be the midpoint
of the edgeugv1. vgvy is then perpendicular tdmg, andvy, v; are equidistant
from my; it follows that the right triangle®mgvy andOmgv; are congruent, and in
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particular that; also lies on the unit circle. Now let; be the midpoint of; vo;
sincemg andm; are equidistant frord and the triangle®mgv,, 0m7v; are right,
they are congruent, andy, m; are equidistant fron,. It follows that the edges
voup andwvivy have the same length. Furthermore, the trian@tgs; and0vy v,
are congruent, whence = v?. Similarly we obtainy, = o} for all k, and in
particular that] = vy = 1. ( = v is a primitiventh root of unity since none of
v, - - -, Up—1 COINCide, and7 = G(().

2)—1): G(¢) has an ellipse — indeed, a circle — tangent to its edges at their
midpoints; an affine transformation preserves this.

2)<—=-3): Any real-linear transformation & can be put in the form — uz +
vz for some choice of:, v, and conversely; the transformation is invertible iff
ful # Jo]. O

We will refer to ann-gon satisfying these conditions as&@&ner n-gon; when
needed, we will say thasroot (. The ellipse is itsteiner inellipse. (This is a gen-
eralization of the case = 3; every triangle is a Steiner triangle.) The parameters
g,u,v are itsFourier coordinates. Note that a Steineti-gon is regular iff eithew
or v vanishes.

2. TheFoci of the Steiner Inellipse

Now, let S; be the set of Steinet-gons with root¢ for which the constang,
above, is0. We may use the Fourier coordinatesv to identify it with an open
subset ofC2. Let ® be the map taking the-gon with verticesw, v1, ..., vp_1
to the n-gon with verticesuvy,...,v,_1,v9. If f is a complex-valued function
whose domain is a subset 6f which is closed undef, write ¢ f for f o ®.
Note thatpu = (u andypv = ¢~ lv; this will prove useful. Note also that special
points associated with-gons may be identified with complex-valued functions on
appropriate subsets 6f.

We define several useful fields associated wjthFirst, letF' = C(u, v,u,7),
wherew,v are as in 3) of the above proposition. is an automorphism of.
Let K = C(z,y,7,%) be an extension field of satisfyingz? = u, y?> = v,
72 = u,y° = v. Letd be a fixed square root @, we extendy to K by setting
vr =0z, oy = 0"y, T = 07T, o = 0y. Let K be the fixed field ofp and K
the fixed field of™. Elements ofF' may be regarded as complex-valued functions
defined on dense open subsetsSaf Functions corresponding to elementsfof
may only be defined locally; however, givéhe S- such thatw # 0 andf € K
defined at7, one may choose a small neighborhd@df G which is disjoint from
®*(Uy), k = 1,...,n — 1 and on which neither nor v vanish; f may then be
defined onJ = (J;'Z5®*(Up).

For the remainder of this sectioty, is a fixed Steinen-gon with root{. The
vertices ofGG arevy, ..., v,_1. We have the following.

Proposition 3. Thefoci of the Steiner inellipse of G arelocated at f. = g+ (0 +
6= 1)zy.



On the derivative of a vertex polynomial 287

Proof. Translating if necessary, we may assume that 0, i.e.,G € S;.. Note

first that f+ € Ky. (This is to be expected, since the Steiner inellipse and its
foci do not depend on the choice of initial vertex.) For= 0,...,n — 1, let

mg = (vr + vis1)/2, the midpoint of the edge,vi1. Let dy be the distance
from fi to mg; we will first show thatd, + d_ is invariant underp. (This will
imply that the sum of the distances frofa to my, is the same for alk.) Now,

mo = (vo+v1)/2 = (1+Qu+(1+¢Hv) /2 = (0+071) (022 +0~1y?) /2. Thus,
mo—fr = (0+071) (022 —22y+0~19y?)/2 = ((+1)(z—0"1y)?/2. Henced, =
|mo— fi| = [¢+1|(z— 07 y) (T — 0y)/2. Similarly,d_ = [ +1|(z+0"1y) (T +
0y)/2, and sady +d_ = |( + 1|(zZ + yy), which is invariant undep as claimed.
This shows that there is an ellipse with fggipassing through the midpoints of the
edges ofGG. If n > 5, this is already enough to show that this ellipse is the Steiner
inellipse; however, forn = 3,4 it remains to show that this ellipse is tangent to
the sides, or, equivalently, that the sigley; is the external bisector of the angle
Zfimyf-. It suffices to show thatl, = (my — vi)(mg — vg+1) IS @ positive
multiple of By, = (my — f1)(my — f). Now Ag = —(¢ — 1)%(u — ¢~1v)?/4,
andBy = (¢ + 1)%(z — 07 1y)%(x + 07 1y)?/4 = (¢ + 1)?(u — (" tv)?/4; thus,
Ag/By = —(C = 1)2/(C+1)2 = —(0 — 67H2/(0 + 6=1)2, which is evidently
positive. This quantity is invariant under, hence4, /By, is also positive for all

k. O

Coroallary 4. The Seiner inellipse of G isacircleiff G issimilar to G(¢).

Proof. f, = f_iff 2y = 0, i.e., iff one ofu andv is zero. (Note tha# + 6~ #
0.) 0

Define thevertex polynomial f(z) of G to be HZ;(l)(Z — v). We have the
following.

Proposition 5. Thefoci of the Steiner inellipse of G are critical points of f;.

Proof. Again, we may assumé& < S¢. Sincef//fa = Z;é(z — )7L it
suffices to show that this sum vanishesfat Now f is invariant undekp, and
ve = @Fvo; hencey pZo(fy —ve) ™ = S rZoe"(fy —vo) ™t (fy —wo) 7t =
—0/((0y — z)(y — 0x)) Now letg = 62/((0? — 1)x(fy — z)). Note thatg € K7;
that is,"g = g¢. A straightforward calculation shows thgt, —vo) ™' = g — ¢g;
therefore,> 3 Zgpk (f1 — vo) ™! = YpT(Fg — ¢Flg) = g — g = 0, as
desired. The proof that_ is a critical point off is similar. O

3. Holomor phs

Again, we letGG be a Steinen-gon with root¢ and verticesy, ..., v, 1. For
any integem, we setv,, = v; wherel = 0,...,n — 1 is congruent ton modn.
The following lemma is trivial.

Lemma®6. Letk =1,...,[n/2]. Then:
(1) If kisrelatively primeton, let G be the n-gon with vertices ofy, . . ., v*

n—1

given by v = vj. Then G* isa Steiner n-gonwithroot ¢*, and its Fourier
coordinates are g, u, v.
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(2) If d = ged(k, n) isgreater than 1 and less than n/2, set m = n/d. Then,

for I = 0,...,d — 1, let G*! be the m-gon with vertices of', ..., v"'

» Ym—1
given by v = vy;4;. Then, for each I, G*! is a Steiner m-gon with root
¢*, and the Fourier coordinates of G* are g, ('u, ¢ ~'v. The G*! all have
the same Steiner inellipse.

(3) If k = n/2, theline segments v;v;, all have midpoint g.

In the three given cases, we will sayholomorph of G to refer toGF, the
union of them-gonsG*, or the union of the line segmentg; . We extend the
definition of Seiner inellipse to the k-holomorphs in Cases 2 and 3, meaning the
common Steiner inellipse of th@ ! or the pointg, respectively. The propositions
of Section Il clearly extend to Case 2; since the foci are critical points of the vertex
polynomials of each of th&*-!, they are also critical points of their product. In
Case 3, taking; as a degenerate ellipse — indeed, circle — with focug, dhe
propositions likewise extend; in this cage= =+, sof + ' = 0, and the sole
critical point of (z — v;)(z — vj1) is (vj + vj415)/2 = g.

In Cases 1 and 2, it should be noted that the Steiner inellipse is a circle iff the
Steiner inellipse of7 itself is a circle —i.e.(G is similar toG(¢). It should also
be noted that the vertex polynomials of the holomorph& afre equal tog; itself;
hence they have the same critical points. SupposeZhatnot similar toG(¢). If
n is odd, G has(n — 1)/2 holomorphs, each with a noncircular Steiner inellipse
and hence two distinct Steiner foci; these account forthel critical points of
fa. If nis even,G has(n — 2)/2 holomorphs in Cases 1 and 2, each with two
distinct Steiner foci, and in addition the Case 3 holomorph, providing one more
Steiner focus; again, these account for- 1 critical points of f;. On the other
hand, ifG is similar toG((), thenfg = (z — g)™ — r™ for some reat; the Steiner
foci of the holomorphs o€ collapse together, anf: has an(n — 1)-fold critical
point atg. We have proven the following.

Theorem 7. If G is a Seiner n-gon, the critical points of f; are the foci of the
Seiner inellipses of the holomorphs of G, counted with multiplicitiesif G isregular.
They are collinear, lying at the points g + (2 cos kw/n)xy, as k ranges from 0 to
n—1.

(For the last statement, note thak(n — k)7/n = — cos kw/n.)
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