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On Two Remarkable Lines Related to a Quadrilater al

Alexei Myakishev

Abstract. We study the Euler line of an arbitrary quadrilateral and the Nagel
line of a circumscriptible quadrilateral.

1. Introduction

Among the various lines related to a triangle the most popular are Euler and
Nagel lines. Recall that the Euler line contains the orthoceHteathe centroid,
the circumcente® and the nine-point centdr, sothatHE : EG : GO =3 :1:
2. On the other hand, the Nagel line contains the Nagel p¥inthe centroid)M,
the incenter/ and Spieker point (which is the centroid of the perimeter of the
triangle) so thatvs : SG : GI = 3 : 1 : 2. The aim of this paper is to find some
analogies of these lines for quadrilaterals.

It is well known that in a triangle, the following two notions of centroids coin-
cide:
() the barycenter of the system of unit masses at the vertices,
(i) the center of mass of the boundary and interior of the triangle.

D

Figure 1.

But for quadrilaterals these are not necessarily the same. We shall show in this
note, that to get some fruitful analogies for quadrilateral it is useful to consider
the centroid of quadrilateral as a whole figure. For a quadrilatet&C D, this
centroidG can be determined as follows. L&%, Gy, G., G4 be the centroids of
trianglesBC D, ACD, ABD, ABC respectively. The centroid is the intersec-
tion of the linesG,G. andGyGy:

G =G,G.NGGY.
See Figure 1.
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2. TheEuler line of aquadrilateral

Given a quadrilaterah BC' D, denote byO, and H, the circumcenter and the
orthocenter respectively of triangleC D, and similarly,0,, H;, for triangle AC D,
O., H,. for triangle ABD, andOy, H, for triangle ABC. Let

0 =0,0.N 0y0y,
H=H,H.N HyH,.

H,

Figure 2

We shall callO the quasicircumcenter arid the quasiorthocenter of the quadri-
lateral ABC D. Clearly, the quasicircumcentér is the intersection of perpendic-
ular bisectors of the diagonals dfBC D. Therefore, if the quadrilateral is cyclic,
thenO is the center of its circumcircle. Figure 2 shows the three associated quadri-
lateralsG, GG .G 4, O,0,0.04, andH, HyH.H .
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The following theorem was discovered by Jaroslav Ganin, (see [2]), and the idea
of the proof was due to Fraots Rideau [3].

Theorem 1. In any arbitrary quadrilateral the quasiorthocenter H, the centroid
G, and the quasicircumcenter O are collinear. Furthermore, OH : HG = 3 : —2.

Proof. Consider three affine mags:, fo and fg transforming the trianglel BC'
onto triangleG,GyG.., 0,0,0.., andH, Hy, H,. respectively.

In the affine plane, writd) = zA + yB + zC withx +y + 2z = 1.

(i) Note that

fa(D) =fa(xA+yB + 2C)
=xG, + yGy + 2G,

=2(#(B+C+ D) +y(A+C + D)+ 2(A+ B+ D))
:é((y—l—z)A—i— (z+2)B+ (2 +y)C+ (x +y+2)D)
:é((y—l—z)A—i— (2+2)B+ (2 +y)C + (@A +yB + 2C))
:%(x+y+z)(A+B+C)

—Gy.

(ii) It is obvious that trianglesA BC' and O, 0, O, are orthologic with center®
andO,. See Figure 3. From Theorem 1 of [¥} (D) = O,.
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Figure 3

(i) Since H, dividesO,G, in the ratioO,H, : H,G, = 3 : —2, and sim-
ilarly for H, and H., for @ = A, B, C, the pointfy(Q) divides the segment
fo(Q) fa(Q) into the ratio3 : —2. It follows that forevery point @ in the plane
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of ABC, fi(Q) divides fo(Q) fa(Q) in the same ratio. In particulafg (D) di-
vides fo(D) fa(D), namely,0,G, in the ratio3 : —2. This is clearlyH;. We
have shown thafy (D) = Hy.

(iv) Let @ = AC N BD. Applying the affine maps we have

fa(Q) =G.G.N GGy = G,
fo(Q) =0,0.N 0y0q = O,
fu(Q) =H,H.N HyH; = H.
From this we conclude thdf dividesOG in the ratio3 : —2. O

Theorem 1 enables one to define tader line of a quadrilateralABC D as
the line containing the centroid, the quasicircumcenter, and the quasiorthocenter.
This line contains also the quasininepoint centedefined as follows. Lef,
by, E., E; be the nine-point centers of the trianglBs’' D, ACD, ABD, ABC
respectively. We define the quasininepoint center to be the goist F,E. N
EyE4. The following theorem can be proved in a way similar to Theorem 1 above.

Theorem 2. F isthe midpoint of OH.

3. TheNagel line of a circumscriptible quadrilateral

A quadrilateral is circumscriptible if it has an incircle. L&BC D be a circum-
scriptible quadrilateral with incentdr LetT;, 15, T3, T4 be the points of tangency
of the incircle with the sides\B, BC, CD and D A respectively. LetV; be the
isotomic conjugate ofl; with respect to the segmertB. Similarly definelV;,
N3, N4 in the same way. We shall refer to the po¥t:= N, N3 N No N, as the
Nagel point of the circumscriptible quadrilateral. Note that both lines divide the
perimeter of the quadrilateral into two equal parts.

B

D Ts Ns C

Figure 4.
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In Theorem 6 below we shall show that lies on the line joiningl andG. In

what follows we shall write
P=(x-A y-B, z-C, w-D)

to mean thaf” is the barycenter of a system of massed A, y at B, z atC, andw
atD. Clearly,z, y, z, w can be replaced byzx, ky, kz, kw for nonzerok without
changing the poinP. In Figure 4, assume thatl; = AT, = p, B1; = BT = q,
CT3 = CTy = r,and DT, = DT; = t. Then by putting massesat A, q at B, r
atC, andt at D, we see that
()Ny=(p-A,q-B,0-C,0-D),
(i) N3 = (0-A4, 0-B, r-C, t-D), so that the barycenté&¥ = (p-A, ¢-B, r-C, t-D)
is on the lineNy N3. Similarly, it is also on the linéV, N4 since
(i) No=(0-A, ¢-B, r-C,0-D),and
(iVy Ny=(p-A,0-B,0-C, t-D).

Therefore, we have established the first of the following three lemmas.
Lemma3. N=(p-A, q-B, r-C, t-D).
Lemmad. I = ((¢+t)A, (p+7)B, (¢+1t)C, (p+1r)D).

Figure 5.

Proof. Suppose the circumscriptible quadrilatesdBC D has a pair of non-parallel
sidesAD and BC, which intersect atF. (If not, then ABCD is a rhombus,
p=q=r=s,andl = G, the resultis trivial). Letz = EB andb = F A.
(i) As the incenter of triangl& DC, I = ((t+r)E, (a+q+71)D, (b+p+1t)C).
(ii) As an excenter of trianglel BE, I = ((p + q)E, —a- A, —b- B).

Note thatfG = ¢t gnd £D = b2+ 5o that the systerfp + g+ +t) E is
equivalent to the systea+q¢+r)B, —a-C, (b+p+1t)A, —b- D). Therefore,

I =((—a+b+p+t)A, (=b+a+q+7r)B, (—a+b+p+t)C, (=b+a+q+r)D).
Sinceb + p = a + ¢, the result follows. O
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Lemma5. G = ((p+q+t)A, (p+q+7)B, (g+r+1)C, (p+r+1t)D).

D t Ts r C

Figure 6.

Proof. Denote the point of intersection of the diagonals/byNote tha% =£
and% = 4. Actually, according to one corollary of Brianchon’s theorem, the
linesT T3 andT>T, also pass througl. For another proof, see [4, pp.156—-157].

Hence,
1 1 1 1
P:<—-A, --B, —-C, —-D>.
q T t

ConsequentlyP = (% B, 1-D) and alsoP = (l L )
The quadrilateralz, G, G .G is homothetic taABC D, wit h mothetic center
M*(l'A 1-B, 1-C, 1-D)and ratio—4. Thus, %8 = 48 = 2 and 21& =
p)B

hS]

BE = 4. 1tfollows thatG = (- Gy, p-Ge) = (p- A, (r+p)B,r-C, (r+p)D)
andG (t -Gy, ¢-Gq) = ((¢+V)A, q¢- B, (¢ +1t)C, t- D). To conclude the
proof, it is enough to add up the corresponding masses. O

The following theorem follows easily from Lemmas 3, 4, 5.

Theorem 6. For a circumscriptible quadrilateral, the Nagel point V, centroid G
and incenter I are collinear. Furthermore, NG : GI =2 : 1.

See Figure 7.

Theorem 6 enables us to define the Nagel line of a circumscriptible quadrilateral.
This line also contains the Spieker point of the quadrilateral, by which we mean
the center of mass$' of the perimeter of the quadrilateral, without assuming an
incircle.
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Figure 7.

Theorem 7. For a circumscriptible quadrilateral, the Spieker point isthe midpoint
of the incenter and the Nagel point.

Proof. With reference to Figure 6, each side of the circumscriptible quadrilateral
is equivalent to a mass equal to its length located at each of its two vertices. Thus,
S=(2p+q+t)A, (p+2¢+7r)B, (¢+2r+t)C, (p+r+2t)D).
Splitting into two systems of equal total masses, we have
N =(2pA, 2¢B, 2rC, 2tD),
I'=((¢+t)A, (p+7)B, (¢+1)C, ((p+7)D).
From this the result is clear. O
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