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I nter secting Circles and their Inner Tangent Circle

Max M. Tran

Abstract. We derive the general equation for the radius of the inner tangent
circle that is associated with three pairwise intersecting circles. We then look at
three special cases of the equation.

It seems to the author that there should be one equation that gives the radius of
the inner tangent circle inscribed in a triangular region bounded by either straight
lines or circular arcs. As a step toward this goal of a single equation, consider
three circlesC4,Cp and Co with radii o, 3,y respectively. C4 intersectsCp at
an angled. Cp intersectCq at an angleo. And Ce intersectC4 at an anglep,
with 0 < 0,p,¢ < w. We seek the radius of the circlg tangent externally to
each of the given circles. See Figure 1. If the three intersecting cirlces were just
touching instead, the inner tangent circle would be the inner Soddy circle. See [1].
The points of tangency of the inner tangent circle form the vertices of an inscribed
triangle. We set up a coordinate system with the origin at the centér See
Figure 1.

Let the points of tangency, B, C be represented by complex numbers of
moduli R, the radius of’. With these labels, the triangléBC and the inscribed
triangle is one and the same. Letting the lengths of the dilésC A, AB bea, b,

c respectively, then

|A-B|=c¢ and <A,B>:R2—E. (1)
Corresponding relations hold for the pafssC' andC, A. With the above coordi-
nate system, the centers of the ciralgsCp, Cc are respectively‘%A, RTWB,
Bty

The circlesC4 andCp intersect at anglé if and only if

R+aA_R+ﬁB
R R

By an application of (1) and the use of a half angle formula, the above can be
shown to be equivalent to

H = a? + % + 203 cos .

5 4R? a3 cos? g

(R+a)(R+ 1)
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Figure 1

Thus the three circle§4, Cp, Co intersect each other at the given angles if and
only if

9 4R*By cos® &

(R+B)(R+7)
5 4R2a70052%
b= (R+a)(R+7)’ @)
9 4R2a50082%
T R+a)(R+08)

These equations are then used to solveRadn terms of«, 3, v, 6, ¢ andp. In
the first step of this process, we multiply the equations in (2) and take square root
to obtain

3 9 [ L
_ 8afyR’ cos 5 cos 5 cos §

= R R DER L)

@)
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Using (3) and (2) we obtain,

o becos §
R+a 2Racos§cos%7

8 accos% (@)
R+  2Rbcosgcost’

Yy abcosg
R+~ 2Rccos§cos%.

The area/\, of the inscribed trianglel BC' is given by

abc
= IR (5)

Consequently, equations (4) and (5) lead to
2 (R+a)Acosh
B « COS g COS % ’

(R+B)A cos%

b? = (6)
0 )
3 cos 5 cos &
2 (R—l—’y)Acosg
=2
7y cos £ cos §

Now, Heron’s formula for the triangld BC' can be written in the form
16A2% = 2a%b? 4 20°¢? 4 2a2c? — a* — b — ¢
Using the above equation together with equations (6) will enable us to get an
equation forR in terms of the parameters of the intersecting circles. This process

involves substituting the value aof, 2, ¢? into Heron’s formula, dividing by\?,
and performing a lengthy algebraic manipulation to yield the equation:

1 0 0
0= ﬁ {4 cos? 5 cos? g cos? % + cos’ % + cos? g + cos’ 5
0 0
—2cos? 3 cos? % — 2cos? 3 cos? g — 2 cos? % cos? g]
1 [2cos? 2 0
& { o 2 (cos? 5 + cos? g — cos? g)
2cos? ¢ 0
3 2 (cos? 3 + cos? g — cos? g) @)
2cos? ¢ 0
+ -2 (cos? g + cos? g — cos? 5)
Y
cos? g cos? % cos? g
2 32 + 2
2 6 2 ¢ 20 2 29 2
2cos® 5cos? §  2cos® gcos® S 2cos® §cos® 4
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Although the equation can be formal solved in general, it is rather unwieldy. Let
us consider some special cases.

When the three circle€4,Cp andCe are mutually tangeng, p and ¢ equals
zero, thus giving the equation:

0 1 2|1 1 1 1 1 1 2 2 2
R R[a+ﬂ+7}+a2+52+72 af By ay’

Solving for% gives the standard Descartes formula for the Inner Soddy circle.
See [2].

When(C¢ is a line tangent t@€4 andCp, we haveg = oo andf = p = 0, and
equation (7) becomes

2
0o L[t @] 2e088 (1 1] 1 1]
2 R a oy a oy

Solving for 1/R, and using the fact that> 1 and > % gives the equation

L1 11, ]
R_cos2% a oy ay|

When the circle€ 4 andC¢ are lines that intersect at an angle> 0 and are
both tangent to the circl€z, we get a cone and equation (7) becomes

2
1 2cos? & cos? &
0 —l:COS4?:|—72[2—C082?:|+ 2.

COS™ —

T R2 2 YR 2 ol

After solving for 1/R, using some trigonometric identities and the factﬁhat%,
we get the equation

1 2

B 1 —sin?

R~
2
the same as obtained from working with the cone directly.
Unfortunately, equation (7) no longer gives any useful result when all three cir-
cles,C4,Cp andC¢, becomes lines. The inner tangent circle in this case is just the

inscribed circle in the triangle.
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