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Square Wreaths Around Hexagons

Floor van Lamoen

Abstract. We investigate the figures that arise when squares are attached to a

triple of non-adjacent sides of a hexagon, and this procedure is repeated with

alternating choice of the non-adjacent sides. As a special case we investigate the
figure that starts with a triangle.

1. Square wreaths around hexagons

Consider a hexagoh, = H; 1Hs1Hs1Hy1Hs1Hg,1 with counterclockwise
orientation. We attach squares externally on the sillesH, 1, H3z1H4,; and
Hs1Hg,1, to form a new hexagofty = HisHs 2 Hs2Hy2Hs2Hep. Following
Nottrot, [8], we say we have made the fissjuare wreath around?;. Then we
attach externally squares to the sidés, H1 2, Ho2Hs32 and Hy 2 Hs 2, to get a
third hexagor#s, creating the second square wreath. We may repeat this operation
to find a sequence of hexagot, = Hi,Hs,Hs,HynHs,Hey, and square

wreaths. See Figure 1.
Hy 3

Figure 1

We introduce complex number coordinates, and abuse notations by identifying
a point with its affix. Thus, we shall also regaf, ,, as a complex number, the
first subscriptn taken moduld.
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Assuming a standard orientation of the given hexagpim the complex plane,
we easily determine the vertices of the hexagons in the above iterations.

If nis even, therdd, ,,Hs ,,, H3 , H4,, andHs , H ,, are the opposite sides of the
squares erected oty ,—1 Ho p—1, H3 n—1H4n—1 andHs ,,_1 He ,—1 respectively.
This means, fok =1, 2, 3,

Hop1n =Hop—1n—1 — i(Hotn—1 — Hop—1n-1)

=(1+9)Hop—1n—1 — 1 Hopp1, (1)
Hopy =Hop 1 + i(Hop—1n—1 — Hotn—1)
=i Hop—1p—1+ (1 —i)Hop p—1. (2

If nis odd, thenHs , Hs,,, Hy,Hs p, HenHi, are the opposite sides of the
squares erected d ,,_1 H3 y—1, Hin—1Hs5n—1 andHg ,,—1 Hq ,—1 respectively.
This means, fok = 1,2, 3, reading first subscripts moduy we have

Hopy =Hop -1 — i(Hop1,n—1 — Hokn—1)

=(1+9)Hoppn-1 — 1 Hoptr1n-1, (3
Hopi1n =Hopt1n—1 + 1(Hokn—1 — Hopg1,n-1)
=i Hop 1+ (1 — 1) Hopp1 p—1- (4)

The above recurrence relations (1, 2, 3, 4) may be combined into
Hopn =(1+ (=1)")Hog 1 + (=1)"1 - Hopy (—1ynt1 15
Hopi1,n =(1+ (=1)™) Hopy1,n—1 + (=1)" i Hoppy o (1yn e,
or even more succintly,
Hypp = (14 (=1)") Hingno1 + (=1)™ " Hypy (Cymtntt g

Proposition 1. Triangles Hy , H3 ,, H5 ,, and Hy ,,_oH3 ,,_2H5 ,—2 have the same
centroid, so do triangles Hy ,, Hy n Hen, and Ho ,,_oHy 2 He n—2.

Proof. Applying the relations (1, 2, 3, 4) twice, we have

Hi,=—1—-4i)Hpn-o+2H1 2+ (1 —i)Hop—2— H3p2,
H3,=—1—i)Hopo+2Hs, o+ (1 —i)Hyp—2— Hsp2,
Hsp=—(1—i)Hyp 2+2Hs, 2+ (1 —i)Hgpn 2 — Hipn o

The triangleH, ,, Hs , Hs , has centroid
1 1
3 3

which is the centroid of trianglél; ,_2Hs ,,—2H5,,—2. The proof for the other
pair is similar. O

(Hin+H3p+Hsy) =< (Hip—2+ Hspo+ Hs p2),
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Theorem 2. For each m = 1,2, 3,4, 5, 6, the sequence of vertices H,, ,, satisfies
the recurrence relation

Hm,n - 6Hm,n—2 - 6Hm,n—4 + Hm,n—fi- (5)

Proof. By using the recurrence relations (1, 2, 3, 4), we have

Hyo=01+4)H11—iHa1,

Hy3=2H11— (1+i)Hs1 — Hs1+ (1 +14)Hs 1,

Hy 4 =3(1+4)H11—4iHo1 — (1 +4)H31+iHyn1 — (14 i)Hs1 + 2iHg 1,
H,5=8H, —5(1+i)Hyy — H31 —6Hs1+5(1 4+ i)He 1,

Hy =13(1 +i)Hy 1 — 18iHsy — 6(1+ i) Hsy + 6iHy 1 — 6(1 +i)Hs 1 + 11iHg 1,
Hi7 =37H1, — 24(1 + i)Ha, — 6Hs1 — 30Hs1 + 24(1 + i) He.1.

Elimination of H,,, 1, m = 2, 3,4, 5,6, from these equations gives
Hy7=6H5—6H1 3+ Hy;.

The same relations hold if we simultaneously increase each first subscript by
2, or each second subscript y Thus, we have the recurrence relation (5) for
m = 1,3,5. Similarly,

Hyo =iH11+ (1 —4)Ha1,

Hys=—(1—-4)H11+2Hs1+ (1 —4)Hs1 — Hy1,

Hoy =4iHy 1 +3(1 — i) Hyy — 2iHs, — (1 — i) Hy1 — iHs,1 — (1 — i) Hg.,

Has = —5(1 — i)Hy + 8Hoy +5(1 — i)Hsy — 6Hyq — He,

Hy =18iH1 1 +13(1 — i)Hay — 11iHs,1 — 6(1 — i)Hy1 — 6iHs, — 6(1 — i)He.1,
Hor = —24(1 — i)Hy 1 + 37THsy +24(1 — i) Hs.y — 30Hy1 — 6Hg y.

Elimination of H,,, 1, m = 1, 3,4, 5,6, from these equations gives
Hy7 —6Hy 5+ 6Ho3 — Hoq = 0.
A similar reasoning shows that (5) holds far= 2,4, 6. g
2. Midpoint triangles

Let My, My, M3 be the mideintS OH4,1H5’1, H6,1H1’1 and H271H371 and
M{, Mj, M; the midpoints ofH; 3H 3, Hs 3H, 3 and Hs 3 Hg 3 respectively. We
have

1
My =5 (His + Hz;)

1 . . . .
25 ((1 + Z)Hl,l + (1 - Z)HQJ + (1 - Z)H371 — H4,1 — H571 + (1 + 'L)Hﬁ’l)
=— M + (1 +Z)M2 + (1 — Z)Mg
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Similarly,

Mé :(1 — ’L)Ml — MQ =+ (1 + i)Mg,

My =(1+ )My + (1 — )My — Ms.

Proposition 3. For a permutation (7, k, ¢) of the integers 1,2,3, the segments
M;My, and M M; are perpendicular to each other and equal in length, while

M,M] is parallel to an angle bisector of M; M} and M;, M/, and is /2 times as
long as each of these segments.

Proof. From the above expressions ’er’j =1,2,3, we have
M5 — Mz =(1 —i)My — My + i - Mg, (6)

Mé—Mg :(1—|—Z)M1 — 1 My — Ms,
=1 ((1 — Z)Ml — My + ZMg) s

=i(My — M3); (7)
My — M} =2M; — (1 +4)Ms — (1 — i) Ms
=(My — M3) + (M3 — Msy). (8)

From (6) and (7),M2 M} and M3 M) are perpendicular and have equal lengths.
From (8), we conclude that/] M, is parallel to an angle bisector af, M/} and
M3M}, and isv/2 times as long as each of these segments. The same results for
(k,¢) = (3,1), (1,2) follow similarly. O

The midpoints of the segmendd; M/}, j = 1,2, 3, are the points

1 . .
Ny =1 (L4 0)My + (1))
1
Ny =3 (T +4)Mz + (1 —i)My),
1
Ny =5 ((L+ )My + (1 i) My).
Note that
M. M. —
N, = 2+ 3—|—i-M2 M3’
2 2
M+ M, M- M,
= — - .
2 2

Thus, NV; is the center of the square constructed externally on the&ides
of triangle M; M5 M3, and also the center of the square constructed internally on
M/ M, M;. Similarly, for N, and N3. From this we deduce the following corollar-
ies. See Figure 2.
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Corollary 4. Thetriangles M; My M3 and M M, M are perspective.
The perspector is the outer Veecten point of M, M, M3 and the inner Vecten point
of M| MM}t

Corollary 5. The segments M; N, and M;, N, are equal in length and are perpen-
dicular. The sameistrue for MJ’.Ng and M} Ny.

Hys

Hi 3

Figure 2

Let M{' MY MY be the desmic mate d¥f; My Mz and M{M;M;, i.e, M] =
M, M N M3 M) etc. By Proposition 3/M, M/’ M3 is a right angle, and/;’ lies
on the circle with diametei/; M. Since the bisector anglel, M M3 is parallel
to the lineV; My, M7 N is perpendicular to this latter line. See Figure 3.

Proposition 6. If (4, k,£) isa permutation of 1, 2, 3, the lines M; M and M M;
and the line through N, perpendicular to M, M, are concurrent (at M)').
Corollary 7. The circles (M; My N,), (M;M; Ng), (MM N,) and (MM N;)
are coaxial, so the midpoints of M; My, MMy, M,M; and MM, are collinear,
the line being parallel to M, M.

IThe outer (respectively inner) Vecten point is the poiiats (respectivelyXss) of [4].
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Since the Iineg\/[jM]f,j = 1,2,3, concur at the outer Vecten point of triangle
My M5 M3, the intersection of the lines is the inferior (complement) of the outer
Vecten point? As such, it is the center of the circle throughN, N5 (see [4]).

Corollary 8. Thethree lines joining the midpoints of M M/, MM}, M3M; are
concurrent at the center of the circle through M, No, N3, which also passes
through M7, M} and MY

Hi 3

Figure 3

3. Starting with atriangle

An interesting special case occurs when the initial hexdgodegenerates into
a triangle with

Hy; = Hg1 = A, Hyy = H31 = B, Hyy = Hs1=C.
This case has been studied before by Haight and Nottrot, who examined especially
the side lengths and areas of the squares in each wreath. Under this assumption,

2X641 in [4]
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between two consecutive hexagohs andH,,+; are three squares and three al-
ternating trapezoids of equal areas. The trapzoids betig@md?{, degenerate
into triangles. The sides of the squares are parallel and perpendicular to the sides
or to the medians of triangld BC' according as is odd or even. We shall assume
the sidelengths of triangld BC to bea, b, ¢, and the median lengths,, my, m.
respectively.

The squares of the first wreath are attached to the triangle sides outwardly.
Haight [2] has computed the ratios of the sidelengths of the squares.

If n = 2k — 1, the squares have sidelength9, ¢ multiplied by« (k), where

al(kz) == 50,1(]{3 - 1) - al(k: - 2),
al(l) = 1, a1(2) = 4.

This is sequence A004253 in Sloan®sline Encyclopedia of Integer sequences

[9]. This also means that

Hyor — Hporp—1 = a1(k)(Hpo — Hp1). 9)

If n = 2k, the squares have sidelengths,,, 2m;, 2m,. multiplied by as(k),
where

ag(k) = 5a2(k — 1) — a2(k‘ — 2),
ag(l) = 1, a2(2) = 5.

This is sequence A004254 in [9]. This also means that
Hyyok41 — Hiok = a2 (k)(Hpz — Hp2). (10)

Proposition 9. Each trapezoid in the wreath bordered by H,, and H,,,1 has area
as(n) - AABC.
Lemma10. (1) S5, a1(j) = aa(k).
(2) Thesums agz(k) = Zle ao () satisfy the recurrence relation

(Ig(ki) = 6(13(]€ - 1) - 6(13(]€ - 2) + (Ig(k - 3),

az(1) =1, az(2) = 6, a3(3) = 30.

The sequences (k) is essentially sequence A089817 in [9].
It follows from (9) and (10) that

k k-1
Hypok =Hm1 + Y (Hmaj = Hnzj1) + Y (Hmj11 — Hm,z))
P =1
k k-1
=Hpa+ | Y a1() | (Hmo — Hua) + [ D a2(i) | (Hims — Hmy2)

J=1 j=1
=Hm1+ CLQ(k‘)(HmQ — Hm,l) + ag(k‘ — 1)(Hm73 — Hmyg).

3Similar results as those 83, 4 can be found if these initial squares are constructed inwardly.
4Note that sequences andas follow this third order recurrence relation as well.
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Also,
k k
Hyp k41 =Hm1 + Z(Hm,2j Hypoj-1) + Z m,2j+1 — Hm 2j)
=1 =1
k
Z Hpp — Z az2(j) | (Hm,3 — Hm,2)
7j=1
m,1 + a2 (k)(Hp )+03(k¢)(Hm,3 — Hyp2)

Here is a table of thabsolute barycentric coordinates (with respect to triangle
ABQC) of the initial values in the above recurrence relations.

| m | Hina | Hipno— Hma | Hipn3 — Himp |
1](1,0,0) | £(Sp,54,—¢?) (2,—1,—1)
2 (07170) %(SBaSAa 2) ( ' 2, 1)
31(0,1,0) [ (- a ,Sc,Sp) | (—1,2,—1)
4 (07071) %( a’ SCaSB) ( L, - 72)
o (07071) %(Sc,—b2 ) ( L1, )
6 |(1,0,0) [ 5(Sc,—b*,Sa) | (2,-1,-1)

From these we have the homogeneous barycentric coordinates

Hypor =Hma + a2(k)(Hma — Hma) +as(k—1)(Hp3 — Hpm2),
Hypok41 =Hpm1 + a2(k)(Hpmo — Hp1) + as(k)(Hpmz — Hp 2).
These can be combined into a single relation
Hypn=Hpi+ax(n)(Hpo — Hn) + as(n”)(Hms — Hm2),

inwhichn' = |2 andn” = |25 ].
Here are the coordinates of the poits, ,,.

m x y z
1 (203(n") +1)S +ax(n)Sp  —as(n")S + az(n')Sa —a3(n”)S — az(n)c?

2 —az(n”")S + az(n')Sk (2a3(n”) +1)S + az2(n')Sa —az(n”)S — az(n’)c?

3 —az(n”)S — az(n’)a? (2a3(n”) +1)S + ag(n') 70,3( "VS + az2(n’)SE

4 —az(n”)S — az(n)a? —asz(n'")S + az(n’)Sc (2a5(n’") +1)S + a2(n)SB
5 —az(n”)S + az(n’)Sc —as(n”)S — az(n’)b? (2a3(n") + 1)S + az2(n')Sa
6 (2a3(n”)+1)S +az(n ’) —az(n’)S — az(n')b? —az(n”)S + az2(n’)Sa

Note that the coordinate sum of each of the points in the above is egfal to
Consider the midpoints of the following segments

Segment Hl,nHQ,n H2,nH3,n H3,nH4,n H4,nH5,n H5,nH6,n H6,nH1,n
mldeInt Cl,n Bgm Al,n Cgm Bl,n Ag,n
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Forj = 1,2, denote by7; ,, the triangle with vertices); ,, B; ,Cj ..

A1 —2a3(n")5’ — 2az(n)a? (as(n”) +1)S + 2a2(n")Sc (as(n”) +1)S + 2a2(n)SE
Bin  (as(n”) +1)S + 2a2(n’)Sc —2a3(n")S — 2a2(n’)b? (as(n”) +1)S + 2a2(n’)Sa
Cin (as(n”) +1)S + 2a2(n)Sp (a ( ") +1)S + 2a2(n’)Sa —2a3(n")S — 2az(n’)c?
Az —2(2a3(n”) +1)S — az(n))a® 2a3(n”)S + az(n")Sc 2a3(n")S + a2(n')SE
Ban 2a3(n"")S + az(n’)Sc —2(2as3(n”) + 1)S — az(n’)b? 2a3(n’")S + az(n')Sa
Can 2a3(n")S + a2(n’)Sp 2a3(n”")S + a2(n’)Sa —2(2a3(n”) +1)S — az(n’)c?

Proposition 11. Thetriangles 7; ,, and 73 ,, are perspective.
This is a special case of the following general result.

Theorem 12. Every triangle of the form

—2f8 — ga® : (f+1D)S+gSe : (f+1)S+gSB
(f+1)S+gSc —2fS—gb2 s (f+1)S+9gSa
(F+1D)S+gSp : (f+1)S+gSa : —2fS —gc?

where f and g represent real numbers, is perspective with the reference triangle.
Any two such triangles are perspective.

Proof. Clearly the triangle given above is perspective witBC' at the point

1 1 1
((f+1>S+gSA F+DS+958 (f+1>S+gSc>’

which is the Kiepert perspectdt (¢) for ¢ = cot™! %.

Consider a second triangle of the same form, vfitandg replaced by andg
respectively. We simply give a description of this perspeétoi his perspector is
the centroid if and only ifg — q) + 3(gp — fq) = 0. Otherwise, the line joining
this perspector to the centrofd intersects the Brocard axis at the point

Q= (a*((9—-9)Sa—(f=p)S) : 0*((9—9)SB — (f—p)S) : *((9—a)Sc — (f —p)9)),
which is the isogonal conjugate of the Kiepert perspeéf@r— cot ! L p) The
perspector” in question divides>() in the ratio
GP:GQ
=((9 —a) +3(gp — fa))((g — a)S = (f —p)Sw)
L (3(f — )+ (9~ 0))S +2(f —p)(g — 9)S.
O
Note that7;,, for j € {1,2} and the Kiepert triangle1§¢,5 are of this form. Also
the medial triangle of a triangle of this form is again of the same form. The per-
spectors off; ,, and ABC lie on the Kiepert hyperbola. Itis the Kiepert perspector
K(¢;n) where
ag(n”) +1

cot ¢1. = Wv

SSee for instance [6].
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and
2a3(n")

as(n’)
In particular the perspectors tend to limits whetends to infinity. The perspec-
tors and limits are given by

cot g, =

triangle | perspectoifs, with limit for £ — oo

71 2 ¢1,05 = cot ™ % P1,even = cot ™! %
Tiok+1 | $1.2k4+1 = cot™? ag’éfz,:r)l $1.0dd = cot ™1 @
Took | G20k = cot™! %@51) $2even = cot ™! V2=
Took+1 | P22k4+1 = cot ™! 2;123(%) $2.0dd = cot 1 YLD

Remarks. (1) 732 is the medial triangle of; 3.
(2) The perspector df; » and7; 3 is X591 .
(3) The perspector df; » and7; 4 is the common circumcenter @f 3 and7s 4.

Nottrot [8], on the other hand, has found that the sum of the areas of the squares
betweertH,, and’H,, 11 asas(n)(a® + b2 + %), where wreaths.

as(n) = das(n — 1) + 4dag(n — 2) — aq(n — 3),
a4(1) = 1, a4(2) = 3, a4(3) = 16.

This is sequence A005386 in [9]. Note thafn) = a4(n) + as(n —1) forn > 2.
4, Pairsof congruent triangles

Lemma 13. (a)lf n > 2 iseven, then

1 1

Al,nAl,n-i-l = - §H6,71,H6,n+1 = _§H1,7LH1,71,+17
1 1

B nBips1 =— §H2,nH2,n+1 = _§H3,nH3,n+17
1 1

Cl,ncl,nJrl = - §H4,nH4,n+1 = _§H5,nH5,n+1-

(b) If n > 3 isodd, then

1 1
As Ao i1 =— -Hz pHs i1 = —=HynHy i,

2 2
1 1

BQ,nBQ,nJrl = - §H5,nH5,n+1 = _§H6,nH6,n+17
1 1

C2,n02,n+1 = - iHl,nHl,nJrl = _§H2,nH2,n+1-

Proof. Consider the case of; ,, 4, ,,1 for evenn. Translate the trapezoid
_
Hs p+1Hg nt1HenHs n by the vectotHs ,, 1 Hy 1 and the trapezoid

— . .
Hj pi1Ho pnHy nHy o q1 by the vectotH 1 H3 1. TOgether with the trapezoid
Hs3,HypnHypi1Hs g1, these images form two triangleS Hs ,, 1 Hy 41 and
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Hg,3
Hi3

H, \ Hg 2

== _Cug | POL:2

7 A 4 5,2

3 Hy3
Figure 4.

Y H3 ,,H, , homothetic at their common centrodel 6 See Figure 4. Itis clear that
the pointsX, Y, Ay ,,, A1 ,,41 all lie on aline through the centroi@. Furthermore,

_— 195 T L.
A1 n At 1 = 5XY = —5H1 ,Hy 1. The other cases follow similarly. [

Proposition 14. (1) If n > 3 isodd, the following pairs of triangles are congruent.
() Hy, B2 1C1 -1 and Hs , B1 102 5041,

(i) H3pnA1n-1B2n41 and He A2 11 B1,0-1,

(i) HynConi1A1n—1 and Hy ,Crp1A2041-

(2) If n > 2 iseven, the following pairs of triangles are congruent.

(V) Ho , B3 5,—1C1 51 @nd Hs ,,B1 5, 41C2 51,

(V) H3n A1 pt1B2n—1 and Heg , Ao 181 i1,

(Vi) HynCon—1A1 41 and Hy ,C1 np1A25-1.

Proof. We consider the first of these cases. et 3 be an odd number. Consider
the triangles‘l'g,ntvnHCLn_l andH57nBLn_1Cgvn+1. We show thaH27nB27n+1
andHs ,, B ,—1 are perpendicular to each other and equal in length, and the same
for Hs;,C1 1 @and Hs ,Co 4 1.

Consider the triangle$l, ,, B2 ,, B2 41 and By ,,—1 By, Hs . By Lemma 13,
By, Bs 1 is parallel toHs ,, H5 ,, 1 and is half its length. It follows thab, ,, B2 41
is perpendicular to and has the same lengttBasHs ,,. Similarly, By ,, H ,, iS
perpendicular to and has the same lengttBasB, ,,—:. Therefore, the triangles
Hj By By 1 andB; ,,—1 By ,Hs , are congruent, and the segmefts, Ba 11

6As noted in the beginning &3, the sides of the squares are parallel to and perpendicular to the
sides ofABC or the medians ofi BC according as: is odd or even. In the even case it is thus clear
that the homothetic center is the centroid. In the odd case it can be seen as the lines perpendicular to
the sides ofA BC' are parallel to the medians of the triangles in the first wreath (the flank triangles).
The centroid and the orthocenter befriend each other. See [5].
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Heg 4
Aoy
Hiy 4 |
| /
| /
I )/ Hs .4
N | /
N | Heg /
N 6,3
H /
Hj 4 N 1.3
' AN ! ,
N C1.2 \ Blf X B1,3
N /
Hs 3
Has Bl C
32,3 - 1 T~ ~
N
// h
A h
Hs 3 152 Ca 4
/ | Hy3
Bz 4 |
|
|
|
|
|
|
|
|
|
|
|
-
Hs 4 Hy g
Figure 5.

andB; ,,—1 Hs ,, are perpendicular and equal in length. See Figure 5. The same rea-
soning shows that the segmeiiis,,C; ,,—1 andHs ,C> .1 are perpendicular and
equal in length. Therefore, the trianglfs,, B2 ,,+1C1,n—1 andHs ,, B ,—1C2 n41
are congruent.

The other cases can be proved similarly. O

Remark. The fact that the segments ,,;1C' ,,—1 and By ,,—1Ca 41 are perpen-
dicular and equal in length has been proved in Proposition 3 for square wreaths
arising from an arbitrary hexagon.

5. A pair of Kiepert hyperbolas

The trianglesA; s Hy 2 H3 2, Hs 2B 3Hs 2 and Hy o Hy 2C 3 are congruent to
ABC. The counterparts of a poirf® in these triangles are the points with the
barycentric coordinates relative to these three triangld? ative toABC.
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Theorem 15. The locus of point P in ABC whose counterparts in the triangles
A173H472H372, H572B173H672 and H272H1720173 forma triangle AB'C’ perspec-
tive to ABC isthe union of the line at infinity and the rectangular hyperbola

S (Sp—Sc)yz+ (x+y+2) ( > (Sp—Sc)(Sa+ S)x) =0. (11)

cyclic cyclic

The locus of the perspector is the union of the line at infinity and the Kiepert hy-
perbola of triangle ABC'.

Proof. The counterparts o = (z : y : z) form a triangle perspective with
ABC if and only if the parallels throughl B,Cto A 3P, By 3P andC, 3P are
concurrent. These parallels have equations

(S+Se)(z+y+2)—82)Y = ((S+ Sc)(z+y+2) — Sy)Z =0,
—((S+8a)z+y+2)—S2)X+((S+Sc)(x+y+2)—Sz)Z =0,
((S+Sa)z+y+2)—SyY)X —((S+Se)(x+y+2)—Sz)Y =0.

They are concurrent if and only if

(z+y+2) (Z (b* = ¢*)((Sa + 8)z* — SA:UZ)) = 0.

cyclic

The locus therefore consists of the line at infinity and a conic. Rearranging the
equation of the conic in the form (11), we see that it is homothetic to the Kiepert
hyperbola.

For a pointP on the locus (11), le) = (x : y : z) be the corresponding
perspector. This means that the parallels thradgh B, 3, C1 3 10 AQ, BQ, CQ
are concurrent. These parallels have equations

((S4+8SB)y—(S+Sc)z)X + ((S+ SB)y — Scz)Y — ((S+ Sc)z— Spy)Z =0,
—((S+Sa)r — Scz)X +((S+ Sc)z—(S+ Sa)x)Y + ((S+ Sc)z — Sax)Z =0,
((S+Sa)x—Spy)X — ((S+ SB)y — Saz)Y + ((S+ Sa)z — (S+SB)y)Z =0.

They are concurrent if and only if
(x+y+2)((Sp—Sc)yz+ (S¢ — Sa)zz + (Sa — Sp)zy) = 0.

This means the perspector lies on the union of the line at infinity and the Kiepert
hyperbola. O

Here are some examples of points on the locus (11) with the corresponding
perspectors on the Kiepert hyperbola (see [1, 7]).
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Q@ on Kiepert hyperbola P on locus

K (arctan %) centroid
orthocenter de Longchamps point
centroid G =(-2Sa+a’>+8S:- 1)
outer Vecten point outer Vecten point
A A" = By 3Hs,NC13Ha
B B'=Ci13H1 2N A1 3H,p
C C'= A1 3H35N By 3Hg
Ag A173:(—(S+SB—|—Sc):S—I—Scis—i-SB)
By B1,3:(S+Sc:—(S+SC—|—SA):S—l—SA)
Cy 0173:(5—%53:S+SA:—(S+SA+SB))
Bo
A
N
N
AN
N Co
\\ i
N\ i
c’ AN / ¢
N i 1,3
N /
AN
N\ i
1,3 N A
\\ AO
N . /
N a’ Il
\\ p /

Figure 6.

Here, Ay is the intersection of the Kiepert hyperbola with the parallel throdgh
to BC; similarly for By andCy. Since the trianglel; 3B 3C4 3 has centroidZ,
the rectangular hyperbola (11) is the Kiepert hyperbola of triadglgB; 3C 3.
See Figure 6. We show that it is also the Kiepert hyperbola of triatgiC’.
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This follows from the fact thatt’, B/, C’ have coordinates

A’ -5 —-254 : S4+854 S+ 5,4
B’ S+ Sg : =S5 -25 : S+ 5B
c’ S+ Sc . S+ Se . =S —-2S5¢

From these, the centroid of triangl8B’C" is the pointG’ in the above table. The
rectangular hyperbola (11) is therefore the Kiepert hyperbola of triafigie’.
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